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Coupled shallow impurity states in a freestanding semiconductor nanowire and in a semiconductor nanowire
surrounded by a metallic gate are studied within the effective-mass approximation. Bonding and antibonding
states are found due to the coupling of the two impurities, and their energy converges with increasing distance
di between the two impurities. The dependences of the binding energy on the wire radius R, the distance di

between the two impurities, and the impurity radial position in the nanowire are examined.
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I. INTRODUCTION

Dopant atoms are essential in semiconductor technology
since they provide extrinsic charges necessary to create de-
vices such as diodes and transistors. Especially in nanostruc-
tures, due to quantum confinement, the position of the dop-
ants can strongly influence the electrical properties of the
devices.1 Doped nanowires �NWs� in which a dopant is used
as the functional part of the device have received consider-
able attention in recent years due to their potential as build-
ing blocks for field-effect transistors �FETs�,2,3 inverters,4

logic circuits,5 sensors,6,7 and interconnects in
nanoelectronics.8 The ability to control the location of dopant
atoms offers an exciting perspective toward the fabrication of
these atomic-scale electronic devices. Atomic control over
dopant location in Si was recently reached by using scanning
tunneling microscope lithography,9,10 and even precise con-
trol of the number and position of the dopants was reported
by using single-ion implantation technique.11

Due to the dielectric and strain mismatch at the interface
of the NWs, the electrical properties of the nanowires will be
modified.12 The effect of the dielectric confinement on the
electronic structure13–15 of the NW and on the scattering
properties16,17 and excitonic absorption spectrum18–20 of free
electrons in NWs has already been investigated.

Small numbers of impurities, which behave like hydrogen
atoms, have the potential to be a testing ground for funda-
mental questions of nanoscale physics. Coupled impurities
have been considered as a functional part in a quantum com-
puter in which the logical information is encoded on electron
spin21 or on the charge degrees of freedom.22 For example, in
the charge-based quantum computing, the lowest two states
of a single electron, which are localized by the double well
formed by two impurity ions, give rise to a natural identifi-
cation of the quantum logic states. Due to the importance of
coupled impurities in nanotechnology, we will extend our
previous study on single shallow impurity states1 to two
coupled shallow impurities located inside the semiconductor
nanowire. We study how the double well which originates
from the coupled impurities influences the electron states and
how the electron bound states depend on the radial position
of the impurities and on the distance between the two impu-
rities. To limit the number of parameters we restrict our-
selves to impurities that are positioned on a connecting line

which is parallel to the wire axis: the two impurities have the
same distance from the interface which is preferable to real-
ize a quantum qubit based on impurity states in semiconduc-
tors and is just as in Ref. 22. We consider both a freestanding
NW and a NW surrounded by a metallic gate. We use the
finite element method �FEM�, and the study is done within
the effective-mass approximation.23 The dependence of the
binding energy and the wave function on the wire radius R
and on the impurities radial position �i will be investigated.

This paper is organized as follows. We present the physi-
cal model in Sec. II and give details on the differential equa-
tion that we have to solve numerically. The results for the
binding energy of freestanding nanowires and nanowires sur-
rounded by a metallic gate are presented in Sec. III. Our
conclusions are given in Sec. IV.

II. MODEL

A schematic illustration of the model system is shown in
Fig. 1. We treat the problem within the effective-mass ap-
proximation where the electron has an effective mass me

� and
dielectric permittivity �1 while the surrounding barrier mate-
rial has a dielectric permittivity �2. The potential at an arbi-
trary point inside such a system is the sum of the potential
generated by the electron and the two ionized impurities �the
two impurities are placed in the x-z plane�. The potential

FIG. 1. Schematics of the system: two shallow impurities placed
at a distance di from each other and located at the same radial
distance �i and parallel to the wire axis. The single electron is
assumed to be bound. The nanowire is surrounded by a different
dielectric medium.

PHYSICAL REVIEW B 79, 085306 �2009�

1098-0121/2009/79�8�/085306�7� ©2009 The American Physical Society085306-1

http://dx.doi.org/10.1103/PhysRevB.79.085306


generated by a charged particle positioned in r�q can be ob-
tained by solving the following Poisson equation:16,18

������ � V�r�,r�q�� = − q��r� − r�q� , �1�

with ����=�2+ ��1−�2���R−��. The potential V�r� ,r�q� for a
single charged particle was already derived in our previous
work.1,13 Then the electron potential energy can be obtained
by taking the following integral:

Utot�r�e� = − e� dr���r� − r�e��V�r�,r�e� + V�r�,r�q1
,r�q2

�� . �2�

The first term in the integral is the electrostatic energy due to
the image of the electron. As we did before, the electrostatic
self-energy coming from part of the first term, which is pro-
portional to ��r�−r�e� / �r�−r�e�, has been subtracted. The second
term is the electrostatic energy due to the two impurities
positioned at r�q1

, r�q2
, and their images, here V�r� ,r�q1

,r�q2
�

=V�r� ,r�q1
�+V�r� ,r�q2

�. Then the electrostatic energy of the
electron can be rewritten as13

Utot = Uint�r�e,r�q1
,r�q2

� + Uself��e� , �3�

which consists of two parts: Uint�r�e ,r�q1
,r�q2

�=e�Vim�r�e ,r�q1
�

+Vim�r�e ,r�q2
�� is the Coulomb potential energy due to the two

impurities �which also includes a potential energy that comes
from the images of the impurities� and

Uself��e� =
− e2

4�2�1
�

m=−�

+� �
0

+�

dkfm��1

�2
,kR	Im

2 �k�e�

is the self-potential energy13 with

fm��1

�2
,kR	 =

�1 −
�1

�2
	Km�kR�Km� �kR�

Im�kR�Km� �kR� −
�1

�2
Im� �kR�Km�kR�

. �4�

Moreover the self-energy Uself��e� is independent of the po-
sition of the impurities and depends only on the electron
radial coordinate.

Figure 2 shows the total potential energy of the electron in
the x-z plane. We can see that when di=2R, the coupling
between the two impurities is weak and they behave like two
single impurities. But when di is small, e.g., di=0.2R, the
coupling between the two impurities will be very large and
the total potential energy is very similar to the potential en-
ergy of an electron around a single impurity with a double
impurity charge. The bottom four figures show contour plots
of the potential in the x-z plane, which show the extent of the
total potential well. We found that the potential has a larger
extent for freestanding nanowires. Moreover, the potential
close to the boundary for gated NWs is negative �i.e., attrac-
tive�, while for freestanding nanowires, it is positive.

Finally, we obtain the Schrödinger equation for the elec-
tron inside the nanowire within the effective-mass approxi-
mation,

�−
�2

2me
��e

2 + Uint�r�e,r�q1
,r�q2

� + Uself��e� + Uc��e�		e = Etot	e.

�5�

Here Uc��e� is the confinement potential, which is taken to
be a circular potential well with infinite height �the assump-
tion will be good enough for freestanding NWs and for gated
NWs �Ref. 14��,

Uc��e� = 
0, �e 
 R

� , �e � R .
�

By using the technique of FEM, we are able to solve the
resulting three-dimensional �3D� Schrödinger equation in a
numerically exact way. The self-energy Uself��e� will be first
calculated and fitted to a function of the electron radial co-
ordinate. The potential energy Uint�r�e ,r�q1

,r�q2
� will be ob-

tained using a Poisson solver which will give the electro-
static energy between the electron and the two impurities
�together with their images�.

FIG. 2. �Color online� The total potential energy of the electron
in the x-z plane. The top two figures are for freestanding nanowires
with di=2R and di=0.2R, while the middle two are for gated nano-
wires. The bottom four figures are contour plots of the electron total
potential energy in the x-z plane �the left two are for freestanding
nanowires, and the right two are for gated nanowires�. Here U0

=e2 / �4��1R� is the energy unit.
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III. RESULTS AND DISCUSSIONS

A. Freestanding nanowires

As an example, we consider first a freestanding GaAs
nanowire which has a dielectric permittivity �1=12.5�0 and
an effective electron mass me

�=0.067me and �2=�0=1. The
ground-state and first-excited-state energies are shown in
Fig. 3. Figures 3�a�–3�c� correspond to NWs with radius R
=2, 10, and 30 nm, respectively. Note that we did not include
the impurity-impurity interaction to these total energies as it
gives no contribution to the binding energy. The ground �first
excited� state corresponds to the bonding �antibonding� state
which is symmetric �antisymmetric� with respect to the plane
z=0. For small distance between the impurities there is a
large energy gap between the bonding and antibonding
states, which closes with increasing di. For large di the bond-
ing and antibonding states have the same energy, which is
equal to the energy of an electron localized on top of one of
the impurities. Compared to the results of a single impurity1

we found that the total energies are much smaller �e.g., for
very small di, the total energy is less than one-fourth of the
one for a single impurity�. From the three figures we con-
clude that the smaller the radius, the faster the bonding and

antibonding states overlap �we can see from Fig. 3�a� that the
bonding state and antibonding state of �i=0 start to overlap
when di�8R=16 nm, while from Fig. 3�b� we find that the
same behavior starts at di�4R=40 nm�. Thus when the ra-
dius of the wire is smaller, due to the larger lateral localiza-
tion, the electron tends to localize at the position of the im-
purities and form a degenerate bonding-antibonding ground
state. Furthermore, the inset of Fig. 3�b� shows that the bond-
ing and antibonding state energies will overlap slower when
the impurity is closer to the interface.

A contour plot in the x-z plane of the ground-state �bond-
ing state� wave function and the first-excited-state �antibond-
ing state� wave function is shown for four different interim-
purity distances di when R=10 nm and �i=0.5R in Fig. 4�a�
and in Fig. 4�b� four different impurity positions when R
=30 nm and di=2R. Here we should mention that since the
color that indicates zero is different in each figure, the colors
in these figures rather accentuate the localization of the elec-
tron. The top figures in Fig. 4�a� show clearly that when di
=0.2R the shapes of the bonding and the antibonding states
�also the probability of the electron shown in the bottom
figures� are very similar to the two lowest states of a single
impurity, which means that the two impurities are strongly
coupled and they behave like a single impurity with two unit
charges. When di=2R the shape of the ground state becomes
more extended in the z direction and has two centers, but the

FIG. 3. �Color online� Ground-state energy �solid line� and first-
excited-state energy �solid line with symbol� of the electron in a
freestanding GaAs nanowire as a function of the distance between
the two impurities and three different radial positions. The radius of
the wire �a� R=2 nm, �b� R=10 nm, and �c� R=30 nm. Inset:
enlargement of �b� around di=4.5R.

FIG. 4. �Color online� �a� Top figures are contour plots of the
ground-state wave function �left figure� and the first-excited-state
wave function �right figure� of an electron in a freestanding GaAs
nanowire with radius R=10 nm and containing two impurities
fixed at 0.5R from the center. The top four couples of figures from
left to right are for interimpurity distance: di=0.2R, 2R, 4R, and 8R.
The bottom figures are the corresponding probability of the electron
in the x-z plane. �b� The same as �a� but now for fixed R=10 nm
and di=3R and four different radial impurity positions �i=0, 0.5R,
0.9R, and 0.95R.
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two impurities are still strongly coupled. Then for di=4R the
coupling becomes weak and the shapes of the bonding state
and the antibonding state become similar, which is seen more
clearly from the contour plot of the probability of the elec-
tron �bottom contour plots in Fig. 4�a��. Finally when the
distance between the two impurities is very large, e.g., di
=8R, the bonding and the antibonding states become identi-
cal within our numerical accuracy. Here for di=8R, we found
numerically that for the lowest two energy levels the electron
is localized on one of the impurities. Such a state is not the
ground state, but the energy difference with the symmetric
bonding state is extremely small. Figure 4�b� shows the wave
functions for different radial positions of the impurities. We
can see that the bonding and antibonding states differ less for
smaller values of �i. When the impurities are closer to the
boundary of the wire the bonding and antibonding states are
more differentiated, which is a result of the strong confine-
ment: the confinement will push the electron away from the
interface, thus away from the impurities. Then the localiza-
tion of the electron on either of the impurities will be weaker.
The same effect is found for gated NWs �Sec. IV�.

Next, let us look at the behavior of the binding energy,
which is the total energy of the two impurities and the energy

of an unbound electron minus the total energy of the bound
system �total energy of the electron, the two impurities, and
their images�.1 Figures 5�a�–5�c� give the binding energies
for nanowires with radius R=2, 10, and 30 nm, respectively.
Notice that the larger the distance di between the two impu-
rities, the smaller the binding energy becomes. From the in-
set of Fig. 5�a� we see that the binding energy for freestand-
ing nanowires with two impurities is much larger than for the
ones with a single impurity, but due to the dielectric mis-
match effect this ratio is much smaller than 4 �which is the
value of the binding energy of an impurity with two unit
charges divided by the one with a single unit charge in the
absence of any dielectric mismatch effect�. For example,
when R=2 nm and �i=0 the binding energy could be nearly
800 meV which is about 2.5 times the value of the one with

FIG. 5. �Color online� The binding energies of a freestanding
GaAs nanowire with two impurities fixed at the center and 0.5R and
0.9R from the center of the wire. �a�, �b�, and �c� are for R=2, 10,
and 30 nm, respectively. Inset: the binding energy of a freestanding
GaAs nanowire in the case of two coupled impurities divided by the
one with a single impurity for R=2 nm and R=30 nm, with �i

=0.
FIG. 6. �Color online� �a� Ground-state �solid line� and first-

excited-state �solid line with symbol� energies of an electron in a
GaAs nanowire with radius R=2 nm surrounded by a metallic gate
and coupled to two impurities. �b� The same as �a� but now for R
=10 nm and �c� for R=30 nm. Inset �1�: same as �a� but for a
larger range of di; inset �2� di at which the bonding and antibonding
energies are the same, within 0.5%, as a function of the radius R,
here �i=0.
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a single impurity. For small R the screening due to the di-
electric mismatch is much more significantly reducing the
ratio Eb,2 /Eb,1 by increasing the distance between the two
impurities and also leading to a faster decrease in the inter-
impurity coupling. We notice from Fig. 5�c� an interesting
effect for di�R: the binding energy for �i=0.5R is larger
than for �i=0, which was not found in Ref. 1 for the case of
a nanowire with a single impurity. The reason is that for
larger R, the repulsive Coulomb interaction from the image
charge will push the electron away from the interface, but as
the Coulomb interaction between the two impurities is large
�especially for smaller di�, this repulsion from the interface
enhances the localization of the electron on the impurity site
for larger �i, leading to a larger binding energy.

B. Gated nanowires

For gated GaAs nanowires, the dielectric permittivity �2
of the surrounding barrier material will tend to infinity. The
total energy is shown in Fig. 6. The difference from free-
standing NWs �see Fig. 3� is that the ground-state and the
first-excited-state energies tend to overlap more slowly with
increasing di, which means that the two impurities act as a

whole for a larger range of di in case a metallic gate is
present. This is a consequence of the fact that for gated NWs
the image charges of the two impurities are negative, which
tends to push the electron toward the region between the two
impurities. However, for gated NWs, when the bonding and
antibonding state energies become �almost� equal, they have
reached a constant value, which is actually the energy of
NWs with a single impurity. This is much faster than for the
freestanding NWs. Thus the coupling between the two impu-
rities decreases faster for gated nanowires and appears at a
smaller range of di. The reason is that when the distance di
between the two impurities is very large and the electron is
close to one of the impurity sites, the total Coulomb energy
from the other impurity and the images of the other impurity
will be almost zero; thus the contribution from the other
impurity to the total energy is negligible. Whereas for free-
standing nanowires, since the Coulomb energy from the im-
age of the impurity is also negative, there will still exist a

FIG. 7. �Color online� �a� Top figures are contour plots of the
ground-state and the first-excited-state wave functions of an elec-
tron in a gated GaAs nanowire with radius R=10 nm and contain-
ing two impurities fixed at 0.5R from the center of the wire. The top
four figures from left to right are for interimpurity distance: di

=0.2, 2R, 4R, and 8R, respectively. The bottom figures are the
corresponding probability of the electron in the x-z plane. �b� The
same as �a� but now for fixed R=10 nm and di=3R and four dif-
ferent radial impurity positions �i=0, 0.5R, 0.9R, and 0.95R.

FIG. 8. �Color online� �a� The binding energies of an electron in
a GaAs nanowire surrounded by a metallic gate with two impurities
fixed at the center and 0.5R from the center. Here the radius of the
wire is R=2 nm; ��b� and �c�� the same as �a�, but here the radii is
R=10 nm and R=30 nm, respectively. Inset: the binding energy of
gated GaAs NW with two impurities relative to that of the one with
a single impurity for R=2 nm and R=30 nm, with �i=0.
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contribution from the other impurity to the total energy when
distance di is large, and this contribution will decrease with
increasing di. As a result the curves in Figs. 3�a�–3�c� will
tend to a constant value much slower. From inset �2� of Fig.
6 we can clearly see that the distance di between the two
impurities, at which the bonding state and the antibonding
state converges, is larger for gated nanowires than for free-
standing nanowires, but it increases more slowly.

Figure 7 shows contour plots of the ground-state �bonding
state� wave function and the first-excited-state �antibonding
state� wave function of an electron in the x-z plane for a
gated GaAs nanowire which contains two impurities fixed at
0.5R from the center. As previously for freestanding nano-
wires, the colors in these figures rather accentuate the local-
ization of the electron. Compared to nongated GaAs nano-
wires we found similar results except that �1� the bonding
and antibonding states are more extended in the z direction,
especially for smaller values of di and larger values of �i and
�2� due to the screening effect of the metallic gate, the two
impurities will be more weakly coupled as compared to the
freestanding nanowires �clearly shown in the figures for di
=2R�. Here we should point out that since gated NWs have a
larger energy difference of the bonding and antibonding
states, our calculation can still clearly distinguish these two
states for large di �as shown in the figure for di=8R�, but for
freestanding NWs the energy splitting is too small for our
FEM method to tell the difference between the two lowest
energy states.

The binding energy for the GaAs nanowires surrounded
by a metallic gate is shown in Fig. 8. Figures 8�a�, 8�b�, and
8�c� are for R=2, R=10 nm, and R=30 nm, respectively. As
compared to the result for a freestanding NW, we found: �1�
for GaAs nanowires surrounded by a metallic gate the bind-
ing energy decreases fast with increasing distance di and then
quickly tends to a constant value when di is large; �2� notice
from Fig. 8 that the binding energy will be almost zero when
�i=0.9R, implying a very weak bound state. Whereas in free-
standing nanowires there always exists a well-defined bound
state. Moreover we can also see that the binding energy in
Gated NWs depends more largely on the impurity radial po-
sition. Moreover, from the inset of Fig. 8�c� we see that the
binding energy for gated nanowires with two impurities can

be up to 3.9 times the one for a single impurity when R
=30 nm �which means the dielectric mismatch effect is al-
most negligible�, which compares to a value of 2.4 for free-
standing NWs. The reason is that for gated nanowires, as the
images of the impurities are negative, the two impurities tend
to localize the electrons much more in both the lateral and z
direction as compared to the case of a single impurity. What
is more, compared to the inset of Fig. 5�a�, we notice that the
ratio tends to 1 much faster for gated nanowires; the reason
is the same as the one we had given previously to explain the
convergence of the two lowest energy states in gated NWs.

IV. CONCLUSIONS

We studied the electron states inside a semiconductor
nanowire, which has two impurities placed at a distance di
and both are at the same radial position �i. The two impuri-
ties lead to bonding and antibonding electron states, and the
energy of these two states will converge to each other with
increasing distance di between the two impurities. Moreover,
the bonding and antibonding states will converge faster for
smaller wire radius R and for smaller values of �i. We found
that the convergence of the bonding and antibonding states
will be faster for freestanding nanowires than for gated nano-
wires with increasing distance di, but the binding energy of
these two states will tend to a constant value faster for gated
nanowires.

We also investigated the electron binding energy for both
freestanding nanowires and gated nanowires, and we found
that there is a larger binding-energy difference of different
impurity radial positions for gated NWs and its binding en-
ergy will tend to a constant value much faster. Moreover, the
previously defined ratio Eb,2 /Eb,1 is much larger for gated
NWs than for freestanding NWs.
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