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Superconducting properties of mesoscopic cylinders with enhanced surface superconductivity
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The superconducting state of an infinitely long superconducting cylinder surrounded by a medium which
enhances its superconductivity near the boundary is studied within the nonlinear Ginzburg-Landau theory. This
enhancement can be due to the proximity of another superconductor or due to surface treatment. Quantities
such as the free energy, the magnetization and the Cooper-pair density are calculated. Phase diagrams are
obtained to investigate how the critical field and the critical temperature depend on this surface enhancement
for different values of the Ginzburg-Landau parameterk. Increasing the superconductivity near the surface
leads to higher critical fields and critical temperatures. For small cylinder diameters only giant vortex states
nucleate, while for larger cylinders multivortices can nucleate. The stability of these multivortex states also
depends on the surface enhancement. For type-I superconductors we found the remarkable result that for a
range of values of the surface extrapolation length the superconductor can transit from the Meissner state into
superconducting states with vorticityL.1. Such a behavior is not found for the case of largek, i.e., type-II
superconductivity.
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I. INTRODUCTION

The study of the superconducting properties of mes
copic samples received recently a lot of attention due to
progress in nanofabrication technologies. A sample is me
scopic if its size is comparable to the penetration depthl
and/or the coherence lengthj.

The properties of superconductors and therefore their
plications are determined by the critical parameters, i.e.
critical fields (Hc ,Hc1 ,Hc2 ,Hc3), the critical currentj c , and
the critical temperatureTc . For application purposes on
wants to improve these parameters. Instead of searching
new bulk materials with new physical properties, one c
also try to modify the properties of an existing material
nanostructuring the superconductor, i.e., ‘‘quantum desig
Therefore, theoretical and experimental studies directed
improve the critical parameters of mesoscopic supercond
ors are important.

From the point of view of improving these paramete
mesoscopic thin disks immersed in an insulating medi
and placed in a perpendicular magnetic field have attra
most attention. In disks with a small radius only giant vort
states exist which are axially symmetric superconduct
states.1–4 The different giant vortex states are characteriz
by their angular momentum, i.e., their vorticityL. For disks
with a sufficiently large radius, multivortex states can ex
which are the equivalent of the Abrikosov vortex lattice
bulk type-II superconductors (k5l/j.1/A2) and the vor-
ticity corresponds to the number of separate vortices.5–18 For
such disks, it is found that the critical magnetic field depen
strongly on the size and on the Ginzburg-Landau param
and less on the thickness of the disk.

Fink and Presson19,20 studied the Meissner state and t
giant vortex state of a superconducting infinite cylinder i
mersed in an insulator or vacuum and placed in a magn
0163-1829/2001/65~2!/024510~10!/$20.00 65 0245
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field parallel to the cylinder axis using the Ginzburg-Land
theory. They calculated how the critical field depends on
cylinder radius and on the Ginzburg-Landau parameterk.
Zharkov et al.21 studied similar superconducting cylinde
using the Ginzburg-Landau theory and calculated the crit
fields as a function of the cylinder radius, the temperatu
and the Ginzburg-Landau parameter.

Varying the sample size and the Ginzburg-Landau para
eter, one can decrease or increase the critical field, and
the critical current, but it does not influence the critical te
perature. How can one increase the critical temperatu
Fink and Joiner22 considered a semi-infinite superconducti
half-space where the surface was treated by cold workin
such a way that the superconductivity near the surface
enhanced, i.e., the slope of the superconducting order pa
eter increased near the sample surface. They found that
a surface treatment leads to higher critical temperatu
larger critical fields, and larger critical currents. Another w
to enhance superconductivity near the surface is by bring
the superconductor in contact with a well chosen superc
ducting or semiconducting layer.23 The added superconduc
ing layer must have a higher transition temperature than
superconducting sample and in this case the surface enha
ment of superconductivity is caused by the proximity effe
It is necessary that this semiconducting layer has a band
which overlaps the superconducting gap of the superc
ductor.

Montevecchi and Indekeu24 performed a theoretical stud
of the effect of confinement on the superconducting/norm
transition for systems with surface enhancement. Using
linear Ginzburg-Landau theory they studied the critical te
perature at zero field for a thin film, an infinite cylinder, an
a sphere. For all geometries they found that atH50 the
critical temperature increases with the enhancement of
face superconductivity. For thin films in a parallel field, th
©2001 The American Physical Society10-1
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B. J. BAELUSet al. PHYSICAL REVIEW B 65 024510
also calculated aH-T phase diagram. They found that su
face enhancement leads to an increase of the critical
Hc3 and of the critical temperature.

Yampolskii and Peeters25 investigated theoretically the
vortex structure of thin mesoscopic disks in a perpendicu
magnetic field surrounded by a medium which enhances
face superconductivity. If the size of these thin disks is s
ficiently large, they found giant vortex states as well as m
tivortex states appearing as metastable states and as g
states. The enhancement of the superconductivity near
surface leads to a stabilization of the multivortex states
ground states. They also calculated aH-T phase diagram
which showed that the critical temperature and the criti
field were significantly increased by enhancing the surf
superconductivity.

In the present paper we investigate the effect of the
hancement of surface superconductivity on the critical fi
and the critical temperature for superconducting cylind
with radii equal to a few coherence lengthsj. We also study
the influence of the Ginzburg-Landau parameterk. Our the-
oretical analysis is based on a full self-consistent numer
solution of the coupled nonlinear Ginzburg-Landau eq
tions. Noa priori arrangement of the vortex configuration
of the type of vortex configuration is assumed.

The paper is organized as follows. In Sec. II we pres
our theoretical model. We explain how the enhancemen
superconductivity near the surface is taken into account
Sec. III we considersmall cylinders, i.e., infinitely long su-
perconducting cylinders with small radius. In such small c
inders only axially symmetric states or giant vortex sta
nucleate. We discuss how the critical field and the criti
temperature are influenced by the surface enhanceme
superconductivity. In Sec. IVlarger cylinders are studied
where multivortices appear. We investigate the depende
of the nucleation of these states on the surface enhancem
Our results are summarized in Sec. V.

II. THEORETICAL FORMALISM

We consider infinite superconducting cylinders with r
dius R surrounded by a medium which enhances superc
ductivity at the edge of the cylinder. Along the axis of th
cylinder a uniform magnetic fieldHW 0 is applied. To deal with
this problem we use the Ginzburg-Landau theory and
solve numerically and self-consistently the system of t
coupled equations

1

2m
S 2 i\¹W 2

2eAW

c
D 2

C52aC2bCuCu2, ~1a!

¹W 3~¹W 3AW !5
4p

c
jW, ~1b!

where the density of superconducting currentjW is given by

jW5
e\

im
~C* ¹W C2C¹W C* !2

4e2

mc
uCu2AW . ~1c!
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The boundary condition for the vector potential is su
that far away from the cylinder the field equals the exter
field H0, i.e.,

AW ur→`5
1

2
H0reWf , ~2a!

wherer indicates the radial position from the center of t
cylinder and eWf is the azimuthal direction. The gener
boundary condition for the order parameter can be writ
as26

nW S 2 i\¹W 2
2eAW

c
DCU

r5R

5
i

b
CU

r5R

, ~2b!

wherenW is the unit vector normal to the cylinder andb is the
surface extrapolation length. The value ofb is determined by
the medium in which the cylinder is immersed. If the su
rounding medium is vacuum or an insulator one hasb→`,
for metalsb.0 and for ferromagnetsb→0. When, for ex-
ample, the surface of the cylinder is in contact with a sup
conducting layer of a higherTc one hasb,0. In the present
paper we will consider the latter case ofb,0.

Using dimensionless variables and the London gauge
AW 50 the GL equations can be written as

~2 i¹W 2AW !2C5C~12uCu2!, ~3a!

2k2DAW 5
1

2i
~C* ¹W C2C¹W C* !2uCu2AW , ~3b!

and the boundary condition for the order parameter as

nW ~2 i¹W 2AW !C U
r5R

5
i

b
CU

r5R

. ~4!

Here the distance is measured in units of the cohere
length j, the order parameter inC05A2a/b, the vector
potential in c\/2ej, and the magnetic field inHc2

5c\/2ej25kA2Hc , where Hc5A4pa2/b is the critical
field.

To solve the system of Eqs.~3a!, ~3b!, we apply a finite-
difference representation of the order parameter and the
tor potential on a uniform Cartesian space grid (x,y), with
typically 128 grid points over a distance 2R0 ~i.e., the diam-
eter of the cylinder!, and we used the link variable
approach,27 and an iteration procedure based on the Gau
Seidel technique to findC. The vector potential is obtaine
with the fast Fourier transform technique where we
AW uxu5RS ,uyu5RS

5H0(x,2y)/2 at the boundary of a large

space grid~typically RS54R0).
Two different vortex configurations are possible in ax

symmetric samples; the giant vortex state and the multiv
tex state. The giant vortex state has cylindrical symme
which leads to the order parameterC5c(r)exp(iLf), where
r andf are the cylindrical coordinates andL is the angular
momentum or vorticity. Along a closed path, which lies ne
0-2
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SUPERCONDUCTING PROPERTIES OF MESOSCOPIC . . . PHYSICAL REVIEW B65 024510
the edge of the cylinder, the order parameter phase differe
is given byL times 2p. A multivortex state is described by
mixture of different angular harmonics which is possible d
to the nonlinearity of the GL equations. In this case the v
ticity is nothing else than the number of vortices in the s
perconductor.

To find the different vortex configurations, which includ
the metastable states, we search for the steady-state solu
of Eqs.~3a!, ~3b! starting from different randomly generate
initial conditions. Then we increase/decrease slowly
magnetic field and recalculate each time the exact vo
structure. We do this for each vortex configuration in a m
netic field range where the vorticity stays the same.

In order to determine which vortex state corresponds
the ground state we calculated the difference in free ene
density between the superconducting state and the no
state

F

F0
5

2

VEV
dVF2uCu21

1

2
uCu41u~2 i¹W 2AW !Cu21k2~HW

2HW 0!2G1
2

bV R
S
dSuCu2, ~5!

where HW 5rot AW , V is the volume of a cylinder with uni
height, S the surface of the infinite cylinder, andF0

5Hc
2V/8p. The contribution of the surface is taken into a

count by the last term of Eq.~5!. By comparing the dimen-
sionless free energy of the different giant and multivor
configurations, we obtain the ground states and the m
stable states. The dimensionless magnetization is define

M5
^H&2H0

4p
, ~6!

where ^H& is the magnetic field averaged over the samp
The magnetization is a direct measure of the magnetic fi
expelled from the sample.

The temperature is included inj, l, Hc2, through their
temperature dependencies

j~T!5
j~0!

Au12T/Tc0u
, ~7a!

l~T!5
l~0!

Au12T/Tc0u
, ~7b!

Hc2~T!5Hc2~0!U12
T

Tc0
U, ~7c!

whereTc0 is the critical temperature at zero magnetic fie
for the normal boundary condition, i.e.,2j(0)/b50. We
will only insert the temperature explicitly if we consider th
H-T phase diagrams, while the other calculations are
~arbitrary! fixed temperature. This means that we varyb at
constantj and constantR. Notice further that the Ginzburg
Landau parameterk5l/j is independent of the temperatur
02451
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III. SMALL CYLINDERS

First we discuss infinitely long cylinders with a small r
dius, where we may limit ourselves to the giant vortex sta
In this case the confinement effects are dominant and t
impose the cylindrical symmetry of the boundary of the c
inder on the vortex state. Consequently, the dimensions
the Ginzburg-Landau equations are reduced, which impro
the accuracy and the computation time.

A. Type-I cylinders

We consider infinite long cylinders with radiusR52.0j
for a Ginzburg-Landau parameterk50.28. Figures 1~a!, 1~b!
show theground statefree energy, i.e., the thermodynam
equilibrium free energy, and the magnetization as a funct
of the applied magnetic field for such a superconducting c
inder for the usual boundary condition, i.e.,2j/b50.0
~solid curves!, and for 2j/b50.2 ~dashed curves! and 0.4
~dash-dotted curves!, which correspond to surface enhanc
ment. With increasing2j/b the free energy at zero magnet
field becomes more negative, which means an enhancem
of superconductivity. Also the ground state superconducti
normal transition moves to higher fields. Notice that t
magnetic field expulsion@see Fig. 1~b!# is enhanced with
increasing2j/b.

Figures 2~a!–2~c! show the radial dependence of th
Cooper-pair density, the magnetic field, and the current d
sity, respectively, for the previously considered cylinder
the applied magnetic fieldH0 /Hc252.02 and for vorticity
L50. The solid curves give the result for2j/b50, the
dashed curves for2j/b50.2 and the dash-dotted curves f
2j/b50.4. From Fig. 2~a! it is very clear that the Cooper
pair density near the surface, and hence the surface su

FIG. 1. ~a! The ground state free energy and~b! the magnetiza-
tion as a function of the applied magnetic field for a supercondu
ing cylinder with radiusR52.0j for k50.28 and2j/b50 ~solid
curves!, 0.2 ~dashed curves!, and 0.4~dash-dotted curves!.
0-3
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B. J. BAELUSet al. PHYSICAL REVIEW B 65 024510
conductivity, increases with increasing2j/b. For a small
cylinder radius, also the Cooper-pair density in the cente
the cylinder is influenced by the boundary condition. Fro
Fig. 2~b! one can see that enhancing the surface super
ductivity results in a more pronounced Meissner effect, i
the magnetic field expulsion becomes more complete w
increasing2j/b. Notice that the magnetic field for this situ
ation is always zero in the center of the cylinder. To expel
magnetic field more, the superconductor has to induce m
superconducting current near the surface. Figure 2~c! shows
that the current density is zero in the center of the superc
ductor and becomes more negative near the surface. Th
perconducting Meissner currents are also more concentr
near the surface with increasing2j/b. For the Meissner
state the current has the same sign in the whole sample a
thus flowing in the whole sample in the same direction.

In Fig. 3 the dependence of the transition fields for t
different giant vortex states on the surface enhancementb is
given for a superconducting cylinder with radiusR52.0j
and k50.28. The solid curves give the ground state tran
tions between the differentL states and the thick solid curv
indicates the superconducting/normal transition. For the n
mal boundary condition2j/b50 it is evident that the
ground state consists of the Meissner state, i.e.,L50, since
k is sufficiently small. The superconducting/normal tran
tion occurs atH0 /Hc2'2.9. What happens with increasing
2j/b? ~i! For 2j/b,0.65 the ground state is still given b
the Meissner state, and with increasing2j/b the
superconducting/normal-transition moves to higher fiel
~ii ! For 2j/b.0.65 differentL states become the groun

FIG. 2. ~a! The Cooper-pair density,~b! the magnetic field, and
~c! the current density as a function of the radial position fo
cylinder with radiusR52.0j and fork50.28. The external field is
H0 /Hc252.02 and the vorticity isL50.
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state. This is in agreement with the results of Montevecc28

who also found transitions between differentL states for
b,0 for a fixed cylinder radiusR/ubu51.2 andk50.3 ~see
Fig. 1.14 of Ref. 28!. Remarkably we find that the groun
state does not evolve from the Meissner state to a state
vorticity L51. Rather it evolves to a state with larger vo
ticity. For 0.65&2j/b&0.8 the ground state changes fro
the Meissner state to a state withL54, for 0.8&2j/b
&1.8 to a state withL53, and for2j/b*1.8 to a state with
L52. ~iii ! Further increasing2j/b the ground state will
change first fromL50 to L51. The latter transition corre
sponds to type-II behavior which only occurs in the abse
of surface enhancement fork larger than some critica
Ginzburg-Landau parameterk2.

The three different regimes which we found for the ca
of increasing2j/b for fixed smallk are very similar to the
three regimes for the case of increasingk for the normal
boundary condition, i.e.,2j/b50. ~i! For the normal
boundary condition it is known29 that only the Meissner stat
is the ground state fork smaller than a critical parameterk1.
~ii ! For k1&k<k2 surface superconductivity can occur an
states with vorticity larger than one exist. For example, F
and Presson19 found ground state transitions from the Meis
ner state withL50 into surface superconducting states w
L54 for a superconducting cylinder with radiusR53.0j
and k50.5. ~iii ! For k.k2 ~type II superconductivity! the
ground state transits from the Meissner state to states
L51,2, . . . ,n, successively, where the value ofn depends on
the radius and the Ginzburg-Landau parameter~see, for ex-
ample, Ref. 19!. In bulk superconductorsk1'0.42 andk2

51/A2, but for cylinders these parameters are rad
dependent.21

What is the reason for this remarkable behavior of
ground state for increasing2j/b? ~i! For 2j/b,0.65 the
order parameter, and thus the Cooper-pair density, near
cylinder boundary increases with increasing2j/b which
also leads to an enhancement of the order parameter in
center, albeit less pronounced@see also Fig. 2~a!#. Conse-
quently, the free energy at zero magnetic field becomes m
negative and the superconducting/normal transition move

FIG. 3. The (2j/b)2H phase diagram for a superconductin
cylinder with radiusR52.0j and k50.28. The solid curves indi-
cate the transitions between the differentL states and the thick
curve gives the superconducting/normal transition.
0-4
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SUPERCONDUCTING PROPERTIES OF MESOSCOPIC . . . PHYSICAL REVIEW B65 024510
higher fields@see also Fig. 1~a!#. ~ii ! With increasing2j/b
the Cooper-pair density in the center for theL50 state is not
increasing as strongly as the Cooper-pair density near
boundary and the cylinder remains superconducting at hig
fields. For2j/b*0.65 it becomes energetically less favo
able to expell rather high fluxes from the sample. The eff
of the increase of vorticity on the free energy is shown
Fig. 4 for 2j/b50.7. From the inset it is clear that the fre
energy of theL54 state becomes lower than the one of t
Meissner state atH0 /Hc2'5.12. This means that for thi
field the penetration of four fluxes becomes more favora
than the expulsion of the field. AtH0 /Hc2'5.20, 5.30, and
5.32 the ground state changes, respectively, into theL55
state, theL56 state, and the normal state. Further increas
2j/b leads to higher Cooper-pair density near the bound
and, consequently, to higher induced supercurrents. As a
sult, a smaller amount of flux will penetrate into the sam
after the first ground state transition. For example, with
creasing field at2j/b.0.8 the ground state changes fro
the Meissner state into theL53 state and at higher field
into states withL54, 5, 6 and so on.~iii ! For high values of
2j/b, the explanation is analogous as above but now
ground state changes fromL50 to L51, 2, 3, and so forth.

In Fig. 5 we plot theH-T phase diagram for a superco

FIG. 4. The free energy for a superconducting cylinder w
radiusR/j52.0 andk50.28 for 2j/b50.7 as a function of the
external magnetic field.

FIG. 5. TheH-T phase diagram for a superconducting cylind
with radiusR52.0j andk50.28 for2j/b50.0 ~solid curve!, 0.2
~dashed curve!, and 0.4~dash-dotted curve!.
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ducting cylinder withR52.0j and k50.28 for 2j(0)/b
50.0, 0.1, and 0.2. For these values of2j(0)/b the super-
conducting ground state is always given by the Meiss
state~see also Fig. 3!. The superconducting/normal transitio
is shown by a solid curve for2j(0)/b50.0, by a dashed
curve for 2j(0)/b50.1, and by a dash-dotted curve fo
2j(0)/b50.2. Fork50 the superconducting/normal trans
tion is a straight line in theH-T phase diagram. Fork
50.28, the superconducting/normal transition is still giv
by a straight line forT!Tc , regardless of the value of
2j(0)/b, but it has now a curvature nearTc . With increas-
ing 2j(0)/b the superconducting/normal transition, whic
is of first order, moves to higher temperatures for fixed fie
or to higher fields for fixed temperature.

B. Type-II cylinders

We consider infinite cylinders with radiusR52.0j for a
Ginzburg-Landau parameterk51.0. Figures 6~a!, 6~b! show
theground statefree energy and magnetization as a functi
of the applied magnetic field for such a superconducting c
inder for2j/b50.0 ~solid curves!, 0.2 ~dashed curves!, and
0.4 ~dash-dotted curves!. Now, the superconducting groun
state is not always the Meissner state. For example, for
usual boundary condition, i.e.,2j/b50.0, the vorticity of
the ground state isL50 for H0 /Hc2<1.195. At the first
transition fieldH0 /Hc251.195 the vorticity of the ground
state changes fromL50 to L51 and then it remainsL51
until H0 /Hc251.7575 where it changes toL52. At
H0 /Hc252.12 the free energy of the ground state becom
zero and the superconducting/normal transition takes pl
The transitions between the differentL states are indicated
by corners in the free energy and jumps in the magnetizat
As for type-I cylinders, the free energy atH050 becomes

r

FIG. 6. ~a! The ground state free energy and~b! the magnetiza-
tion as a function of the applied magnetic field for a supercondu
ing cylinder with radiusR52.0j for k51.0 and2j/b50 ~solid
curves!, 0.2 ~dashed curves!, and 0.4~dash-dotted curves!.
0-5
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B. J. BAELUSet al. PHYSICAL REVIEW B 65 024510
more negative with increasing2j/b, i.e., superconductivity
is enhanced, and the transition to the normal state move
higher fields. Furthermore, the vorticity of the ground st
can become larger and the peaks in the magnetization
higher, indicating a more efficient expulsion of the magne
field from the superconductor. Notice that the magnetic fie
for the transitions between differentL states are almost inde
pendent of the value of2j/b, but the surface critical field
Hc3 is a sensitive function of2j/b.

Next, we investigate the radial dependence of the Coo
pair density, the magnetic field and the current density
such a superconducting cylinder. For vorticityL50 the re-
sults are analogous to the results for type-I cylinders wh
were described in Fig. 2. In Figs. 7~a!–7~c! we show the
radial dependence of, respectively, the Cooper-pair den
the magnetic field and the current density for the grou
state atH0 /Hc252.02, i.e., the giant vortex state with vo
ticity L52. The solid curves give the result for2j/b50,
the dashed curves for2j/b50.2, and the dash-dotted curve
for 2j/b50.4. In Fig. 7~a! it is shown that the Cooper-pa
density is zero for all2j/b in the center of the cylinder, i.e.
at the position of the giant vortex with vorticityL52. Near
the surface the Cooper-pair density is enhanced, whic
understandable because the slope ofuCu at r5R is given by
2j/b. For the giant vortex state, the magnetic field is n
zero in the center, as was the case forL50, but it can be
even higher than the external fieldH052.02Hc2. With in-
creasing2j/b, the superconductivity near the boundary
enhanced and, thus, more magnetic field can be expe
from the cylinder and the giant vortex will be more com
pressed in the center@see Fig. 7~b!#. As a consequence, th

FIG. 7. ~a! The Cooper-pair density,~b! the magnetic field, and
~c! the current density as a function of the radial position fo
cylinder with radiusR52.0j and fork51.0. The external field is
H0 /Hc252.02 and the vorticity isL52.
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minimum of magnetic field inside the cylinder decreases a
the magnetic field at the position of the vortex increases.
expel the magnetic field more and to compress the g
vortex better in the center, the superconductor has to ind
a larger superconducting current. Therefore the superc
ducting current is more positive close to the giant vortex a
more negative near the boundary@see Fig. 7~c!#. Notice that
also for giant vortex states there is noqualitativedifference
between the radial dependences of the Cooper-pair den
the magnetic field and the current density for type-I a
type-II superconductors. For a giant vortex state with vort
ity L always the same amount of flux has to be trapped in
center of the cylinder. Of course, the magnetic field reg
where the giant vortex state with vorticityL nucleates does
depend strongly onk. Notice further that for lowk these
giant vortex states are not ground states, but are metas
states.

The fact that the transition fields between differentL
states are almost independent of the value of2j/b, can also
be seen from the (2j/b)2H phase diagram for a supercon
ductor cylinder with radiusR52.0j and k51.0, which is
shown in Fig. 8. The thin solid curves give the ground st
transitions between the differentL states and the thick solid
curve indicates the superconducting/normal transition.
k51.0 we do not find ground state transitions between
state with vorticityL50 and vorticityL.1, as was the case
for k50.28. Moreover, the magnetic field range over whi
the ground state has a particular vorticityL is almost the
same for all L.0, namely, DHL5HL→L112HL21→L
'0.57Hc2. Figure 7 indicates that the width of the superco
ducting sheath inr/j is independent ofb. The value ofb
influences only the amplitude of the order parameter near
surface@Fig. 7~a!#, the diamagnetization@Fig. 7~b!#, and the
strength of the currents@Fig. 7~c!#. Therefore, the space
available for the confined flux in the core region of the c
inder does~almost! not depend on the enhancement. As
consequence, the number of fluxoids, or vorticityL, depends
only on the strength of the external fieldH0 and almost not
on b for fixed temperature.

FIG. 8. The (2j/b)-H phase diagram for a superconductin
cylinder with radiusR52.0j andk51.0. The solid curves indicate
the transitions between the differentL states and the thick curve
gives the superconducting/normal transition.
0-6
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In Fig. 9 we plot theH-T phase diagram for a superco
ducting cylinder with R52.0j and k51.0 for 2j(0)/b
50.0, 0.1, and 0.2. The ground state transitions are show
solid curves for 2j(0)/b50.0, by dashed curves for
2j(0)/b50.1, and by dash-dotted curves for2j(0)/b
50.2. The thick curves indicate the superconducting/nor
transition and the thinner curves~they are almost straigh
lines! show the ground state transitions between the g
vortex statesL↔L11. From Fig. 9 it is clear that the tran
sitions between the differentL states are~almost! indepen-
dent of the value of2j/b, but the superconducting/norma
transition is a sensitive function of2j/b ~see also Fig. 8!.
With increasing2j(0)/b the superconducting/normal tran
sition moves to higher temperatures for fixed field or
higher fields for fixed temperature as was also the case
k50.28. The zero field critical temperature is the same
k51.0 as fork50.28 and depends only on2j(0)/b. The
critical fields at zero temperature are different in both cas
For 2j(0)/b50.2, for example,Hc3(0)53.5Hc2(0) for k
50.28 and Hc3(0)52.7Hc2(0) for k51.0. In fact, the
‘‘zero’’ temperature corresponds to some reference temp
ture rather than the real temperature because the Ginzb
Landau theory is not valid at very low temperatures. Anot
significant difference is that fork51.0 the superconducting
normal transition is no longer a straight line for temperatu
T!Tc , but consists of corners which indicate the transiti
between the differentL states. These corners arebicritical
pointswhere three phases become identical for a given va
of 2j(0)/b. For example, the normal state coincides w
the L50 state and theL51 state atH0 /Hc2(0)50.86 and
T/Tc050.84 for2j(0)/b50.2. Note that all transitions be
tween differentL states are of first order and correspond
free energy crossings, while the superconducting/nor
transition is a second order transition. These bicritical po
occur at magnetic fields which are only weakly sensitive
the surface enhancement, while the transition temperat
are quite sensitive to b. Notice further that the
superconducting/normal phase transition boundary is exa

FIG. 9. TheH-T phase diagram for a superconducting cylind
with radiusR52.0j andk51.0 for 2j/b50.0 ~solid curves!, 0.2
~dashed curves!, and 0.4~dash-dotted curves!. The thick curves in-
dicate the superconducting/normal transition and the thinner cu
the ground state transitions between the giant vortex states
different vorticity L.
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the same for a cylinder withk51.0 as for a very thin disk
~thicknessd!j) with the same radius, if the same bounda
condition @Eq. ~2b!# is taken on the sides, but the standa
boundary condition (2j/b50) on the top and the bottom o
the disk. This leads to az-independent order parameter an
as a consequence, to similar physics as for an infinitely lo
cylinder. This can be seen by comparing Fig. 9 with Fig.
of Ref. 25. In the case of the disk, the field is perpendicu
to the disk.

IV. LARGE CYLINDERS: MULTIVORTICES

Up to now, we considered only cylinders with small rad
where the confinement effects were dominant and only g
vortex states were stable. Now, we consider superconduc
cylinders with a large radius in which multivortex states c
nucleate for certain magnetic fields. There exists a crosso
radiusRc such that forR,Rc only giant vortex states can
nucleate, while forR>Rc multivortex states can nucleate fo
a certain vorticity and magnetic field. The crossover rad
Rc depends strongly on the Ginzburg-Landau parametek
and on2j/b, and can only be determined numerically. F
example,Rc'2.8 for k51.0 and2j/b50, which becomes
Rc'3.0 for 2j/b50.4 andk51.0. This means that we ca
no longer limit our calculations to axially symmetric solu
tions. Nevertheless, from the study of disks6 and rings14 we
know that the transition fields between states with differ
vorticity do ~almost! not depend on the fact whether on
considers axial symmetry or not. Therefore, we can still c
culate the (2j/b)-H phase diagrams using the cylindric
symmetry approach, but if we want to know the real vort
configurations, we have to use the general theory in orde
account for multivortices.

We calculate the (2j/b)-H phase diagrams for a supe
conducting cylinder with radiusR54.0j for k50.28 andk
51.0, which are shown in Figs. 10~a!, 10~b!, respectively.
The thin solid curves give the ground state transitions
tween the differentL states and the thick solid curve ind
cates the superconducting/normal transition. The conclus
are similar to those for small cylinders, but with many mo
transitions between differentL states. However, fork
50.28 we find now transitions from the Meissner state i
mediately to a state with vorticityL513 as a function of the
magnetic field in the range 0.43<2j/b<0.47. With further
increasing2j/b we find first transitions fromL50 to L
512, 11, 10, and 9, respectively. Notice thattriple points
occur where the Meissner state coexists with two differ
giant vortex states. For example, atH0 /Hc2'3.4 and
2j/b'0.47 the Meissner state coexists with theL512 state
and theL513 state. This means that these three states h
the same free energy in that case.

For k51.0 the magnetic field range over which th
ground state has a particular vorticityL is almost the same
for all L.0, namelyDHL'0.125Hc2, which means that the
ground state changes more quickly its vorticityL than for
cylinders with radiusR52.0j, whereDHL'0.57Hc2, which
is due to the larger cross section of the cylinder.

Next we will compare the free energy and the magneti
tion for the usual boundary condition2j/b50 with the case

r

es
ith
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B. J. BAELUSet al. PHYSICAL REVIEW B 65 024510
of surface enhancement,2j/b50.2. Figures 11~a!, 11~b!
show the free energy and the magnetization for a cylin
with radiusR54.0j andk51.0 for the usual boundary con
dition. The different giant vortex states are indicated by
solid curves, the multivortex states by the dashed curves
the multivortex to giant vortex transition fieldsHMG by the
open circles. Notice that we find superconducting states u
vorticity L511 and that the superconducting/normal tran
tion field is Hc3 /Hc2'1.85 @see also Fig. 10~b!#. Multivor-
tices can nucleate for vorticitiesL52, 3, and 4. The multi-
vortex state withL52 can nucleate for 0.295<H0 /Hc2
<0.92, with L53 for 0.42<H0 /Hc2<1.045, and withL
54 for 0.5325<H0 /Hc2<0.92. In Fig. 11~b! the equilib-
rium ground state transitions are indicated by the vert
curves.

Figures 12~a!, 12~b! show the free energy and the magn
tization for a cylinder with radiusR54.0j and k51.0 for
2j/b50.2. The different giant vortex states are indicated
the solid curves, the multivortex states by the dashed cu
and the multivortex to giant vortex transition fieldsHMG by
the open circles. The latter transition is of second order.
this boundary condition the superconducting/normal tran
tion field isHc3 /Hc2'2.35 which is appreciably higher tha
for 2j/b50. Also vortex states with higher vorticity ar
stable, up to 15 instead of up to 11 for2j/b50. Multivortex
states can nucleate withL52 for 0.1325<H0 /Hc2<0.945,

FIG. 10. The (2j/b)-H phase diagram for a superconductin
cylinder with radiusR54.0j for k50.28 ~a! and k51.0 ~b!. The
solid curves indicate the transitions between the differentL states
and the thick curve gives the superconducting/normal transition
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with L53 for 0.2575<H0 /Hc2<1.02, and withL54 for
0.3825<H0 /Hc2<0.895.

How does the value of2j/b influence the nucleation o
the multivortex states? Figure 13 shows the free energy
the L53 state for a superconducting cylinder with radiusR

FIG. 11. ~a! Free energy and~b! magnetization for vortex state
in a superconducting cylinder with radiusR54.0j andk51.0 for
the normal boundary condition2j/b50. Giant vortex states are
given by solid curves, multivortex states by dashed curves, and
open circles indicate the multivortex to giant vortex transiti
fields. The vertical lines in~b! give the ground state transitions.

FIG. 12. ~a! Free energy and~b! magnetization for vortex state
in a superconducting cylinder with radiusR54.0j andk51.0 for
the boundary condition2j/b50.2. Giant vortex states are given b
solid curves, multivortex states by dashed curves, and the o
circles indicate the multivortex to giant vortex transition fields. T
vertical lines in~b! give the ground state transitions.
0-8
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SUPERCONDUCTING PROPERTIES OF MESOSCOPIC . . . PHYSICAL REVIEW B65 024510
54.0j andk51.0 for 2j/b50.0, 0.2, 0.4, 0.6, 0.8, and 1.
as a function of the applied magnetic field. Giant vort
states are given by solid curves and multivortex states
dashed curves. The transitions from a multivortex state
giant vortex state are indicated by the open circles. W
increasing2j/b the L53 state can nucleate up to larg
fields, i.e.,Hnuc/Hc251.21, 1.32, 1.47, 1.66, 1.88, and 2.1
for 2j/b50.0, 0.2, 0.4, 0.6, 0.8, and 1.0, respectively. O
the other hand the multivortex to giant vortex transition fie
decreases, i.e.,HMG /Hc251.045, 1.02, 1.0075, 0.995, 0.9
and 0.82 for2j/b50.0, 0.2, 0.4, 0.6, 0.8, and 1.0, respe
tively. This means that with increasing2j/b the magnetic
field region over which the giant vortex state exists increa
and the one of the multivortex state decreases. The reas
that increasing2j/b corresponds to an enhancement of s
perconductivity near the boundary. Therefore, it is more d
ficult for the magnetic field to penetrate near the cylind
edge than in the center. Since multivortices are situated m
closely to the cylinder edge, it is obvious that multivortic
become unstable at lower fields for increasing2j/b. Or al-
ternatively, the confinement effects become more impor
for increasing surface superconductivity.

To illustrate this better, we show the Cooper-pair dens
of the L53 state for such a cylinder in Figs. 14~a!–14~f! at
H0 /Hc250.445 for 2j/b50.0, 0.2, 0.4, 0.6, 0.8, and 1.0
respectively. High Cooper-pair density is given by dark
gions, low Cooper-pair density by light regions. The thr
vortices correspond to the three white spots. For the u
boundary condition2j/b50.0 the vortices are clearly sepa
rated. With increasing2j/b the vortices arepushedto the
center and at2j/b50.4 they already start to overlap. Fo
2j/b50.8 and 1.0 the vortices are very close to each ot
Therefore, we plotted the logarithm of the Cooper-pair d
sity to show the positions of the vortices and to prove tha
it still a multivortex state. Thus, by the enhancement of
Cooper-pair density near the boundary the vortices mov
the center and for increasing2j/b they will recombine in
the center creating a giant vortex state.

FIG. 13. Free energy for theL53 state in a superconductin
cylinder with radiusR54.0j andk51.0 for 2j/b50.0, 0.2, 0.4,
0.6, 0.8, and 1.0. Giant vortex states are given by solid cur
multivortex states by dashed curves and the open circles ind
the multivortex to giant vortex transition fields.
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V. CONCLUSIONS

In the present paper we investigated the effect of the
hancement of surface superconductivity on the critical fi
and the critical temperature for superconducting cylind
with radii comparable to the coherence lengthj. We also
studied the influence of a the Ginzburg-Landau parametek.
A distinction was made between cylinders with small ra
where the confinement effects dominate and only giant v
tex states exist, and cylinders with a larger radius wh
multivortices can nucleate for certain magnetic fields a
vorticities.

Generally, increasing2j/b leads to a more negative fre
energy atH50 and to a higher superconducting/normal tra
sition field. We also studied the magnetic field distributio
the Cooper-pair density and the current density for differ
values of the surface enhancement. For higher values
2j/b more magnetic field can be expelled from the cylind
and the giant vortex in the center is compressed more. Th
fore, higher currents are induced near the boundary and
the giant vortex. The Cooper-pair density close to the bou
ary increases, and for small cylinders this also influences
Cooper-pair density in the center.

From theH-T phase diagrams we found that the critic
temperature depends on2j/b, while it is independent ofk
~see Ref. 24!. With increasing2j/b the critical temperature
increases for fixed magnetic field and the critical magne
field increases for fixed temperature.

We also obtained (2j/b)-H phase diagrams. In type-
cylinders the surface enhancement has drastic conseque

s,
te

FIG. 14. The Cooper-pair density for the multivortex state w
L53 in a cylinder withR/j54.0 andk51.0 atH0 /Hc250.445 for
2j/b50.0 ~a!, 0.2 ~b!, 0.4 ~c!, 0.6 ~d!, and the logarithm of the
Cooper-pair density for2j/b50.8 ~e! and 1.0~f!.
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Even at lowk the surface enhancement leads to transitio
between differentL states and thus to type-II behavior. Mor
over, as a function of the magnetic field the superconduc
ground state transits from the Meissner state to a vortex s
with L.1 over a range of2j/b values. Therefore, we ca
conclude that increasing2j/b for type-I superconductors
seems to have a similar effect as increasingk for fixed
2j/b for certain properties of the superconducting cylind
In type-II cylinders we found that the magnetic field ran
over which the ground state has a particular vorticityL is
almost the same for allL.1. This magnetic field range de
creases with increasing cylinder radius.

If the cylinder radius is sufficiently large, multivorte
states can nucleate and we studied the influence of the
N
ne

ie

y

.

r

Y.

e
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face enhancement on the nucleation of these states. We f
that at fixed field and with increasing2j/b the multivortices
move to the center creating a giant vortex state. Thus sur
enhancement destabilizes the multivortex state.
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