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Hole and exciton energy levels in vertically coupled double and triple InP/ InGaP quantum dot molecules
placed in an external magnetic field are analyzed. The size of the dots and the interdot distance in the quantum
dot molecule �QDM� determine which one of the exciton quartets will have the lowest energy and determine
also which one of the individual states in the quartet will be the ground state in the presence of an external
magnetic field. Competition between confinement, quantum mechanical coupling, and strain influence the
exciton diamagnetic shift in double and triple QDM. We found that the available experimental data �M. Hayne
et al., Phys. Rev. B 62, 10324 �2000�; Appl. Phys. Lett. 79, 45 �2001�� are successfully described by one of
the optically active exciton states of the lowest lying exciton quartet.
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I. INTRODUCTION

Recently, interest has moved towards coupling of low di-
mensional semiconductor structures to obtain new functional
units.1–6 The simplest example of such a unit is a pair of
coupled quantum dots, a so-called quantum dot molecule
�QDM�. The Stransky-Krastanow growth process of quan-
tum dot molecules is based on strain that surrounds a quan-
tum dot in the lower lying layer which enforces the location
of the next quantum dot on top of the first one.7,8 Both elec-
tron and hole states in the quantum dot molecule were de-
scribed in a similar way as bonding and antibonding states in
a molecule. A shell structure of a QDM made of etched QDs,
where a parabolic confinement potential is adopted, was ana-
lyzed in Refs. 9 and 10 using Hund-like rules. However, in
the case of self-assembled QDMs such a simplified picture is
not sufficient and the use of more complex models become
necessary. The properties of self-assembled quantum dot
molecules have been studied by several groups.11–16 For ex-
ample, in Refs. 12 and 13 the eight band k ·p theory was
employed to obtain the electronic structure of two vertically
stacked InAs/GaAs quantum dots in the absence of any ex-
ternal field12 and in the presence of an electric field.13

InP/ InGaP QDs have attracted less attention, but they
turned out to exhibit a lot of interesting fundamental physics
and may also be important for potential applications, e.g., for
red lasers.20 From the fundamental point of view, it is inter-
esting that with changing geometrical properties �size and
shape� of the dot, one can control the position of the hole.
For example, with increasing thickness of the dot it is pos-
sible to move the heavy hole out of the disk, and to create a
type II system for the heavy holes.17 In the case of a QDM
the modified strain distribution in and around the dots di-
rectly affects the effective confinement potentials for the
holes. Thus the interdot distance appears now as a new con-
trollable parameter and a fundamental question about the
spatial localization of holes and excitons in such a QDM
arises. Furthermore, if an external magnetic field is intro-
duced in such a system, additional confinement due to the
magnetic field is present. Since we are dealing with dots

having sizes of a few tens of nanometers this additional mag-
netic confinement significantly influences the electronic
structure of the molecule in the magnetic field range of in-
terest �B�50 T�. Recently, photoluminescence measure-
ments on double and triple InP/ InGaP QDMs in a magnetic
field up to 50 T have been carried out.18,19 In order to quali-
tatively explain those magnetophotoluminescence measure-
ments, one has to employ a model that takes into account the
strain field in and around the dots as well as the multiband
mixing.

The InP/ InGaP dot systems were previously studied theo-
retically: in Refs. 21 and 22 a single InP/ InGaP QD was
studied in the absence of any external fields, then an external
magnetic field was applied in Refs. 17 and 23 and an exten-
sion to InP/ InGaP QDM was presented in Refs. 15 and 16.
In Ref. 15 the influence of strain on the exciton properties in
triple QDM was discussed in the case a magnetic field was
present. They assumed the dots to be disklike, strain was
included through an isotropic model, and excitonic proper-
ties were calculated within the single-band effective mass
approximation. This approach was extended in Ref. 16 where
the continuum mechanical model was employed to model
strain and the multiband effective mass approximation was
used to calculate the electronic structure.

The aim of the present paper is to provide a consistent
explanation of the spatial localization of holes and excitons
in InP/ InGaP QDMs, to investigate the behavior of the hole
and exciton energy levels in the presence of an external mag-
netic field, and to compare the calculated exciton diamag-
netic shift to the position of the photoluminescence peak
from Refs. 18 and 19.

In the present paper we extend the model of Refs. 16 and
23 by including a perpendicular magnetic field for double
and triple QDM. We model the dots forming the molecule by
identical disks. The latter restriction can be justified as fol-
lows: �1� this is the most simple realistic model, �2� cur-
rently, there is no detailed knowledge available of the shape
and alloy composition of the InP/ InGaP single and stacked
QDs that were used in the experiments, and �3� experiments
on an ensemble of QDs average the finer details present in
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single QDs. The multiband theory of Pidgeon and Brown24 is
used which enables us to describe the magnetic field depen-
dence of the absorption spectra. The effects due to strain are
included through the continuum mechanical model and exci-
ton energy states are computed by the exact-diagonalization
approach, where electron-hole exchange interaction is ne-
glected.

The paper is organized as follows. In Sec. II we give a
short description of our theoretical approach, in Sec. III the
influence of the dots size and interdot distance of the QDM
on the ordering of hole and exciton energy levels is analyzed
�Secs. III A and III B, respectively� and calculated exciton
diamagnetic shifts for double and triple QDM are compared
with the available experimental data �Sec. III C�. Our results
and conclusions are summarized in Sec. IV.

II. THE THEORETICAL APPROACH

Our models for the double- and triple-QDM consisting of
self-assembled InP QD grown in the �001� direction are
shown in Fig. 1. The dots are assumed to be flat disks, which
is a good approximation for the large radius dots of Refs. 18
and 19 and we take them identical.

The Cartesian coordinates x, y, and z are taken along the
�100�, �010�, and �001� crystallographic directions. In our
theoretical approach, the shape of the dots is assumed to be
cylindrical. R and h are radius and height of the dots, respec-
tively �Fig. 1�c��, and d is the distance between the dots. The
stack of two and three quantum dots is symmetric with re-
spect to the z=0 plane where we assume equal distance be-
tween the dots and furthermore we neglect the wetting layer
in our calculations.25 The molecules are placed inside a large
cylinder of radius Rt and height 2Hz. The strain calculations
as well as the electronic structure calculations are performed
within this cylinder: �1� For the strain calculations we use the
continuum mechanical model, where the displacements of
the first-order finite elements are discretized onto a nonuni-

form grid. �2� The electron, hole, and exciton envelope func-
tions are expanded within the cylinder.

Taking into account the symmetry of the molecule, the
strain calculations can be restricted to the first octant. Details
of the strain calculations can be found in Refs. 22, 16, and
26. In the present InP/ InGaP quantum dot molecules only
the valence subband mixing was explicitly included through
the axial symmetric 6�6 multiband Hamiltonian, while the
mixing between conduction and valence band could be omit-
ted because of the large band gaps of the considered constitu-
ent materials. In the axial approximation the Hamiltonian is
rotationally invariant around the z axis, which in our case
leads to neglecting both the bulk in-plane warping of all
valence bands and the shear strains and averaging the diag-
onal components of the strain tensor over the azimuthal
angle. As a consequence of the axial symmetry, the z com-
ponent of the total angular momentum can be introduced as a
good quantum number,27,28 Fz= fz�. The z projection of the
total angular momentum can be written as Fz=Jz+Lz, where
Jz is the z component of the angular momentum of the band-
edge Bloch function and Lz is the z component of the enve-
lope angular momentum. Furthermore, if the quantum dots
are symmetric with respect to the z=0 plane, which is ful-
filled in our case, the parity of the wave function is a good
quantum number. For example, the spinor of the even
valence-band state has the form22

Ffz

+ = �Fhh
+ ,Flh

− ,Fso
− ,Fhh

− ,Flh
+ ,Fso

+ � . �1�

Here hh denotes the heavy hole, lh the light hole, and so the
spin-orbit split-off band. The ± sign in the superscript of the
envelope functions denotes the parity of the envelope func-
tion �+ �−� for even �odd� envelope function�. The hole states
for a given quantum number fz are denoted by nXfz

par �Ref.
28�, where n is the label of the state for given fz, X denotes
the minimum value of �l� in the chosen basis set for the
valence band states, and par represents the parity of the state
�+ �−� for even �odd� parity�. The exciton energy states are
computed using the exact-diagonalization approach, where
the electron-hole exchange interaction is neglected. The lat-
ter interaction is not important in type II systems. The exci-
ton wave function is expanded into pairs formed by the zone-
center single-particle electron and hole wave functions,

�exc�re,rh� = �
s,jh

Fs,jh
�re,rh��s��jh� , �2�

where s denotes the electron spin, jh is the magnetic quantum
number of the holes, and Fs,jh

is the envelope function of the
exciton. The z component of the total angular momentum
�Fzexc=Fze−Fzh� is a good quantum number for the exciton.
The parity of the exciton can be introduced as a good quan-
tum number.16 As a consequence, the exciton states can be
classified by electron spin, z projection of angular momen-
tum of the exciton, and the parity. The exciton states are
denoted as nXfexc

�exc. Since the electron-hole exchange interac-
tion is neglected in our calculations, each exciton level is
fourfold degenerate in the absence of a magnetic field23 be-
cause of spin degeneracy and Kramers degeneracy of the
holes. Examples of these quartets are

FIG. 1. The double �a� and triple InP/ InGaP QDM �b� placed
inside our simulation area �dashed lines�, with radius Rt, and height
2Hz. Dots are separated by an InGaP layer of thickness d. The
system �a� and �b� are symmetric with respect to the z=0 plane.
Dots are identical with radius R and thickness h where the Cartesian
coordinates x, y, and z coincide with the �100�, �010�, and �001�
crystallographic directions �c�.
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�3a�

�3b�
where the optical active states in the quartet are indicated by
a box and the subscripts �x ,y� and z for in-plane and z po-
larized light, respectively. Recombination of an exciton de-
pends on the polarization sensitive selection rules for the
zone center wave functions and the selection rules resulting
from the conservation of the envelope angular momentum.
The oscillator strength is used as a figure of merit for the
recombination of an exciton �Eq. �4��

f =
2

m0Eexc
�Mexc�2, �4�

where Eexc denotes the recombination energy, m0 is the free
electron mass, and Mexc is the transition matrix element
given by

Mexc = �
rerh

�ph�̃excdredrh, �5�

where � denotes the polarization vector, �exc is the wave
function composed of valence band electron envelope func-
tions and the conjugate complex of the conduction band elec-
tron envelope functions, ph acts only on the valence band
zone center periodic parts of the Bloch functions, and the
integration is performed over electron and hole coordinates.
Details of the calculations of the electron, hole, and exciton
energy spectra were already given elsewhere.16,22 In the case
of a magnetic field, the vector potential should be incorpo-
rated into the k operator of the Hamiltonian.29,30 The mag-
netic field also gives rise to a Zeeman energy term which
removes Kramers degeneracy which further leads to lifting
of the degeneracy arranged by exciton quartets.

To show more clearly the exciton magnetic field depen-
dence, we analyze the exciton diamagnetic shift, defined as

�Eexc = Eexc�B� − Eexc�B = 0T� . �6�

III. NUMERICAL RESULTS AND DISCUSSION

In our numerical calculations, radius and height of the InP
quantum dots in the double and triple quantum dot molecules
are varied in the range 6–10 nm and 2–4 nm, respectively.
The distance between the dots is varied over d=1.5–8 nm.
The large cylindrical simulation region was taken with di-
mensions Rt=30 nm and 2Hz=100 nm �see Fig. 1�. For the
strain calculations we took a grid with 65 vertices along 	,
101 vertices along the z direction, and 33 vertices along the

 direction. The electron and hole wave functions are ex-
panded into a basis consisting of 10 Bessel and 50 sin or cos
functions. The exciton states are computed for both electron
spins and values of fexc in the range −2� fexc�2, where only
some of the exciton states are found to be optically active.
The material parameters for InP/ In0.49Ga0.51P are listed in

Table I of Ref. 22. For the conduction-band effective masses
in InP and InGaP we used 0.0795m0 and 0.092m0, respec-
tively �Ref. 31�, where m0 denotes the free electron mass.

A. DQDM hole states: Influence of geometry and magnetic
field dependence

Here, we discuss the influence of the size �height and
radius� of the dots forming the molecule, the interdot dis-
tance, and the magnetic field on the hole energy levels of a
double QDM. To simplify our model we consider two verti-
cally aligned identical quantum dots forming a QDM. The
electron wave function is symmetrically distributed over the
dots, and its qualitative behavior is not significantly influ-
enced by interdot distance and the dots size.15,16 The hole
energy levels as a function of the magnetic field for two
interdot distances d=1.5 and 5 nm are shown in Figs. 2 and
3, respectively.

Two values of the dot radius, 8 and 10 nm, and dots
height, 2 and 4 nm, are considered in Fig. 2. Notice that the
size of the dots in the molecule influences the ordering of the
hole energy levels. For the dots radius R=8 nm and height
h=2 nm the hole ground state is 1S1/2

+ , but when we increase
the radius to 10 nm the hole ground state becomes 1S3/2

+ . If
the dots height is increased as well �to 4 nm�, the hole
ground state becomes 1S1/2

− �see inset of Fig. 2�d��. Decreas-
ing the dot radius to 8 nm, but keeping the height unchanged
�h=4 nm� does not change the character of the hole ground
state. Because the hole energy levels 1S±1/2

± and 1S�1/2
� and

1S±3/2
± and1S�3/2

� for dot height h=4 nm and for both dot
radius R=8 and 10 nm are nearly degenerate we show in the
insets of Figs. 2�c� and 2�d� the lowest hole energy levels as
they vary with magnetic field. Small interdot distance pre-

FIG. 2. Hole energy levels as a function of the magnetic field for
dot radii R=8 nm and heights h=2 nm �a�, dot radii R=10 nm and
heights h=2 nm �b�, dot radii R=8 nm and heights h=4 nm �c�,
and dot radii R=10 nm and heights h=4 nm �d�. Interdot distance is
1.5 nm. Black arrows indicate the transition fields of the hole
ground state.
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vents the hole to sit between the dots which leaves us three
possibilities. The hole can sit above and below the stack,
inside the dots, or outside the dots in the radial direction. The
location of the holes is determined by the strain field as well
as by the Coulomb interaction with the electron whose wave
function is symmetrically distributed over the dots. Location
of the hole ground state is shown in Fig. 4.

Only for a dot radius R=10 nm and height h=2 nm we
find that the hole ground state is localized in the dots and it
is heavy-hole-like, in all other considered cases the hole sits
above and below the stack and it is light-hole-like. Terms
heavy-hole-like and light-hole-like are used just to stress the
dominant contribution of one of the three bands �heavy hole,
light hole, spin-orbit band� to the hole ground state.

Presence of a magnetic field removes Kramers degen-
eracy between even and odd parity hole states �Fig. 2�. For
example, hole states 1S1/2

+ and 1S−1/2
− are degenerate in the

absence of a magnetic field, but lifting the degeneracy and

splitting of those two energy levels come forward as a con-
sequence of an applied magnetic field. Increasing the dot
radius leads to a stronger influence of the magnetic field
through magnetic field induced band mixing and Zeeman
splitting. Furthermore, if one follows the behavior of the hole
ground state energy as a function of the magnetic field �see
Fig. 2�, one can see that the character of the hole ground state
changes in the case of a dot radius R=8 nm and height h
=2 nm. The first hole ground state transition occurs for B
=10 T where the hole ground state transitions from 1S1/2

+ to
1S−1/2

+ , and then at B=45 T, the hole ground state changes to
1S−3/2

+ . Using the simplified but useful heavy- and light-hole-
like states picture, one can see that the transition at 10 T
keeps the light-hole-like ground state, but changes only the
z-projection of the total angular momentum �from 1S1/2

+ to
1S−1/2

+ �, and that the hole ground state transition at B
	45 T is a transition from the light-hole-like ground state to
the heavy-hole-like ground state �from 1S−1/2

+ to 1S−3/2
+ �. The

reason for the second transition can be found in the stronger
effect of the magnetic field on the heavy-hole-like states.
Note that the in-plane heavy-hole mass is lighter than the
in-plane light-hole mass, and the lighter the in-plane mass is,
the larger is the magnetic field energy. Increasing the dot
radius to R=10 nm, a transition from the state 1S3/2

+ to 1S−3/2
+

will occur for a magnetic field larger than 50 T �see Fig.
2�b��. In contrast, when increasing the dot height no hole
ground state transition is found as a function of the magnetic
field.

For interdot distance d=5 nm, the two dots in the mol-
ecule are mainly coupled by the strain field since strain de-
cays by a power law, and electron and hole wave functions
decay exponentially. Hole energy levels as a function of the
magnetic field are shown in Fig. 3. As in the case of interdot
distance d=1.5 nm, quantum dots geometrical properties in-
fluence the reordering of the hole states. In the absence of a
magnetic field, for a dot height of 2 nm, the hole ground
state is 1S3/2

− for both dots radius R=8 and 10 nm. But for a
larger dots height of h=4 nm the hole ground state is 1S1/2

−

when the dots radius is R=8 nm and 1S5/2
− when the dots

radius is increased to R=10 nm. Compared to the case of
interdot distance d=1.5 nm where the hole could not sit be-
tween the dots, for this interdot distance d=5 nm there is
also a possibility for the hole to be localized between the
dots. The corresponding hole ground state probability densi-
ties are shown in Fig. 5.

For the dot height 2 nm, the hole ground state is heavy-
hole-like and it is mainly located inside the dots, where for
the dot radius R=8 nm, there is a contribution of the light-
hole bands in between the two dots. However, for a dot
height of h=4 nm, the hole sits in between the dots �see Fig.
5� for both dots radius R=8 and 10 nm and it is light-hole-
like.

Compared to the case of interdot distance d=1.5 nm,
where hole ground state transitions were observed as a func-
tion of the magnetic field for dot heights of h=2 nm, mag-
netic field induced hole ground state transitions for the case
d=5 nm are found for a dot height of h=4 nm. For both
values of the dot radius R=8 and 10 nm, the transition oc-
curs at B	5 T. For dot radius R=8 nm, a transition from the
state 1S1/2

− to 1S3/2
− is observed, while for dot radius R

FIG. 3. The same as Fig. 2 but now for an interdot distance of
5 nm.

FIG. 4. Double QDM: the contour plot of the hole ground state
probability density for B=0 and 40 T, for dot radii R=8 nm and
heights h=2 nm �a�, dot radii R=10 nm and heights h=2 nm �b�,
dot radii R=8 nm and heights h=4 nm �c�, and dot radii R
=10 nm and heights h=4 nm �d�. Interdot distance is 1.5 nm. The
dotted lines outline the position of the dots.
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=10 nm, a transition from the state 1S5/2
− to 1S3/2

− is
observed—in both cases from the light-hole-like ground state
to the heavy-hole-like ground state. One can see that when-
ever the hole ground state for B=0 T is heavy-hole-like a
magnetic field will not induce any transition of the hole
ground state because of the larger shift of the heavy-hole-like
states in a magnetic field.

Let us also briefly discuss the kinks in the hole energy
levels as a function of a magnetic field �for example, see the
hole state 1S−1/2

− in Fig. 2�b� or the hole state 1S−3/2
− in Fig.

3�b��. We have already discussed crossings between the low-
est lying hole states of either different parity or z-projection
of total angular momentum �Figs. 2 and 3�. Since the hole
states are classified with respect to their z component of total
angular momentum, their parity and their principal quantum
number �see discussion in Sec. II�, crossings between the
states of the same z component of total angular momentum
and the same parity are forbidden.27,28 Thus kinks in the hole
energy level as a function of the magnetic field are a conse-
quence of the anticrossing of that hole state with the hole
state of the same parity and the same z component of total
angular momentum but different principal quantum
number.22,27,28

B. Double QDM exciton states: Influence of geometry and
magnetic field dependence

We investigate now the lowest exciton levels for a double
QDM as a function of the magnetic field. For interdot dis-
tances d=3 and 8 nm �see Fig. 6� we take the dot height
2 nm and vary the dot radii in the range 6–10 nm. For the
case with interdot distance 3 nm �see Fig. 6�a�� and dot radii
6 and 8 nm the lowest exciton levels belong to the Q1

− exci-
ton quartet, and all individual states in that quartet are opti-
cally inactive �inset of Fig. 6�a� for R=6 and 8 nm� and the
first optically active quartet is Q2

− �Fig. 6�a� for R=6 and
8 nm�.

For dot radius R=10 nm the lowest exciton levels belong
to the Q1

− exciton quartet as well, but the lowest optically
active exciton levels belong to the Q1

+ exciton quartet �Fig.
6�a� and inset, for R=10 nm�. The exciton ground state is
S−2↓

+ . Thus for a fixed interdot distance and dot height, the
size of the dots in the lateral direction determines which
exciton quartet will be the ground state. Presence of a mag-
netic field lifts the degeneracy and the fourfold degenerate

exciton energy splits into four levels. Some of those indi-
vidual states are optically active �bright exciton� and others
not �dark exciton�.

Exciton probability densities for interdot distance d
=3 nm and for three different values of the dot radius R=6,
8, and 10 nm are shown in Figs. 7�a�–7�c�, respectively.
Only the probability densities of the lowest lying optical ac-
tive exciton state belonging to the first optical active exciton
quartet for B=0, 20, and 40 T are plotted. For example, for
the case of the dot radius R=8 nm, the exciton wave function
of the state S−1↓

− of the Q2
− quartet is shown in Fig. 7�b�. One

can see that increasing the dot radius from R=6 to 8 nm
tends to place the exciton more inside the dots, where for
R=10 nm, the exciton is completely localized inside the
dots. Presence of the magnetic field does not lead to a redis-
tribution of the exciton wave function, but just enhances the
electron-hole overlap. With increasing interdot distance to
d=8 nm, changing the dot radius does not influence the ex-
citon ground state quartet which is always Q1

− �insets of Fig.
6�b�� and the first optically active quartet is Q1

+ �Fig. 6�b��.
Let us also briefly discuss the optical activity of the indi-

vidual states belonging to the lowest exciton quartets. For
example, for the dot radius R=8 nm, the states of the Q2

−

exciton quartet are split into a pair of two branches: lower
lying S−1↓

− and S0↓
+ and upper lying S+1↑

+ and S0↑
− . In Fig. 8�a�,

oscillator strength for exciton recombination as a function of
the magnetic field is shown. All states are optically active,
S+1↑

+ , S−1↓
− for x ,y polarization of the light, and S0↓

+ and S0↑
− for

z polarization.

FIG. 5. The same as Fig. 4 but now for interdot distance of
5 nm.

FIG. 6. Splitting of the lowest lying optically active exciton
quartet into four branches as a function of magnetic field for a
double InP/ InGaP QDM. Dot radius is varied from 6 to 10 nm,
with fixed thickness of the dot h=2 nm and fixed interdot distance
d=3 nm �a� and interdot distance d=8 nm �b�. The insets depict the
ground state quartet, but where all the individual states are optically
inactive.
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However, optical activity for x and y polarization is an
order of magnitude smaller than for z polarization �see Fig.
8�a��. Next, as an example of the optical activity for the Q1

+

quartet, oscillator strength for exciton recombination as a
function of the magnetic field for the exciton Q1

+ quartet for
d=3 nm and dot radius R=10 nm is calculated. Only two
individual states, S−1↑

+ , S1↓
− , of the exciton Q1

+ quartet are op-
tically active, and only for x ,y polarization. The oscillator
strength as a function of the magnetic field is shown in Fig.
8�b� which is two orders of magnitude larger than for the
1Q2

− state of Fig. 8�a�. There is no optical activity for z po-
larization.

For completeness, influence of the variation of interdot
distance, dots, height, and radius on the double QDM mag-
netoexciton states is investigated. Results of our calculations
are shown in Fig. 9�a� for interdot distance d=1.5 nm and in
Fig. 9�b� for interdot distance d=5 nm.

It can be seen from Fig. 9�a� �interdot distance d
=1.5 nm� that the size of the dots in the vertical direction

determines which exciton quartet will be the ground state.
However, when increasing the interdot distance to d=5 nm
�Fig. 9�b��, the ordering of the exciton quartets depends on
the dot size in the lateral direction. Note that for the bright
exciton ground states no ground state transitions were found
as a function of the magnetic field and the energetically low-
est exciton quartet is only determined by the dot size and the
interdot distance �Figs. 6 and 9�. In Ref. 16 the variation of
the exciton energies with interdot distance was analyzed for
fixed value of the dot radius �R=8 nm� in the absence of a
magnetic field. The effect of the coupling between the dots
was investigated, but there was no comparison with the ef-
fect due to the lateral confinement in the dots, which, as is
shown in Figs. 6 and 9, cannot be neglected. It is also worth
mentioning that for interdot distance d=5 nm and dot height
h=4 nm, the ground state exciton quartet for R=8 nm is
lower in energy than the exciton quartet for R=10 nm. This
is a direct consequence of the hole location �see Fig. 5�d��
and the weaker Coulomb interaction than in the case for a
dot radius of R=8 nm �see Fig. 5�c��.

C. Comparison with experiment

We compare our theoretical results with experimental data
from Refs. 18 and 19 for triple and double quantum dot
molecules. It should be pointed out that the shape and size of
the dots are not known very accurately. Strain and alloy fluc-
tuations will affect, for example, the localization of the
charged particles and may lead to an asymmetric distribution
of the particles along the z direction. Transmission electron
microscopy showed that dots in the triple QDM analyzed in
Ref. 18 were most likely lens or disk shaped with approxi-
mately 16 nm diameter and 2 nm height, and that the dots in
the stacked-layer samples were vertically aligned. Measure-
ments on the samples with interdot distances of d=2, 4, and
8 nm �samples D, C, B in Ref. 18, respectively� will be
compared with our theoretical results. For the case of the

FIG. 7. The probability density of the lowest lying optical active
exciton state belonging to the first optical active exciton quartet for
B=0, 20, and 40 T in a double InP/ InGaP QDM. The exciton wave
functions for dot radius R=6 nm �a�, R=8 nm �b�, and R=10 nm
�c� are shown. Dot thickness is fixed to h=2 nm and the interdot
distance to d=3 nm.

FIG. 8. Oscillator strength for exciton recombination as a func-
tion of the magnetic field for the exciton quartet Q2

− with the states
S+1↑

+ , S−1↓
− for x ,y polarization, and S0↓

+ and S0↑
− for z polarization �a�

and for the exciton quartet Q1
+ for the states S−1↑

+ ,S1↓
− for x,y polar-

ization �b�.

FIG. 9. Splitting of the lowest lying optically active exciton
quartet as a function of magnetic field in a double InP/ InGaP QDM
for interdot distance d=1.5 nm �a� and d=5 nm �b�. Exciton levels
for two values of the dot radius R=8 and 10 nm, and two values of
the dot height h=2 and 4 nm are plotted.
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double QDM, QDs were taken as flat with diameter 16 nm,
and height 2 nm.19 Further, authors from Ref. 19 analyzed
double QDM with different size dots in the stack, but we
compare our theoretical results with the measurements on the
sample with the same amount of InP �sample A in Ref. 19�.

Our theoretical findings for the exciton diamagnetic shift
for triple QDM are compared with the experimental results
of the position of the photoluminescence peak �squares�. The
results are shown in Figs. 10–12, and are in good agreement
with the experiment. Experimental data are always well-
described by the lowest lying exciton quartet, but not always
with the lowest optically active individual exciton state be-
longing to that quartet. Note that the main goal of this com-
parison is not to fit our results to the experimental curves, but
to explain the experimental results in the framework of the
applied theory. Thus we did not fit any effective mass param-
eter. Growth details of these stacked QDs were given in Ref.
32 and it is well-known that lateral dot size fluctuation and
fluctuation in the total height of the dot stack �height of the
dots  interdot distances� determine the PL linewidth and
that the influence of fluctuations in the height of the dots
reduces once they become coupled in the stack. Furthermore,
the smaller the interdot distance the smaller the influence of
height fluctuations �Refs. 18 and 32�. How do we approach
the problem? We choose a QDM which we consider to be

representative for the dots in the ensemble. Since the experi-
ments on the ensemble of QDs average the finer details
present in single QDs, we assume disk-shaped QDs. Next,
we take into account the known fact of how the fluctuation of
the dots height and lateral size depend on the interdot dis-
tances, so that for small interdot distances lateral dot size
fluctuations are more important �samples D and C from Ref.
18, and sample A from Ref. 19�, and for larger interdot dis-
tances, when dots behave “more independent” �sample B
from Ref. 18� fluctuation of the height of the dots is more
pronounced. Thus in order to compare our theoretical find-
ings for the exciton diamagnetic shift for double and triple
QDM to the experimental results for small interdot distances
d=2 and 4 nm �samples D and C from Ref. 18 for triple
QDM and sample A from Ref. 19 for double QDM� our
QDM representative of the ensemble consists of three or two
identical QDs of radius R=10 nm, height h=2 nm, and in
the case of larger interdot distance d=8 nm �sample B from
Ref. 18� our QDM consists of three identical QDs of radius
R=8 nm, and height h=3 nm. The most pronounced discrep-
ancy between our results and the experimental data is found
for interdot distance d=4 nm. We attribute this to a dominant
influence of the strain between the dots �see discussion in the
previous section�. For the interdot distance d=2 nm as well
as for interdot distance d=8 nm, a good agreement is
achieved.

Figure 10�b� shows the result for the exciton diamagnetic
shift of the lowest exciton levels for a triple QDM with in-

FIG. 10. �a� The ground state exciton quartet for the triple
QDM. Dot radius R=10 nm, thickness h=2 nm, and interdot dis-
tance d=2 nm. In the inset of �a� the oscillator strength of the
optical active states for z-light polarization are shown. �b� Exciton
diamagnetic shift as a function of magnetic field for the optical
active exciton states compared to the experimental results �symbols�
of Ref. 18. In the inset of �b� comparison of optically active exciton
states where nominal experimental parameters are used �R
=8 nm,h=2 nm,d=2 nm� with the experimental results.

FIG. 11. The same as Fig. 10 but now for interdot distance d
=4 nm. Inset of �a� is now for the x,y light polarization, and in inset
of �b� calculated exciton diamagnetic shift for experimentally given
size of the dots �R=8 nm,h=2 nm,d=4 nm� is compared with ex-
perimental data.
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terdot distance d=2 nm. The behavior of the individual ex-
citon states of the lowest quartet, in this case the Q2

− quartet,
as a function of the magnetic field is depicted in Fig. 10�a�
where in the inset of the figure we show the oscillator
strength for the states S0↓

+ and S0↑
− of the Q2

− quartet. All
exciton states of the Q2

− quartet are optically active. How-
ever, for x and y light polarization �S+1↑

+ and S−1↓
− of the Q2

−

quartet� the oscillator strength �not shown� is approximately
10% of the oscillator strength for z light polarization �S0↓

+ and
S0↑

− of the Q2
− quartet�. A good agreement between the experi-

mental data and the optically active S0↓
+ and S0↑

− states of the
Q2

− exciton quartet are found. As diamagnetic shift carries
information about the lateral confinement and the Coulomb
interaction, increasing the dot radius in our model decreases
the lateral confinement in our dots and increases the influ-
ence of the magnetic field. One can see from the inset of Fig.
10�a� that the oscillator strength of the S0↓

+ state tends to zero
for magnetic fields above 40 T, while the oscillator strength
of S0↑

− just slightly decreases with increasing magnetic field.
It is easy to see from Fig. 10�b� that the experimental data
fits best the S0↑

− state, but the difference between the S0↑
− and

S0↓
+ energies are small and are within the experimental accu-

racy of a photoluminescence experiment on an ensemble of
QDM. For completeness, the diamagnetic shift of the opti-
cally active exciton low-lying quartet where the nominal ex-
perimental parameters are used �R=8 nm, h=2 nm, and d
=2 nm� is compared to the experimental data in the inset of
Fig. 10�b�. Even in that case, experimental data are described
by the lowest lying exciton quartet.

With increasing distance between the dots we actually de-
crease the quantum mechanical coupling, as well as the in-
fluence of strain on the confinement in the dot. It is, however,

known that the strain decays more slowly �with power law�
than the electron and hole wave function �exponential de-
cay�, and thus strain will dominantly influence the carrier
localization and the exciton diamagnetic shift for this inter-
dot distance. Figure 11�a� shows the individual exciton states
of the lowest quartet, in this case the Q1

+ quartet, as a func-
tion of the magnetic field. As in the case of interdot distance
d=2 nm, for d=4 nm, the radius of the dots is taken to be
10 nm and height of the dots is 2 nm. In the inset of the
figure we show the oscillator strength for the states S−1↓

+ and
S1↑

− of the Q1
+ quartet. The other two exciton states S−2↓

+ and
S2↑

− of the Q1
+ quartet are dark. The exciton diamagnetic shift

in the case of the triple QDM, for interdot distances of 4 nm,
is compared in Fig. 11�b� with the experimental data.

As in the case of interdot distance 2 nm, the experimental
data are described by the optically active states belonging to
the lowest lying exciton quartet. However, the experimental
curve fits the exciton state S1↑

− which lies above the optically
active state S−1↓

+ . If one looks at the oscillator strengths in the
inset of Fig. 11�a�, the oscillator strength of S1↑

− tends to zero
for values of magnetic field larger than 40 T, while the os-
cillator strength of S1↑

− increases with magnetic field. Thus it
is questionable that the experimental data are described by
the state S1↑

− and the agreement is probably coincidental. As
was already pointed out, for the considered interdot distance
4 nm, the dots are mainly coupled by strain. On the other
hand, the strain field is very sensitive to the dot size and
shape and we assumed in our model three identical vertically
aligned disklike quantum dots. Note that the same model has
been employed to study the exciton diamagnetic shift in a
single InP/ InGaP QD,23 and when comparing with experi-
ment a good agreement was found for a dot height of
2.55 nm and radius 8 nm. Thus our assumption of disklike

FIG. 12. The same as Fig. 10 but for a dot radius R=8 nm,
thickness h=3 nm, and interdot distance d=8 nm.

FIG. 13. The same as Fig. 11 but now for a double QDM.
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quantum dots is justified. However, following the mechanism
of growth of a quantum dot molecule, where a pronounced
minimum in the elastic strain energy at the surface directly
above the dot leads to the preferential growth of a second
layer of dots vertically aligned with the first and further to
the vertically aligned third layer, modifies the strain distribu-
tion in and around dots and directly affects the effective con-
finement potentials for carriers. Because of the difference in
strain fields in the top and bottom dots, it is not likely that
the quantum dots in the QDM are identical. It is therefore
possible that the exciton is mainly localized in the largest
quantum dot. A more precise study should include the yet
unknown dot size variation in the stack of dots. As in the
case of interdot distance d=2 nm, in the inset of Fig. 11�b�
we show the diamagnetic shift of the optically active exciton
low-lying quartet were the nominal experimental parameters
are used �R=8 nm, h=2 nm, and d=4 nm� as compared to
the experimental data.

With a further increase of the interdot distance from d
=4 to 8 nm, coupling due to strain decreases as well. The
ground state exciton quartet for the triple QDM in this case is
Q2

−, and it is shown in Fig. 12�a�. In the inset of Fig. 12�a� the
oscillator strength for the states S0↓

+ and S0↑
− of the Q2

− quartet
are shown. As in the case of interdot distance d=2 nm, for
x,y light polarization �S+1↑

+ and S−1↓
− of Q2

− quartet� the oscil-
lator strength �not shown� is approximately 10% of the os-
cillator strength for z light polarization �S0↓

+ and S0↑
− of Q2

−

quartet�. In Fig. 12�b�, a comparison between our findings
and the experimental ones �Fig. 12�b�� is shown for dot ra-
dius R=8 nm, height h=3 nm, and interdot distance d
=8 nm. One can see that the experimental data fit the exciton
state S0↓

+ as well as S0↑
− . The difference between the two

curves is too small to be discriminated experimentally and
we may conclude that there is good agreement between our
theoretical results and the experimental data. For complete-
ness, the diamagnetic shift of the optically active exciton
low-lying quartet where the nominal experimental param-
eters are used �R=8 nm, h=2 nm, and d=8 nm� is compared
to the experimental data in the inset of Fig. 12�b�.

Let us also briefly discuss the results for a double QDM.
The ground state exciton quartet is Q2

− and it is shown in Fig.
13�a� for dot radius R=10 nm, thickness h=2 nm, and inter-
dot distance d=4 nm. Oscillator strength for the exciton re-
combination for z light polarization is shown in the inset of
Fig. 13�a�. The exciton diamagnetic shift calculated from our
model is compared with the experimental data in Fig. 13�b�.
In the inset of Fig. 13�b� we show the diamagnetic shift of
the optically active exciton low-lying quartet where nominal
experimental parameters are used �R=8 nm, h=2 nm, and

d=4 nm�. From Fig. 13�b� one can see that the experimental
data fit the upper lying exciton S0↓

+ , for which the oscillator
strength tends to zero for a magnetic field higher that 40 T
�see inset of Fig. 13�a��. This is the same discrepancy as was
found for the triple QDM when the interdot distance is d
=4 nm �see Fig. 11�. We have no clear explanation for this
interchange of exciton levels.

IV. SUMMARY AND CONCLUSIONS

Sizes of the dots in the molecule and interdot distance
determine whether the hole in the InP/ InGaP QDMs sits in
the dots, in between the dots, or in the matrix near the bases
of the stack. We found that for small interdot distance
��3 nm� the hole settles in the matrix near the bases of the
stack or in the dots, while for larger interdot distances the
hole can be localized in between the dots or in the dots
depending on the dot size. Whenever for B=0 T the hole
ground state is heavy-hole-like the magnetic field is unable
to induce a transition of the hole ground state.

The size of the dots in the molecule and the interdot dis-
tance determine which one of the exciton quartets will have
the lowest energy and which one of the individual states in
the quartet will be the ground state in the presence of an
external magnetic field.

Our theoretical findings for the exciton diamagnetic shift
for triple and double QDM are compared with the experi-
mental results on the position of the photoluminescence
peak. Interdot distance determines whether quantum me-
chanical coupling �electron-hole overlap� or strain domi-
nantly affect the exciton diamagnetic shift. For small interdot
distance ��3 nm� quantum mechanical coupling is the domi-
nant effect and the calculated diamagnetic shift shows good
agreement with the experiment. With increasing interdot dis-
tance �
4 nm� strain instead of quantum mechanical cou-
pling affects dominantly the exciton diamagnetic shift, and
experimental data does not fit the lowest lying optically ac-
tive individual exciton state, but the higher one, which also
belongs to the lowest exciton quartet. A similar discrepancy
was found for the double QDM with interdot distance d
=4 nm. Furthermore, for triple QDM with interdot distance
d=8 nm the dots act “more independently” and the calcu-
lated exciton diamagnetic shift shows good agreement with
the experiment data.
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