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Abstract

An efficient model-based estimation algorithm is introduced to quantify the atomic column positions and intensities from atomic
resolution (scanning) transmission electron microscopy ((S)TEM) images. This algorithm uses the least squares estimator on
image segments containing individual columns fully accounting for overlap between neighbouring columns, enabling the analysis
of a large field of view. For this algorithm, the accuracy and precision with which measurements for the atomic column positions
and scattering cross-sections from annular dark field (ADF) STEM images can be estimated, has been investigated. The highest
attainable precision is reached even for low dose images. Furthermore, the advantages of the model-based approach taking into
account overlap between neighbouring columns are highlighted. This is done for the estimation of the distance between two
neighbouring columns as a function of their distance and for the estimation of the scattering cross-section which is compared to the
integrated intensity from a Voronoi cell. To provide end-users this well-established quantification method, a user friendly program,
StatSTEM, is developed which is freely available under a GNU public license.

Keywords: High-resolution (scanning) transmission electron microscopy (HR (S)TEM), Data processing/image processing,
Quantitative electron microscopy, General methods in microscopy, Statistical parameter estimation theory, Tools, Model-based
fitting

1. Introduction

Nowadays, more and more quantitative measurements for the
analysis of nanomaterials are required. This includes for ex-
ample locating atomic column positions with a precision in the
picometre range, a precise determination of the chemical com-
position of materials, and counting the number of atoms with
single atom sensitivity. Therefore, statistical analysis methods
are introduced in order to extract these quantitative measure-
ments from atomic resolution (scanning) transmission electron
microscopy ((S)TEM) images. Using statistical parameter esti-
mation theory, unknown structure parameters can be measured
with high accuracy and precision from experimental images
[1, 2]. This methodology is nowadays becoming recognised
as the optimal method for quantitative electron microscopy. In
this theory, the (S)TEM image is considered as a data plane
from which the unknown structure parameters need to be es-
timated. The starting point is the availability of a parametric
model describing the expectations of the experimental measure-
ments. For atomic resolution (S)TEM images, the projected
atomic columns are peaked at the atomic column positions and
can be modelled as a superposition of Gaussian functions [3, 4].
The unknown parameters are estimated by fitting this model to
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the experimental images using a criterion of goodness of fit,
quantifying the similarity between the experimental images and
the model. For this purpose, the least squares estimator is used
in an iterative optimisation scheme. In [2, 5–12], quantitative
analyses have successfully been applied for two-dimensional
(2D) atomic column position measurements with a precision
in the picometre range from TEM images or reconstructed exit
waves. More recently, annular dark field (ADF) STEM has also
become an important technique for locating 2D atomic column
positions [13–16] and quantifying image intensities for compo-
sition determination or atom-counting [17–23].
Moreover, one is interested in a quantitative analysis of a larger
field of view preserving the highest possible precision and ac-
curacy. Therefore, in this paper, the implementation of the least
squares estimator will be reviewed. A direct implementation
of this estimator in which all parameters are estimated at the
same time is computationally very intensive and is only feasi-
ble for images containing a limited number of projected atomic
columns in the (S)TEM images, i.e. a limited field of view. A
more efficient algorithm is proposed which enables us to ana-
lyse large fields of view. The basic idea of the new algorithm is
the segmentation of the image into smaller sections containing
individual columns without ignoring overlap between neigh-
bouring columns. In this way, only the parameters correspond-
ing to a single atomic column are estimated at the same time,
instead of all parameters of the parametric model. In addition, a
user friendly software package, called StatSTEM, that includes
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the algorithm is presented making advanced image quantifica-
tion using model-based fitting accessible. The program is freely
available under a GNU public license, which means briefly that
the user is free to use, distribute and alter the program under
certain conditions [24].
The algorithm which will be presented here, has already been
applied showing that the analysis of larger fields of view opens
up a variety of new possibilities for the characterisation of nano-
materials. One of the first applications of this efficient algo-
rithm was the estimation of models for 2D ADF STEM projec-
tion images of a bimetallic nanocrystal as an input for electron
tomography. Several 2D projection images can be combined
into a three-dimensional (3D) reconstruction using a mathemat-
ical algorithm to characterise the structure and composition in
3D. By using the fitted models, the influence of noise and scan-
ning distortions could be minimised, revealing the atomic struc-
ture in 3D including information about the atom type of each
reconstructed atom for the first time [25]. A second example
is the analysis of the distribution of the lattice strain in a Au
nanodecahedron containing more than 90 000 atoms. Using the
efficient model estimation algorithm, it was possible to evalu-
ate the strain distribution in an ADF STEM projection image.
This 2D strain distribution could then be compared with the full
3D characterisation of the lattice strain [26]. Very recently, the
efficient algorithm has been applied to unscramble mixed ele-
ments atom per atom in a Au@Ag core-shell nanorod. For this
nanorod, counting results for the Ag and Au atoms have been
presented on an absolute scale determining the 3D shape of
this heterogeneous nanocrystal from ADF STEM images taken
from only two different viewing directions [27].
In order to elucidate the benefits of the model-based fitting in
a statistical manner, the accuracy and the precision of the esti-
mated model parameters will be evaluated and the advantages
of a model-based approach taking overlap between neighbour-
ing columns into account will be illustrated in this article. These
analyses will be performed for ADF STEM imaging, since ADF
STEM has become a popular technique for quantitative struc-
ture characterisation, such as composition determination and
atom-counting, as illustrated by the examples discussed above.
For these applications, it is necessary that atomic column po-
sitions and total intensities of electrons scattered by the atomic
columns, the so-called scattering cross-sections, are estimated
unbiasedly with the highest possible precision. Furthermore, it
should be noted that the observations for ADF STEM are count-
ing events, which are modelled as Poisson distributed vari-
ables. In practice, the estimates of the unknown parameters of
the expectation model are obtained using the well-known least
squares estimator, which is identical to the maximum likelihood
estimator for independent and identically normally distributed
pixel values. However, this assumption about the statistical dis-
tribution of the pixel values is not always valid, especially not at
low electron doses, needed to avoid radiation damage in beam
sensitive matter. It will be investigated whether the variance
of the least squares estimates of scattering cross-sections and
atomic column positions attains the theoretical lower bound on
the variance of the estimated parameters. This study reveals if
a quantitative analysis would benefit when applying the max-

imum likelihood estimator which has optimal statistical prop-
erties. Moreover, a comparison with an approach ignoring the
overlap between neighbouring columns is made to illustrate the
effect on the estimated column positions and scattering cross-
sections. Currently, two approaches exist to measure scattering
cross-sections: by using the volumes under a Gaussian peak
[17–23] or by integrating the image contribution of each atomic
column [28–31]. In the second case, use is made of so-called
Voronoi cells, in which each pixel is assigned to the nearest
atomic column. In order to compare both approaches, the effect
of overlap between neighbouring columns on the estimated val-
ues is investigated.
The article is organised as follows. In section 2, the principles
of model-based parameter estimation will be reviewed. In sec-
tion 3, the efficient algorithm for the estimation of atomic col-
umn positions and intensities from HR(S)TEM images will be
introduced. The accuracy and the precision of the estimated pa-
rameters will be discussed in section 4. Next, the advantages of
using a model-based approach taking into account overlap be-
tween neighbouring columns will be illustrated in section 5. In
section 6, StatSTEM, a user friendly program for image quan-
tification will be presented. Finally, in section 7, conclusions
will be drawn.

2. Model-based parameter estimation

High-resolution (S)TEM images do not directly provide quanti-
tative measurements of the unknown structure parameters, such
as atomic column positions, peak intensities, and scattering
cross-sections. Therefore, these images are used as a starting
point for the measurement of structure parameters using statis-
tical parameter estimation theory. In this way, it becomes pos-
sible to determine structure parameters with a precision that is
orders of magnitude better than the resolution of the electron
microscope. This requires a quantitative model-based method,
in which the observed (S)TEM image is considered as a data
plane from which unknown structure parameters have to be es-
timated in a statistical way. For a successful application, a para-
metric model describing the expectations of the pixel values in
the high resolution (HR) (S)TEM image should be available.
For HR(S)TEM images, the intensity is often sharply peaked at
the atomic column positions [3, 4]. Therefore, HR(S)TEM im-
ages are often modelled as a superposition of Gaussian peaks.
The expectation of the intensity of pixel (k, l) at position (xk, yl)
can then be described by an expectation model fkl(θ), with θ the
vector of unknown structure parameters, as:

fkl(θ) = ζ +

I∑
i=1

Mi∑
mi

ηmi exp

−
(
xk − βxmi

)2
+

(
yl − βymi

)2

2ρ2
i

 (1)

with ζ a constant background, ρi the column dependent width
of the Gaussian peak, ηmi the column intensity of the mith
Gaussian peak, βxmi

and βymi
the x- and y-coordinate of the

mith atomic column respectively. The index i refers to atomic
columns of the same atom type with I different types and the in-
dex mi refers to the mth column of type i with Mi the number of
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columns of type i. The indices in the summation of Eq. (1) can
be simplified in the case of a mono-type crystalline nanostruc-
ture since then only one column type is present. The unknown
parameter of the parametric imaging model of Eq. (1) are given
by the parameter vector θ:

θ =
(
βx11

, . . . , βxMI
, βy11

, . . . , βyMI
, ρ1, . . . , ρI , η11 , . . . , ηMI , ζ

)T
.

(2)

For ADF STEM, the volume under a peak above a background
reflects the total intensity of electrons scattered toward the ADF
detector for every atomic column. This is the so-called scatter-
ing cross-section which can be used to quantify chemical com-
position or number of atoms in a projected atomic column from
an ADF STEM image. The scattering cross-section Vmi of the
mith Gaussian peak can be calculated from the model parame-
ters, the width ρi and the height ηmi , as follows [17]:

Vmi = 2πηmiρ
2
i . (3)

The proposed theoretical parametric model should describe the
image intensities accurately in order to extract reliable quanti-
tative measurements from HR(S)TEM images. This simplified
empirical model, which consists of a superposition of Gaussian
peaks as described by Eq. (1), is not necessarily less suitable
than more complicated models. Complicated models describe
the image intensities in detail using a more physics-based ap-
proach, i.e. modelling the electron-object interaction and the
transfer of the electrons through the microscope. However, the
number of unknown parameters will be higher for such models,
e.g. unknown microscope parameters should then be included
in the parametric model. A higher number of unknown param-
eters has the disadvantage that the optimisation might end up in
a local minimum, if appropriate starting values for the unknown
parameters are not available. Therefore, the lower number of
parameters of the simpler model given by Eq. (1) has its bene-
fit. In addition, structure parameters of interest, such as atomic
column positions and scattering cross-sections, are accounted
for by the simpler model. The validity of the proposed model,
given by Eq. (1), has been shown for high resolution TEM im-
ages using different statistical model assessment methods, such
as the likelihood ratio test [1, 2]. For high resolution STEM
images, the validity of the model will be shown in terms of ac-
curacy and precision of the estimated structure parameters in
Sections 4 and 5.
The parametric model of Eq. (1) is fitted to the experimental
data using the uniformly weighted least squares criterion quan-
tifying the similarity between the experimental images and the
model. The uniformly weighted least squares estimates θ̂ of the
unknown parameters θ are then given by the values of t that
minimise the uniformly weighted least squares criterion:

θ̂ = arg min
t

K∑
k=1

L∑
l=1

(wkl − fkl(t))2 (4)

where wkl corresponds to the observed pixel value in a
HR(S)TEM image at position (k, l), with K and L the number

of pixels in x- and y-direction, respectively. Direct implemen-
tation of the least squares estimator as described by Eq. (4), in
which all parameters are estimated at the same time, is compu-
tationally very intensive and only feasible for images contain-
ing a limited number of projected atomic columns. Therefore,
in Section 3, a more efficient algorithm is proposed for obtain-
ing estimates of the unknown structure parameters.

3. Efficient model estimation algorithm

In this section, an efficient model estimation method for the
analysis of atomic resolution (S)TEM images including images
with a large field of view will be described. The general idea
behind this method has been proposed in [32]. The model esti-
mation algorithm has now further been improved and extended.
As compared to the scheme presented in [32], the starting val-
ues for the width of the Gaussian peaks and the estimation of
the height of the Gaussian peaks and the background within
the iterative part have now been optimised. More important,
a new estimation scheme has been added allowing to estimate
the same width for estimated Gaussian peaks of atomic columns
of the same atom type. In addition, a software package, Stat-
STEM, including this algorithm is developed.
The parametric model that is implemented is the superposi-
tion of Gaussian peaks describing the peaked intensity at the
atomic column positions as described by Eq. (1) in the pre-
vious section. The idea of the new algorithm is a segmenta-
tion of the image into smaller sections containing individual
atomic columns without ignoring overlap between neighbour-
ing columns. Therefore, it is required that the image can be
described as a superposition of the individual atomic columns.
For example, incoherent imaging in ADF STEM meets this nec-
essary condition.
Two different schemes for the model estimation are proposed
for two different variants of the parametric models describing
(S)TEM images. In the first model, each atomic column is mod-
elled with a different width for the Gaussian peak; this model
estimation scheme will be referred to as ‘model estimation A’.
In the second model, the same width is imposed for atomic
columns of the same atom type; this model estimation scheme
will be referred to as ‘model estimation B’. Different widths for
each Gaussian in the parametric model corresponding to the in-
tensity of an atomic column in the (S)TEM image, as in ‘model
estimation A’, are required if no prior knowledge is available on
for example the atomic column types. However, if prior knowl-
edge is available, the number of parameters of the expectation
model that needs to be estimated in the model can be reduced,
as in ‘model estimation B’. This approach enhances the preci-
sion of the parameter estimates. In addition, the estimation of
the parameters of such a model will be more robust in the case
of the inevitable presence of different types of noise (e.g. scan-
ning noise in STEM images), since less parameters need to be
estimated in this model. The estimates for the parameters for
‘model estimation A’ do often not converge because of noise.
In subsection 3.1, ‘model estimation A’ with a different width
assumed for each Gaussian is introduced. Next, subsection 3.2
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introduces ‘model estimation B’ where the same width is as-
sumed for Gaussian peaks of the atomic columns of the same
atom type.

3.1. Model estimation A

Different width for each estimated Gaussian peak of an atomic
column
When a different width is assumed for each estimated Gaussian
corresponding to the intensity of an atomic column, the para-
metric model fkl(θ) for the intensity of pixel (k, l) at position
(xk, yl) is given by:

fkl(θ) = ζ +

N∑
n=1

ηn exp

−
(
xk − βxn

)2
+

(
yl − βyn

)2

2ρ2
n

 (5)

with ζ a constant background, ρn and ηn the width and height of
the nth Gaussian peak, βxn and βyn , the x- and y-coordinate of
the nth atomic column respectively, and N the total number of
atomic columns. The unknown parameters θ of the expectation
model are then given by:

θ =
(
βx1 , . . . , βxN , βy1 , . . . , βyN , ρ1, . . . , ρN , η1, . . . , ηN , ζ

)T
. (6)

It is assumed that proper starting values are available for the pa-
rameters of the empirical model. Good starting values are nec-
essary in order to avoid ending up in a local minimum during
the model estimation procedure. Initial values for the widths ρn

of the Gaussian peaks are easy to provide and starting coordi-
nates for the positions βxn and βyn of projected atomic columns
can be given using a peak finding routine. For this purpose,
the image resolution should be high enough. This means that
a high-resolution image is required, where individual columns
are atomically resolved. If the resolution is only just sufficient,
prior knowledge on the structure, e.g. the presence of dumb-
bells, can still provide the starting values for atomic column
positions.
The parametric model given by Eq. (5) is linear in the parame-
ters for the height of the Gaussian peaks ηn and the background
ζ and is non-linear in the parameters for the positions βxn , βyn ,
and the width of the Gaussian peaks ρn. The parameters βxn ,
βyn , and ρn are therefore the non-linear parameters of the model
and will be denoted as the vector α. An initial guess for the lin-
ear parameters of the model, i.e. the heights ηn and background
ζ denoted as the vector ξ, is not needed, since the linear param-
eters in the model can be replaced by their linear least squares
estimates given the values of the non-linear parameters of the
model [33]. These linear least squares estimates are the best
companion values for the linear parameters and the computa-
tion involves only a simple linear regression. In addition, this
approach has a second benefit apart from the fact that no start-
ing guesses are needed for the linear parameters. The number
of parameters that needs to be estimated in an iterative proce-
dure is reduced to the non-linear parameters only, increasing
the convergence speed of the model estimation.
Schematically, the proposed algorithm for model estimation is
outlined in Fig. 1. In the first steps (B.) and (C.), initial guesses

are obtained for the non-linear parameters α1 for the input im-
age (A.). In step (B.), initial guesses for the x- and y-coordinates
of the atomic columns in the image are obtained by a peak find-
ing routine. Next, using these starting coordinates and a rough
starting estimate for the width ρ based on the distance between
the atomic columns, the starting value for the width is refined in
step (C.) using the full image containing all the atomic columns.
For this purpose, a derivative-free unconstrained non-linear op-
timisation method, the Nelder-Mead simplex method, is used
in order to reduce the memory consumption [34]. If a limited
number of parameters needs to be estimated, than this method
converges toward good estimates for the parameters. Here, a
single starting value for the width of all atomic columns is es-
timated. For the estimation of this refined starting value for
the width, the tolerance level of the Nelder-Mead simplex algo-
rithm is set less tight. Next, the iterative part of the fitting pro-
cedure can be executed (shown in grey in Fig. 1). Based on the
values of the non-linear parameters α j, starting values for the
linear parameters ξ j are calculated by means of linear regres-
sion (D.), where j corresponds to the number of the iterations.
Having starting values for the linear and non-linear parameter
of the jth iteration available (E.), the actual estimation of the pa-
rameters can be done. Therefore, regions of interest containing
single atomic columns are selected from the HR(S)TEM image
(F.). The regions are defined based on the average distance be-
tween the atomic columns in the image. These distances can
be calculated from the coordinates given by the peak finding
routine. Next, the parameters of the neighbouring projected
atomic columns are selected (G.) in order to take overlap be-
tween neighbouring Gaussian shapes into account. The values
of the non-linear and linear parameters are given by the values
that result from step (B.), (C.), and (D.) in the first iteration and
by the values that resulted from step (O.) and (D.) in further
iterations. The contributions of these neighbouring Gaussian
peaks in the region of interest of the single atomic column are
calculated (H.). Then, these contributions are subtracted from
the image of the single atomic column (I.). Ideally, the thus ob-
tained image only contains scattered intensities resulting from
this single projected atomic column and can be used for a non-
linear least squares estimation of the non-linear parameters of
this single Gaussian (J.). Steps (F.) till (J.) are repeated for each
projected atomic column in the HR(S)TEM image in order to
obtain a complete set of estimated non-linear parameters α̂ j for
the jth iteration. Next, the best companion values for the linear
parameters for the jth iteration, ξ̂ j are calculated (K.). Once
the parameters are estimated, convergence is evaluated (M.). If
convergence is not yet obtained, the non-linear starting values
for the ( j+1)th iteration are calculated based on the starting and
estimated values for the non-linear parameters of the jth itera-
tion (O.). Here, the updates are modified by a scaling factor ν
in order to avoid divergence on the parameters to be estimated.
Having a new set of non-linear parameters available, the iter-
ative part of the fitting algorithm can be executed again from
step (D.). The iterative approach allows a better modelling of
the overlap between neighbouring Gaussian peaks. If conver-
gence is attained (P.), the model can be calculated based on the
estimated parameters (Q.).
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estimation of starting 
value 𝜌 

C. 

Figure 1: Schematic for model estimation A: algorithm for the expectation model having a different width for each estimated Gaussian peak.

3.2. Model estimation B

Same width assumed for estimated Gaussian peaks of atomic
columns of the same atom type
When the same width is estimated for Gaussian peaks of atomic
columns of the same atom type, the expectation model fkl(θ)
and corresponding unknown structure parameters θ are given
by Eqs. (1) and (2), which are repeated here:

fkl(θ) = ζ +

I∑
i=1

Mi∑
mi

ηmi exp

−
(
xk − βxmi

)2
+

(
yl − βymi

)2

2ρ2
i

 (7)

with unknown parameters:

θ =
(
βx11

, . . . , βxMI
, βy11

, . . . , βyMI
, ρ1, . . . , ρI , η1, . . . , ηMI , ζ

)T
.

(8)

The basic idea of this routine is equivalent to the method for
the model having different widths for each estimated Gaussian
peak. The estimation method is subdivided into the estimation
of the position parameters βxmi

and βymi
, and the estimation of

the width ρi for each atom type. This approach is valid since
the correlation between the position parameters and the width
of the Gaussian peaks equals almost zero. Also throughout
this estimation routine, the best companion values for the
linear parameters ξ are used in each iteration increasing the
convergence of the model estimation.

A schematic is shown in Fig. 2. The first steps of model
estimation B are similar to steps (A.), (B.), and (C.) of model
estimation A. In step (B.), initial guesses are obtained for

the coordinates of the projected atomic columns in input
image (A.) using a peak finding routine. If different column
types are present, the atomic columns are grouped by type.
Next, in step (C.), refined initial guesses for the widths of the
atomic columns of the same atom type are obtained using the
Nelder-Mead simplex method with a less tight tolerance level
applied to the full image containing all atomic columns. Since
the number of different atom types in a HR(S)TEM image is
limited, this method gives also for model estimation B accurate
estimates in an efficient manner. Next, the iterative part of
model estimation A is performed till convergence is reached
(D.) without the estimation of the parameters for the width of
the Gaussian peaks, i.e. with a fixed value for the width ρi of
each atomic column type set in step (C.). In this way, estimates
are obtained for the x- and y-coordinates βxmi

and βymi
(E.).

Next, estimates for the width ρi and the companion values
for the linear parameters ξ need to be estimated for the fixed
positions obtained from the first part of this method. A full
optimisation of the parameter ρi is done using the Nelder-Mead
simplex method with a tight tolerance level applied to the
full image containing all atomic columns (F.). After the
optimisation of the parameter ρi, estimates are available for
all the non-linear parameters α̂ in the parametric model (G.).
Finally, the best companion values for the linear parameters ξ̂
(H.) and the model based on the estimated parameters (I. and
J.) can be calculated.
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Figure 2: Schematic for model estimation B: algorithm for the expectation model having the same width for Gaussian peaks of atomic columns of the same atom
type.

4. Evaluation of the accuracy and precision of the estimated
model parameters in ADF STEM

The aim in quantitative electron microscopy is to estimate the
structure parameters unbiasedly and as precise as possible. Ul-
timately, this precision is only limited by the presence of count-
ing noise. Due to noise, the pixel values in the experimental
images will fluctuate randomly from experiment to experiment.
These pixel values or observations can therefore be modelled
as random variables, characterised by a joint probability den-
sity function (PDF) (in the case of continuous observations) or
a joint probability function (PF) (in the case of discrete ob-
servations, such as Poisson counting results). The parametric
model introduced in sections 2 and 3 describes the expecta-
tions of these observations. Use of the concept of Fisher in-
formation allows one to derive an expression for the highest
attainable precision with which the structure parameters of the
object under study can be estimated in an unbiased way [35].
This expression defines a lower bound on the parameter vari-
ance. This bound, which is known as the Cramér-Rao lower
bound (CRLB), can be derived from the P(D)F. The CRLB on
the variance of the parameters can be attained when applying
the maximum likelihood estimator. In the case of identically
independent normally distributed variables, the maximum like-
lihood estimator equals the well known least squares estima-
tor. Since the Poisson distribution tends to be a normal dis-
tribution for increasing expectation values for the pixel values,
the least squares estimator is often applied. This means that
when the detected electron dose is high and if the contrast in the
images is low, the uniformly weighted least squares estimator
gives maximum likelihood estimates for the unknown parame-
ters. However, this assumption about the statistical distribution
of the pixel values is not always valid, especially not at low
electron doses, which is often needed to avoid radiation dam-

age in beam-sensitive matter. This would imply that the opti-
mal statistical properties of the maximum likelihood estimator
are lost. Therefore, the accuracy and precision of the estimated
parameters of interest, i.e. the atomic column position and the
scattering cross-section, will be investigated for a higher and
lower incident electron dose. In order to evaluate the precision
and accuracy, use will be made of detailed ADF STEM mul-
tislice simulations. The true values of the parameters will be
compared with the sample means in order to verify the accu-
racy. This will be done for the atomic column positions and
scattering cross-sections obtained from different noise realisa-
tions of a ADF STEM multislice simulation. The precision will
be evaluated by comparing the sample variance with the CRLB.
In this manner, it can be examined if all information contained
in the images is extracted using a particular estimation proce-
dure, which is here the uniformly weighted least squares esti-
mator as implemented in the efficient model estimation algo-
rithm. In Appendix A, the attainable precision, i.e. the CRLB
on the variance, for the position parameters and the scattering
cross-sections will be derived in detail.
In subsection 4.1, the ADF STEM simulations will be discussed
briefly, before the results of the simulation study for the assess-
ment of the accuracy and precision of the parameters of interest
will be shown in subsection 4.2.

4.1. ADF STEM simulation study
The analysis presented here will make use of multislice
simulations under the absorptive potential approximation [36],
because of its suitability to describe electron-sample interac-
tion for thin samples. The ADF STEM images are calculated
using the STEMsim software [37]. The absorptive potential
approximation is computationally less demanding while it still
describes the image intensities properly up to 50 nm thickness
of the sample [38]. We simulated a Pt structure in [100] zone
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Figure 3: Central part of detailed ADF STEM simulations for [100] orientation
for 1 atoms and 75 atoms thickness. Examples of the corresponding normalised
noise realisations for an incoming electron dose of Nd = 5 · 102 e−Å−2 and
Nd = 5 · 105 e−Å−2 are also shown.

axis up to 75 atoms thickness, i.e. ≈ 30 nm. The simulated
images were convolved with a Gaussian function to account for
spatial incoherence. The simulation settings are summarised
in Table 1. The Debye-Waller factor in the table describes the
atomic vibrations. This Debye-Waller factor is temperature
dependent and has been parametrised for several elemental
crystals and compounds with zinc-blende structure in [39].
Model estimation B has been used to estimate the scattering
cross-sections and atomic column positions from the simulated
images. As presented in [20], fitting a constant background
to a simulation is not needed, since the background considers
signals that do not originate from the sample under study, such
as the sample support or grid. Consequently, a background
with value 0 was considered for this analysis.

Parameter Symbol Value
Acceleration voltage V0 (kV) 300
Defocus ε (nm) −8.8741
Spherical aberration Cs (mm) 0.04
Spherical aberration of 5th order C5 (mm) 10
Objective aperture angle α (mrad) 21.1
Spatial incoherence of source FWHM (Å) 0.7
Number of unit cells per supercell Na × Nb 9 × 9
ADF inner collection angle β1 (mrad) 60
ADF outer collection angle β2 (mrad) 190
Maximum specimen thickness z[100] (nm) 29.4
Debye-Waller factor B (Å2) 0.384
Pixel size ∆x = ∆y (Å) 0.1569

Table 1: Settings used for absorptive potential multislice simulations of Pt in
[100] zone axis.

4.2. Results
It is expected that the lower bound on the variance of the un-
known parameters, i.e. the atomic column positions and the
scattering cross-sections, can be attained when applying the
maximum likelihood estimator and if unbiased estimates are
obtained. Here, the least squares estimator is used, although the

observations are modelled as independent Poisson distributed
variables. Therefore, the attainability of the lower bound on the
variance of the atomic column position and the scattering cross-
section will be investigated for different incident electron doses.
This study allows us to reveal if a quantitative ADF STEM anal-
ysis would benefit when applying the maximum likelihood es-
timator which has optimal statistical properties.
Detailed ADF STEM simulations are available for increasing
thickness from 1 to 75 atoms for Pt in the [100] orientation as
described in the previous subsection. In order to evaluate the
attainability of the CRLB, different values for the incident elec-
tron dose Nd (e−/Å2) are considered:

λkl = Nphkl = Nd∆x∆yhkl (9)

where λkl equals the expectation model including the electron
dose, hkl equals the detailed ADF STEM simulation, Np equals
the incident electron dose per pixel, ∆x = ∆y equals the
pixel size, and Nd the incident electron dose per unit area.
Atomic resolution imaging is still possible with doses of the
order of Nd = 102 e−Å−2 for LAADF STEM according to
[40]. Therefore, electron doses of Nd = 5 · 105 e−Å−2, and
Nd = 5 · 102 e−Å−2 are used in the simulation study based on
ADF STEM images. For each thickness, 100 noise realisations
are simulated for the two different doses. Next, the noise
realisations are normalised with respect to the incident electron
dose, i.e. divided by the incident electron dose placing the
noise realisations on the same intensity scale as the detailed
image simulation hkl from STEMsim. The detailed STEM
simulation and corresponding noise realisations are illustrated
in Fig. 3.
From the noise realisations, the parameters of the parametric
model of model estimation B given by Eq. (7) are estimated.
For the low dose images, prior knowledge of the presence of
the atomic columns has been used. The parameters that are
evaluated here are the x-coordinate and the normalised scatter-
ing cross-section of the central atomic column in the simulated
ADF STEM image. Only the x-coordinate is evaluated since
the x- and y-coordinate show exactly the same behaviour for
this symmetric simulation. In order to evaluate the accuracy
of the estimates, the sample means have been compared with
the reference values. For the atomic column positions, the
reference value equals the true value of the atomic column po-
sition of the input structure of the STEM simulations described
in the previous paragraph. For the scattering cross-sections,
the estimated values from the detailed ADF STEM simulation
hkl (in the absence of Poisson distributed noise) is taken as
a reference. The expressions for the confidence intervals on
the sample mean and sample variance of the x-coordinate and
the scattering cross-section of the central atom are given in
Appendix B.
The results of the study of the accuracy of the position coor-
dinates and scattering cross-sections are shown in Fig. 4 for
electron doses of Nd = 5 ·105 e−Å−2 and Nd = 5 ·102 e−Å−2, i.e.
a higher and lower incident electron dose. The sample means
from the estimates resulting from the 100 noise realisations are
plotted together with the true values of the x-coordinate and
scattering cross-section of the central atomic column. It is clear
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that unbiased estimates are obtained for both the x-coordinate
as well as the scattering cross-section of the central atomic
column. For the higher incident electron dose, the 95%
confidence intervals of the scattering cross-sections are too
small to be visible in Fig. 4(b). It is clear that the confidence
intervals on the sample means become larger when reducing
the incident electron dose. The estimates for the x-coordinates
and the scattering cross-sections of the central atomic column
are still accurate for this lower incident electron dose.
The results for the precision of the estimated position coordi-
nates and scattering cross-sections are shown in Fig. 5 for both
electron doses. In these figures, the sample variances from
the estimates of the 100 noise realisations are plotted together
with the theoretical lower bound on the variance, the CRLB.
Two main conclusions can be drawn from this Fig. 5. First, the
CRLB allows us to evaluate the precision as a function of the
number of atoms for the position coordinates and scattering
cross-sections. The variance of the position coordinate of
the atomic columns decreases up to 20 atoms. Beyond this
thickness, the probe will be delocalised and the variance on the
position coordinates increases. The variance on the scattering
cross-section increases with increasing number of atoms in
a projected atomic column. Second, the attainability of the
CRLB can be evaluated from these figures. For the higher
incident electron dose in Figs. 5(a) and (b), the CRLB is
attained for the whole range of number of atoms. For the
reduced electron dose in Figs. 5(c) and (d), the CRLB on the
variance of the x-coordinate and scattering cross-sections of
the central atomic column is not attained for very small number
of atoms. This result is not unexpected since the detected
number of electrons is very low in this case. Indeed, with
a pixel size of 0.1569 Å for Pt [100], the incident electron
dose per pixel equals approximately 12 e−/pixel. Since the
maximal pixel intensity for single atom thickness expressed as
a fraction of the incident electron beam equals approximately
0.01, the probability that an electron is detected will be
very low. This is also clear from the noise realisations with
Nd = 5 · 102 e−Å−2 in Fig. 3. In this case, the noise realisation
does not show the shape of the atomic columns anymore.
Because of the prior knowledge of the presence of atomic
columns, an attempt to estimate the model parameters is made,
although the model estimation starts to fail here. For practical
applications requiring the same low incident electron dose,
the detected dose per pixel should be increased, which can be
done by increasing the pixel size while keeping the same total
incident electron dose and/or decreasing the inner angle of the
STEM detector. Nevertheless, this simulation study shows that
the lower bound on the variance is nearly completely attained
for the estimation of the position coordinates and scattering
cross-sections from ADF STEM images which are assumed to
have independent Poisson distributed pixel values. This result
is of great importance, since this means that the parameters
of interest are obtained with the highest possible precision
when using the uniformly weighted least squares estimator
as implemented in the efficient model estimation algorithm.
Since the highest possible precision is attained even for low
incident electron doses using the least squares estimator, the

implementation of the maximum likelihood estimator would
have no extra benefit.

5. Advantages of a model-based approach

The quantification of electron microscopy images can be done
by either using a direct or a model-based approach. The advan-
tage of a model-based approach is that it allows one to extract
structure parameters with an accuracy and precision that is or-
ders of magnitude better than the resolution of the microscope.
A direct approach is often computationally less demanding as
compared to a model-based approach. For example, atomic col-
umn locations can be found by peak finding routines, which
search for local maxima in the images [31, 41]. Within the
model-based approach, different methods and implementation
can be used. An often used approach is to ignore the over-
lap between neighbouring columns as this enables a fast algo-
rithm that does not require the iterative steps visualised in Fig.
1 [42, 43].
Taking into account overlap can affect significantly not only
the estimated column locations, but also the scattering cross-
sections. The latter quantity is measured by either estimating
the volume under a Gaussian peak or often by integrating the
image contributions of each atomic column. For this last ap-
proach, use is made of the so-called Voronoi cells [28, 30, 31],
in which each pixel is assigned to the nearest atomic column.
Furthermore, the Voronoi cell approach is not capable of identi-
fying overlapping intensities of neighbouring atomic columns.
In order to illustrate the effect on the estimated parameters when
taking the overlap into account, ADF STEM image simulations
of a 5-atoms-thick Pt column neighbouring a 3-atoms-thick Pt
column with a varying distance between the columns are inves-
tigated. Two columns of a different thickness have been used
as in practice many nanoparticles do not have a uniform thick-
ness. The smallest distance is set to 0.7 Å as the shortest bond
length in nature equals 74 pm, that of the hydrogen molecule.
Examples of the ADF STEM image simulations are shown in
Fig. 6(a). Multislice simulations have been performed under
the absorptive potential approximation [36, 37] with settings as
summarised in Table 1 and a pixel size equal to 0.1 Å. The
simulated images were convolved with a Gaussian function to
account for spatial incoherence.
In subsection 5.1, the advantages of taking the overlap of image
intensities into account when estimating the atomic column po-
sitions are investigated. Next, subsection 5.2 discusses the in-
fluence of overlapping image intensities on the estimated scat-
tering cross-sections.

5.1. Atomic column locations
The overlap of image intensities of neighbouring atomic
columns becomes more significant when the distance between
the columns decreases. In order to illustrate this, an algorithm
ignoring the overlap between neighbouring columns has been
used based on the model estimation algorithm presented in sub-
section 3.2. In Fig. 6(b), the distance between the column ob-
tained from the estimated column locations is shown together
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Figure 4: Accuracy of the estimated scattering cross-sections and position coordinates for two different incoming electron doses. The true values and the sample
mean together with the 95% confidence interval are shown for the (a) x-coordinate of the central atomic column for Nd = 5 ·105 e−Å−2, (b) scattering cross-sections
for Nd = 5 · 105 e−Å−2, (c) x-coordinate of the central atomic column for Nd = 5 · 102 e−Å−2 , and (d) scattering cross-sections for Nd = 5 · 102 e−Å−2.

with the results obtained by the algorithm taking overlap into
account. Only above a distance of about 2 Å, the model ig-
noring the overlap accurately estimates the distance. In com-
parison, the model which takes the overlap into account is more
accurate over the whole range. Here, small deviations only start
to occur at distances smaller than 1 Å. In this range, the overlap
of intensities makes it hard to resolve the two columns. Because
of the prior knowledge of the presence of two atomic columns,
an attempt can be made to estimate model parameters. In prac-
tice, distances between neighbouring atomic columns are often
below 2 Å, making it essential to use an approach in which the
overlap is modelled.

5.2. Volumes versus integrated intensities
The used method for quantifying the scattering cross-sections
from ADF STEM images can significantly influence the mea-
sured values. In this subsection, two measures are compared:

volumes [9, 18–22] and integrated intensities from Voronoi
cells [28, 30, 31, 44]. For obtaining the scattering cross-sections
by using Voronoi cells, atomic column locations have to be
known. For experimental images, where atomic column loca-
tions are unknown, peak finding routines or model-based ap-
proaches can be used. In this study, the exact input coordinates
of the atomic column in the simulations are used to define the
Voronoi cells in the most accurate manner. The algorithm pre-
sented in subsection 3.2 has been used to measure the scattering
cross-sections by using the volumes under the Gaussian peak.
In Fig. 6(c), the obtained scattering cross-sections for the two
columns by both approaches are shown. For a distance larger
than 2 Å, both approaches result in approximately the same val-
ues. Below this distance, the overlap of image intensities affects
the scattering cross-sections measured by the Voronoi cell ap-
proach. In this region, the tail of the 5-atoms-thick column in-
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Figure 5: Precision of the estimated scattering cross-sections and position coordinates for two different incoming electron doses. The Cramér-Rao lower bound and
the sample variances together with the 95% confidence interval are shown for the (a) x-coordinate of the central atomic column for Nd = 5 ·105 e−Å−2, (b) scattering
cross-sections for Nd = 5 ·105 e−Å−2, (c) x-coordinate of the central atomic column for Nd = 5 ·102 e−Å−2, and (d) scattering cross-sections for Nd = 5 ·102 e−Å−2.

creases the image intensities around the 3-atom-thick column.
The Voronoi cell approach is not capable to compensate for this
effect. The estimated scattering cross-sections by the Gaussian
volumes remain approximately constant over the entire range.
Small fluctuations can be explained by the delocalisation of the
electron probe. In comparison, these results suggest that scat-
tering cross-sections are most accurately measured by the Gaus-
sian volume approach.

6. StatSTEM software

To facilitate model-based quantitative electron microscopy, a
software package has been developed using the MATLAB pro-
gramming language. A user-friendly graphical user interface
has been made to give users a low threshold for advanced
model-based quantification. The software is freely available

[45] under the GNU public license [24]. A screen shot of the
program is given in Fig. 7. The program divides the quantifica-
tion of electron microscopy image into three sections: prepara-
tion, model-based fitting and analysis.
In the preparation part, starting values for the x- and y-
coordinates and the pixel size can be defined. Starting coor-
dinates can be inserted by manually selecting peak locations,
by using a peak finder routine which looks for local maxima in
the image, or by importing a text or MATLAB file containing
the coordinates. For complex nanostructures in which different
column types are present, atomic columns can be grouped by
type.
After the preparation part, the user can fit the Gaussian model
by using either model estimation A outlined in subsection 3.1,
where a different width for each atomic column is assumed, or
model estimation B outlined in subsection 3.2, where the same
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Figure 6: Influence of a neighbouring column on the estimated parameters for different approaches. (a) Examples of simulated images of a 5 and 3 Pt atoms thick
column with a varying distance between the columns. (b) The estimated distance between the two columns when taking overlap of column intensities into account
and when neglecting the overlap. (c) The normalised scattered intensity estimated by the volumes under the fitted Gaussian function and the integrated intensity
obtained from Voronoi cells for the 5 and 3 atoms thick column.

width for each atomic column of the same atomic column type
is assumed. Furthermore, the user can predefine the width for
each atomic column type in order to estimate only the column
positions. For testing the convergence of the model parameters,
the option ‘fitting under test conditions’ is available in which
the maximum number of iterations is limited to 4. If the num-
ber of columns to be analysed is lower than 100, an algorithm in
which all parameters are estimated simultaneously will be used
to improve convergence speed. For more columns, the mem-
ory consumption may hamper computation and therefore the
efficient model estimation algorithm is used. The parallel com-
puting toolbox of MATLAB can be used to further improve the
computational speed.
Next, the obtained models and parameters can be used for a
further quantitative analysis, for example for atom-counting
[18, 19, 21–23]. Here, another set of advanced statistical meth-
ods can be employed to count the number of atoms in a sin-
gle element atomic column. The scattering cross-sections, ob-
tained with the model estimation algorithm, can be presented
in the form of a histogram. Owing to a combination of exper-
imental detection noise and residual instabilities, broadened -
rather than discrete - components are observed in such a his-
togram. Therefore, these results cannot directly be interpreted
in terms of number of atoms. By evaluation of the so-called
integration classification likelihood (ICL) criterion in combina-
tion with Gaussian mixture model estimation, the number of

components and their respective locations can be found. From
the estimated locations of the components, the number of atoms
can be quantified. The experimental mean scattering cross-
sections (corresponding to the component locations) can inde-
pendently be compared with the scattering cross-sections re-
sulting from image simulations under the same experimental
conditions by loading a library of simulated scattering cross-
sections as a function of number of atoms. Details on this
method, of which the description is beyond the scope of this
paper, can be found in [19, 21]. More detailed information on
the StatSTEM package can be found at the website [45].

7. Conclusions

In the present paper, an efficient model-based estimation algo-
rithm has been proposed for the quantification of atomic reso-
lution (S)TEM images in order to analyse large fields of view.
The basic idea behind the algorithm is the segmentation of
the image into smaller sections containing individual atomic
columns for the estimation of the non-linear parameters of the
model. This method is much faster than the estimation of all
the parameters of the parametric model at the same time, which
is a computationally very intensive task.
For this algorithm, the ultimate limits in ADF STEM have been
explored. For this purpose, the precision and accuracy of the
estimates for the atomic column positions and scattering cross-
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Figure 7: A screen shot of the StatSTEM program, showing the atom counting results on an experimental image of a Pt/Ir nanoparticle

sections have been evaluated using multislice simulations. Al-
though the pixel values of ADF STEM images are modelled as
independent Poisson distributed variables, it turns out that even
for low incident electron doses, the Cramér-Rao lower bound
on the variance of the estimates has been obtained nearly per-
fectly.
Furthermore, the advantages of a model-based approach have
been investigated. This revealed that a model taking overlap
into account is essential for estimating unbiasedly the distance
between two atomic columns closer than 2 Å. In addition, two
different measures for the scattering cross-sections have been
compared. The estimated volumes under the Gaussian peak re-
main constant as a function of the distance between columns,
whereas integrated intensities from Voronoi cells cannot take
into account overlap between the neighbouring columns, result-
ing in a bias in the scattering cross-section.
The ideas presented in this paper are combined in a free user
friendly program, StatSTEM, to stimulate the use of model-
based quantification. The availability of this software will open
up new possibilities for quantitative analyses of atomic resolu-

tion electron microscopy images.
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Appendix A. Attainable precision

A thorough description of the Fisher information and the
Cramér-Rao lower bound (CRLB) can be found in [35, 46–48].
In this appendix, the Fisher information matrix will be defined
and the CRLB will be derived for the atomic column positions
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and the scattering cross-sections of ADF STEM images. For
such images, the observations are assumed to be statistically
independent having a Poisson distribution with the following
joint probability function p(ω):

p(ω) =

K∏
k=1

L∏
l=1

(λkl)ωkl

ωkl!
exp (−λkl) (A.1)

This joint probability function describes the probability that a
set of given observations, which are modelled as stochastic vari-
ables ω, is equal to ω. The unknown parameters are included
through the expectation values λkl described by a suitable para-
metric model fkl (θ). This dependence can be expressed as
p(ω; θ) and can be used to define a R × R covariance matrix.
This covariance matrix is the so-called Fisher information ma-
trix Fθ and is given by:

Fθ = −E
[
∂2 ln p(ω; θ)

∂θ2

]
(A.2)

where p(ω; θ) equals the joint probability function of the
stochastic variablesω. The expression between square brackets
represents the Hessian matrix of ln p(ω; θ). The Fisher infor-
mation is a measure for the physical fluctuation of the observa-
tions.
For the observed pixel values in an electron microscopy image,
where p(ω; θ) is given by Eq. (A.1), it follows that the (r, s)th
element of Fθ equals:

Frs =

K∑
k=1

L∑
l=1

1
λkl

∂λkl

∂θr

∂λkl

∂θs
. (A.3)

The diagonal elements of the inverse Fisher information matrix
define lower bounds on the parameters θ. This lower bound is
independent of the parameters estimation method that is used.
In practice, different estimators can be used to estimate the
same parameters. However, the variance of unbiased estima-
tors will never be lower than the CRLB. The scattering cross-
sections, defined by Eq. (3), are a function of the estimated pa-
rameters θ. In order to calculate the CRLB for the scattering
cross-sections, the general expression for the CRLB for a func-
tion of the model parameters should be used [48]:

σ2
Vn

=
∂Vn

∂θ
F−1
θ

(
∂Vn

∂θ

)T

(A.4)

where Vn is the scattering cross-section for the nth atomic col-
umn in the ADF STEM image. The elements of the Fisher in-
formation matrix are given by Eq. (A.3). The vector ∂Vn

∂θ is a
(3N + I + 1)-vector, where N is the total number of columns
in the ADF STEM image and I the number of different column
types. This vector consists of zeros except for the (2N + i)th and
(2N + I + n)th elements. These elements are equal to:[

∂Vn

∂θ

]
1,2N+i

=
∂Vn

∂ρi
= 4πηnρi[

∂Vn

∂θ

]
1,2N+I+n

=
∂Vn

∂ηn
= 2πρ2

i .

Explicit numbers for the CRLB on the variance of the atomic
column positions and the scattering cross-sections can be com-
puted by substituting the values of the true parameters into Eqs.
(A.3) and (A.4). However, since the observations are Poisson
distributed noise realisations of detailed ADF STEM simula-
tions using the STEMsim software [37], only the true parame-
ters of the atomic column positions are available. Therefore, the
elements Frs and σ2

Vn
may only be estimated. This will be done

by substituting estimated values for the parameters ρ and ηn for
the true parameters. These estimates for the true parameters of
ρ and ηn are obtained by fitting the model given by Eq. (7) to
the detailed STEMsim model for the ADF STEM image, i.e. in
the absence of noise. The estimated Fisher information matrix
and estimated lower bounds on the variances will be denoted as
F̂θ and σ̂2, respectively.

Appendix B. Confidence intervals on sample mean and
sample variance

The (1 − α) × 100% confidence intervals of the sample mean
of the x-coordinate β̄x and the scattering cross-section V̄ of the
central atom are given by:[

β̄x − t1− α
2 ,N−1

sβx
√

N
, β̄x + t1− α

2 ,N−1
sβx
√

N

]
(B.1)[

V̄ − t1− α
2 ,N−1

sV
√

N
, V̄ + t1− α

2 ,N−1
sV
√

N

]
(B.2)

with sβx and sV the standard deviation and t1− α
2 ,N−1 equals the

1− α2 quantile of the Student’s t distribution with N−1 degrees of
freedom, where N equals the sample size, here corresponding
to the number of atomic columns.
In order to evaluate the precision of the estimates, the sample
variances are compared with the estimated lower bounds on the
variances. The (1−α)×100% confidence intervals on the sample
variance of the x-coordinate s2

βx
and on the sample variance of

the scattering cross-section s2
V are given by: (N − 1)s2
βx

χ2
α
2 ,N−1

,
(N − 1)s2

βx

χ2
1− α

2 ,N−1

 (B.3) (N − 1)s2
V

χ2
α
2 ,N−1

,
(N − 1)s2

V

χ2
1− α

2 ,N−1

 (B.4)

with s2
βx

and s2
V the sample variances for βx and V , respectively,

and χ2
1− α

2 ,N−1 and χ2
α
2 ,N−1 are the 1 − α

2 - and α
2 -quantiles of the

χ2 distribution with N − 1 degrees of freedom, respectively.
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