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Ground-state properties of interacting Bose polarons
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We theoretically investigate the role of multiple impurity atoms on the ground-state properties of Bose
polarons. The Bogoliubov approximation is applied for the description of the condensate resulting in a
Hamiltonian containing terms beyond the Fröhlich approximation. The many-body nature of the impurity atoms
is taken into account by extending the many-body description for multiple Fröhlich polarons, revealing the static
structure factor of the impurities as the key quantity. Within this formalism various experimentally accessible
polaronic properties are calculated such as the energy and the effective mass. These results are examined for
system parameters corresponding to two recent experimental realizations of the Bose polaron, one with fermionic
impurities and one with bosonic impurities.
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I. INTRODUCTION

In general the complexity of many-body quantum systems
makes it very hard to make exact predictions starting from a
microscopic model. In order to deal with these systems one
typically has to rely on approximations, and an example with
a particularly appealing physical interpretation is the notion
of quasiparticles. They behave as effectively free particles
but with properties that depend on the many-body nature of
the system. An example of such a quasiparticle which has
attracted a lot of interest over the years is the polaron. Its pop-
ularity can be partly explained by its conceptual simplicity.
The polaron was introduced by Landau in 1933 for the de-
scription of an electron in a charged lattice [1]. In this picture
the quasiparticle corresponds to the electron together with its
surrounding cloud of lattice polarization. Fröhlich derived a
microscopic Hamiltonian for the polaron in terms of the elec-
tron interacting with the lattice vibrations or phonons of the
crystal [2]. Various approximations and numerical approaches
have been applied to calculate the ground-state properties of
the Fröhlich Hamiltonian (see Ref. [3] for a detailed review).
A variational approach was developed by Lee, Low, and
Pines, which is based on a unitary transformation removing
the electron degrees of freedom and which is valid at weak
and intermediate polaronic coupling [4]. This approach was
later extended by Brosens, Lemmens, and Devreese [5] to
examine the effect of multiple interacting electrons which was
incorporated through the static structure factor.

More recently it has been realized that ultracold gases
can be used as an experimental platform to probe polaronic
physics. Different classes of polarons have been considered
such as the Fermi polaron, which corresponds to an impurity
atom in a quantum degenerate fermionic gas [6,7]. Another
example, on which we will focus in this paper, is an impurity
atom immersed in a Bose condensed gas (see Ref. [8] for a
review). This realization has led to a revival of the Fröhlich
Hamiltonian since under certain conditions the same polaron
Hamiltonian applies as originally derived by Fröhlich for the
description of an electron in a charged lattice [9–11]. Within

this mapping the role of the electron is played by the impurity,
and the phonons are replaced by the Bogoliubov excitations.
This allowed one to apply various theoretical approaches
that were originally developed for the solid-state Fröhlich
polaron to the Bose polaron. For example, the extension of the
Lee-Low-Pines approach for multiple electrons was applied
to multiple impurity atoms in a Bose-Einstein condensate in
Ref. [12] for fermionic impurities and in Ref. [13] for bosonic
impurities.

The applicability of the Fröhlich Hamiltonian for the Bose
polaron can be justified only for weak interactions between the
impurity and the bosons [14]. In recent years much effort has
been devoted towards the experimental realization of the Bose
polaron [15–20], and recently two setups have been presented
that measure the polaron energy and line width through RF
spectroscopy, one with fermionic impurities [21] and one with
bosonic impurities [22]. These experiments apply a Feshbach
resonance to tune the impurity-boson scattering length, al-
lowing to probe the system in the whole range from weak
to strong coupling. This revealed that the Fröhlich Hamil-
tonian is not adequate to describe all the different regimes,
especially in the regime of large impurity-boson scattering
length. Considering certain terms in the Hamiltonian that are
neglected within the Fröhlich approximation leads to a much
better agreement with the experimental observations [23–29].
The importance of these extra terms becomes especially clear
in a system where the impurity is made by exciting a Rydberg
atom [30,31], which has recently been observed experimen-
tally [32].

In this paper we present a step towards the description of
a gas of interacting Bose polarons beyond weak coupling.
The descriptions that go beyond the Fröhlich approximation
mostly consider just a single impurity. However, in the re-
cent experimental setups presented in Refs. [21,22] multiple
impurities are present with an appreciable density. We will
extend the Lee-Low-Pines many-body approach to multiple
Fröhlich polarons to the Hamiltonian that contains the addi-
tional beyond-Fröhlich terms. We find that, as for the usual
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Fröhlich polaron, the structure factor of the impurities is the
key ingredient needed to incorporate the effect of multiple
impurities. We use this to calculate experimentally relevant
properties such as the polaron energy and the effective mass.
These results are then examined for the system parameters
corresponding to the experiments of Refs. [21,22], and the
deviations from the single-polaron results are discussed.

The paper starts by introducing the Hamiltonian for the
Bose polaron in Sec. II and applying the Lee-Low-Pines
approximation for multiple impurities. In this section the
analytical results for the polaron energy and the effective
mass are also presented. Then, in Sec. III, the two recent
experimental realizations of the Bose polaron are discussed
with an emphasis on the system parameters. Section IV exam-
ines the results for the parameters corresponding to these two
experimental systems. Finally, in Sec. V we present the main
conclusions and perspectives.

II. GAS OF BOSE POLARONS

We start from the microscopic Hamiltonian of a gas of
bosons interacting with impurities:

Ĥ =
∑

k

(εk − μ)b̂†kb̂k + 1

2

∑
k,k′,q

VBB (q)b̂†k′−qb̂
†
k+qb̂kb̂k′

+
NI∑
i

p̂2
i

2mI

+
NI∑
i<j

U (r̂i − r̂j )

+
∑
k,q

VIB (q)ρ̂qb̂
†
k−qb̂k. (1)

The first two terms describe the bosons with chemical po-
tential μ, mass mB , kinetic energy εk = h̄2k2/(2mB ), and
VBB (q) the Fourier transform of the interaction amplitude.
The creation (annihilation) operators for the bosons are {b̂†k}
({b̂k}). The next two terms describe the impurities with
mass mI and momentum (position) operators {p̂i} ({r̂i}). The
impurity-impurity interaction potential is U (r ). The last term
gives the interaction between the bosons and the impurities
with VIB (q), the Fourier transform of the interaction am-
plitude, and ρ̂q = ∑NI

i eiq·r̂i , the impurity density. For the
sake of convenience we will consider contact potentials for
the impurity-boson and boson-boson interaction potentials
with strengths gIB and gBB , respectively: VIB (q) = gIB and
VBB (q) = gBB . The temperature is considered sufficiently
low such that the bosons form a Bose-Einstein condensate,

which we describe with the Bogoliubov approximation for
weakly interacting bosons. The resulting Hamiltonian [23,26]
is

ĤBog = EGP + gIBNINB +
∑

k

h̄ωkα̂
†
kα̂k

+ gIB

√
N0

∑
k

Wkρ̂k(α̂†
−k + α̂k )

+ gIB

2

∑
k,q �=0

(
WkWq + W−1

k W−1
q

)
ρ̂k−qα̂

†
qα̂k

+ gIB

4

∑
k,q �=0

(
WkWq − W−1

k W−1
q

)
ρ̂k+q(α̂†

−qα̂
†
−k + α̂qα̂k )

+
NI∑
i

p̂2
i

2mI

+
NI∑
i<j

U
(
r̂i − r̂j

)
, (2)

with N0 the number of condensed bosons and NB the to-
tal number of bosons within the Bogoliubov approximation,
which will be approximated as NB ≈ N0. NI is the num-
ber of impurities, and we have also introduced the func-
tion Wk = √

εk/(h̄ωk ). Here ωk is the Bogoliubov dispersion
ωk = h̄k

√
(ξk)2 + 2/(2mBξ ), with ξ = h̄/

√
2mBN0gBB the

condensate healing length. The different terms on the first line
of (2) are the mean field Gross-Pitaevskii energy EGP of the
condensate, the mean field interaction energy, and the energy
of the Bogoliubov excitations that are created (annihilated) by
the operators {α̂†

k} ({α̂k}). The second line represents the part
of the interaction between the impurity and the Bogoliubov
excitations, which is of the Fröhlich type. The third and the
fourth lines are interaction terms, which are neglected within
the Fröhlich approximation. This is a good approximation if
the boson-impurity interaction strength is sufficiently weak.
The last line in (2) describes the kinetic energy and the mutual
interactions of the impurities, which is the same as in the
original Hamiltonian (1).

We will focus on the ground-state properties of the Hamil-
tonian (2). We do this by considering the many-body ex-
tension of the Lee-Low-Pines transformation to the case of
multiple interacting polarons. The corresponding variational
wave function is

|�〉 = exp

[∑
q

(fqα̂qρ̂q − f ∗
q α̂†

qρ̂−q)

]
|0〉|ψ〉, (3)

with |0〉 the phonon vacuum, |ψ〉 the wave function of the
impurities, and the {fq} are variational functionals. This leads
to the following variational expression for the energy:

EBog = EGP + gIBNINB + NI

∑
q

|fq|2 h̄2q2

2mI

+ NI

∑
q

[h̄ωq |fq|2 − gIB

√
N0Wq

(
f−q + f ∗

q

)
]S(q)

+ gIB

2

∑
k,q �=0

[(
WkWq + W−1

k W−1
q

)
fkf

∗
q + 1

2

(
WkWq − W−1

k W−1
q

)
(fkf−q + f ∗

−kf
∗
q )

]
〈ψ |ρ̂q−kρ̂kρ̂−q|ψ〉

+
NI∑
i

〈
p̂2

i

〉
2mI

+
NI∑
i<j

〈U (r̂i − r̂j )〉, (4)
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where we introduced the structure factor S(k) of the impuri-
ties

S(k) = 1

NI

〈ψ |ρ̂kρ̂−k|ψ〉. (5)

In the variational expression for the energy (4) the interaction
terms that are beyond the Fröhlich description lead to the pres-
ence of the anomalous expectation value 〈ψ |ρ̂q−kρ̂kρ̂−q|ψ〉.
For a single impurity this expectation value goes to one,
limNI →1〈ψ |ρ̂q−kρ̂kρ̂−q|ψ〉 = 1, in which case the variational
polaron energy (4) can be minimized analytically, leading to
an expression for the variational functionals {fq} [26]. This is
not possible, however, in the general case with a finite number
of impurities, and in order to proceed an approximation has
to be introduced. We note that the prefactor of the anomalous
expectation value 〈ρ̂q−kρ̂kρ̂−q〉 is highly peaked around either
k → 0 and q → 0. In this limit we simply recover the impu-
rity structure factor (5), and with this motivation we introduce
the following approximation:

〈ρ̂q−kρ̂kρ̂−q〉 → NIS(k)S(q). (6)

A more detailed justification for this approximation can be
found in the Appendix. This allows us to minimize the energy
(4) with respect to the variational functionals {fq}, leading to

fk = 2πh̄2

V mr

√
N0Wk

h̄ωk + h̄2k2

2mI S(k)

(
a−1

IB − a−1
0

)−1
, (7)

with aIB the impurity-boson scattering length, which is re-
lated to the interaction strength gIB through the Lippmann-
Schwinger equation:

V mr

2πh̄2aIB

= g−1
IB +

∑
q

2mr

h̄2q2
, (8)

with mr = mImB/(mI + mB ) the reduced mass. In expres-
sion (7) we introduced the resonance length a0 as

a−1
0 = 2πh̄2

V mr

∑
q �=0

⎡
⎣ 2mr

h̄2q2
− W 2

q S(q)

h̄ωq + h̄2q2

2mI S(q)

⎤
⎦. (9)

Introducing the functionals (7) in the expression for the energy
(4) leads to

EPol

NI

= EI + 2πh̄2

mr

n0

a−1
IB − a−1

0

, (10)

with

EI = 1

NI

NI∑
i

〈
p̂2

i

〉
2m

+ 1

2

∑
k

v(k)[S(k) − 1]. (11)

Here n0 = N0/V and v(k) is the Fourier transform of
the impurity-impurity interaction potential U (r ). Note that
the resonant form of the polaron energy (10) is similar to
the expression found in Ref. [26]. The polaron effect leads
to a shift of the the impurity-boson resonance, which is
characterized by the resonance length a0. We stress that an
important difference with the work in Ref. [26] is that now
the resonance length a0 depends on the many-body character
of the impurities through the impurity static structure factor.
We note that the energy (10) does not exactly converge to

the single-polaron result of Ref. [26] in the limit NI → 1.
This is a consequence of neglecting phonon drag effects,
where the cloud of phonons contributes to the momentum
of the polaron, in the current approximation by excluding
momentum anisotropy in the variational functionals {fq}. This
was examined in Ref. [33] within the Fröhlich approximation,
which revealed that this is a very small effect that can be safely
neglected. Based on this we expect that also in the current
case the inclusion of phonon drag effects would not play an
important role. An expansion of the polaron energy (10) for
small impurity-boson scattering length aIB up to second order
gives exactly the result derived in Ref. [12] within the Fröhlich
approximation.

Another important characteristic of a quasiparticle in gen-
eral is the effective mass. The effect of the environment is
then described by a quasiparticle with a renormalized mass.
This can be examined by allowing the impurities to move
at a constant speed v. The total momentum of the system
P = ∑NI

i p̂i + ∑
k h̄k α̂

†
kα̂k is a conserved quantity and can

thus be replaced by a number. The conservation of P can
be made explicitly by means of a Langrange multiplier v,
which physically represents the velocity of the impurities. To
describe the system we thus have to minimize

Ĥ (v) = ĤBog − v ·
(

NI∑
i

p̂i +
∑

k

h̄k α̂
†
kα̂k − P̂

)
. (12)

We can now follow the same steps as above leading to the
following expression for the variational functionals:

fk = 2πh̄2

V mr

√
N0Wk

h̄ωk − h̄v · k + h̄2k2

2mI S(k)

(
a−1

IB − a−1
0

)−1
. (13)

Minimization of (12) with respect to v leads to a relation
between the momentum P and the velocity v, which in the
limit of small |v| can be written as P = NIm

∗v, with m∗ the
effective mass:

m∗ = mI

+2

3

4π2h̄4

V 2m2
r

1(
a−1

IB − a−1
0

)2

∑
q

h̄2q2
N0W

2
q S(q)4[

S(q)h̄ωq + h̄2q2

2mI

]3
.

(14)

Note that we considered the system to be three dimen-
sional and homogeneous. The leading-order contribution in
an expansion for small aIB again gives the result derived in
Ref. [12] with the Fröhlich Hamiltonian, as expected. Note
that in the expression for the effective mass in Ref. [12] the
structure factor should be raised to the fourth power in stead
of being squared.

This reveals that, as for the Fröhlich polaron, the influence
of multiple impurities is captured by the static structure factor
of the impurities. For the wave function of the impurities |ψ〉
we introduce the unperturbed wave function, neglecting the
presence of the bosons. For fermionic impurities at low tem-
perature the impurity-impurity interactions can be neglected,
and the structure factor for a free gas of fermions is

SF (k) =
{

3
2

k
2kF

− 1
2

(
k

2kF

)3
for k < 2kF

1 for k � 2kF

, (15)
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where kF = (6π2nI )1/3 is the Fermi wave vector and nI the
impurity density. In order for this approximation to be valid,
the temperature should remain above the critical temperature
for superconductivity [34]. For bosonic impurities we assume
them to be weakly interacting and to form a condensate such
that we can calculate the dynamic structure factor within the
Bogoliubov approximation, resulting in

SB (k) = k√
k2 + 16πnIaII

, (16)

with aII the impurity-impurity scattering length and nI the
impurity density.

In order to derive the results in this section the approxima-
tion (6) was introduced. We would like to stress that the main
motivation for this approximation is that it allows us to calcu-
late analytically the polaronic properties, while capturing the
many-body nature of the impurities to a certain extent. In this
way, we approximate the three-point correlations as a small
correction to the two-point correlations. As also stated in the
introduction we consider this a step towards the description of
a gas of interacting Bose polarons.

III. EXPERIMENTAL PARAMETERS

In the next section we will examine our results in the
context of two recent experiments where the polaron RF
spectrum was measured [21,22]. In this section we briefly
discuss the system parameters for these two experiments.

A recent experiment on the Bose polaron was performed at
JILA and presented in Ref. [21] using 87Rb for the condensed
bosons and fermionic 40K impurities. The boson-boson scat-
tering length is aBB = 100 aBohr, and the peak boson density
is n0 = 1.8 × 1014 cm−3. This leads to a condensate healing
length ξ = 200 nm and a gas parameter n

1/3
0 aBB ≈ 0.3. The

density of the fermionic impurities is nI = 2 × 1012 cm−3

leading to a Fermi wave vector kF = 5 μm−1. In units of the
healing length the impurity density is thus nI ξ

3 = 0.016.
Another experimental realization of the Bose polaron was

performed at the University of Aarhus, Denmark, and is

0 0.2 0.4 0.6 0.8 1

1.3

1.4

1.5

1.6

1.7

1.8

nIaII

nBaBB

ξa
−

1
0

FIG. 1. The inverse resonance length a−1
0 (units of the in-

verse healing length ξ ) for bosonic impurities as a function of
nIaII /(n0aBB ), the ratio of the densities times the ratio of the
scattering lengths. The masses of the impurities and the bosons are
considered the same, mB = mI (corresponding to the experimental
realization of Ref. [22]).

0 0.2 0.4 0.6 0.8 1

1.5

2

2.5

ξ3nI

ξa
−

1
0

mI/mB = 1
mI/mB = 40/87

FIG. 2. The inverse resonance length a−1
0 (units of the inverse

healing length ξ ) as a function of the impurity density nI (units of
ξ−3) for fermionic impurities. The full line is for equal impurity and
boson masses, mB = mI , the dashed line corresponds to the mass
imbalance for a 40K impurity in a 87Rb condensate, mI/mB = 40/87
(corresponding to the experimental realization of Ref. [21]).

presented in Ref. [22]. In their setup both the condensed
bosons and the impurities are different internal states of the
same bosonic 39K atom. The condensate density is n0 = 2.3 ×
1014 cm−3, and the boson-boson scattering length is aBB =
9 aBohr, which gives a healing length ξ = 200 nm and a gas
parameter n

1/3
0 aBB ≈ 0.03. The fraction of excited impurities

is of the order of 10%.

IV. RESULTS

In this section we examine the results derived in Sec. II for
the experimental system parameters discussed in Sec. III. In
Figs. 1 and 2 the inverse resonance length a−1

0 is presented as
a function of the impurity density nI for the bosonic and the
fermionic impurities, respectively. In both cases the inverse
resonance length increases as a function of the impurity den-
sity, and in the many-impurity limit nI → ∞ the resonance

−2 −1 0 1 2 3 4
−40

−20

0

20

40

(n1/3
0 aIB)−1

(E
P
o
l

N
I

−
E

I
)n

−
2
/
3

0
m

B
/
h̄

2

Multiple Impurities

Single Impurity

FIG. 3. The polaron energy as a function of the inverse boson-
impurity scattering length aIB (in units of n

1/3
0 ) for bosonic im-

purities in a Bose-Einstein condensate. The dashed line is for a
single impurity, and the full curve corresponds to a nonzero impurity
density characterized by nIaII /(n0aBB ) = 0.1. The condensate gas
parameter is set to n

1/3
0 aBB = 0.03, and the impurity and boson

masses are the same, mB = mI (corresponding to the experimental
realization presented in Ref. [22]).
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−2 0 2 4 6
−40

−20

0

20

40

(n1/3
0 aIB)−1

(E
P
o
l

N
I

−
E

I
)n

−
2
/
3

0
m

B
/
h̄

2

Multiple Impurities

Single Impurity

FIG. 4. The polaron energy as a function of the inverse boson-
impurity scattering length aIB (in units of n

1/3
0 ) for fermionic im-

purities in a Bose-Einstein condensate. The dashed line is for a
single impurity, and the full curve corresponds to a nonzero impurity
density characterized by nI ξ

3 = 0.016. The condensate gas parame-
ter is set to n

1/3
0 aBB = 0.3, and the impurity-boson mass imbalance

is mI/mB = 40/87 (corresponding to the experimental realization
presented in Ref. [21]).

length vanishes, a0 → 0, corresponding to the disappearance
of the polaronic effect. This behavior was also found within
the Fröhlich approximation in Refs. [12,13]. In Fig. 2 the
resonance length is presented both for the mass balanced case
(mI = mB , full line) and for the experimental system dis-
cussed in Sec. III with a mass imbalance (mI/mB = 40/87,
dashed curve).

In Figs. 3 and 4 the polaron energy is presented as a
function of the inverse boson-impurity scattering length a−1

IB .
This reveals the well-known resonance behavior with an
attractive and a repulsive polaron branch (as also described
in Refs. [22,23,26,27] for a single impurity). In Fig. 3 the
result for a single impurity is compared with the result in
the presence of a Bose-condensed gas of bosonic impurities
characterized by the ratio nIaII /(n0aBB ) = 0.1. This clearly
reveals a shift of the resonance position due to the pres-

−2 −1 0 1 2 3 4
0

5

10

15

20

(n1/3
0 aIB)−1

(m
∗
−

m
I
)n

−
1
/
3

0
/ξ

m
B

Multiple
Impurities

Single
Impurity

FIG. 5. The polaron effective mass as a function of (n1/3
0 aIB )−1

for bosonic impurities. The condensate gas parameter is taken
n

1/3
0 aBB = 0.03, and the masses of the impurity and the bosons

are considered equal, mB = mI . The dashed line is for a single
impurity, and the full curve corresponds to an impurity density of
nIaII /(n0aBB ) = 0.1 (corresponding to the experimental realization
presented in Ref. [22]).

−2 −1 0 1 2 3 4 5 6
0

1

2

3

4

5

(n1/3
0 aIB)−1

(m
∗
−

m
I
)n

−
1
/
3

0
/ξ

m
B

Multiple
Impurities

Single
Impurity

FIG. 6. The polaron effective mass as a function of n
1/3
0 aIB

for fermionic impurities. The condensate gas parameter is taken
n

1/3
0 aBB = 0.3, and an impurity-boson mass imbalance of mI/mB =

40/87 is considered. The dashed line is for a single impurity, and
the full curve corresponds to a finite impurity density characterized
by nI ξ

3 = 0.016 (corresponding to the experimental realization pre-
sented in Ref. [21]).

ence of multiple interacting impurities. In Fig. 4 a similar
shift of the resonance is found for the case of noninteract-
ing fermionic impurities characterized by the dimensionless
quantity nI ξ

3 = 0.016 and with a mass imbalance mI/mB =
40/87. Such a shift of the resonance position was also ob-
served in Ref. [27] when comparing a beyond-Fröhlich theory
for a single impurity with recent experiments. This shift could
partially be explained by the presence of multiple interacting
impurities described here, although this effect remains small
compared to the relatively large shift observed in Ref. [27].

In Figs. 5 and 6 the effective mass is presented as a
function of the inverse impurity-boson scattering length a−1

IB

for bosonic and fermionic impurities, respectively. This re-
veals that the effective mass increases as the resonance is
approached. At the resonance the effective mass diverges,
signaling the breakdown of the polaron quasiparticle picture
in this regime, in agreement with the conclusions of Ref. [26].
Similarly as for the energy we again observe a clear shift of
the resonance due to the many-body nature of the impurities,
both for the bosonic and for the fermionic impurities.

V. CONCLUSIONS AND PERSPECTIVES

We have extended the many-body description for a gas
of Fröhlich polarons to interacting Bose polarons, taking
into account terms in the Hamiltonian that are beyond the
Fröhlich approximation. In order to solve the resulting equa-
tions analytically we have introduced an approximation for
the anomalous expectation value containing three times the
impurity density operator. As for the Fröhlich polaron, the
key ingredient that characterizes the impurity gas is the static
structure factor. This approximation also allowed us to derive
the effective mass of the Bose polarons. These results were
applied for the system parameters corresponding to two recent
experimental realizations of the Bose polaron [21,22]. This
reveals a shift of the resonance position with respect to the
single-polaron result, which is a consequence of the many-
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body nature of the impurities. Our results also show that in
the limit of many impurities the polaronic mass effect disap-
pears. As the resonance is approached, the polaron effective
mass increases and ultimately diverges, which indicates the
breakdown of our description close to the resonance. A future
perspective is about the fate of the Bose polaron in this regime
of strong impurity-boson interaction close to the resonance.
An extension of the polaronic strong coupling theory, which
is well established for the Fröhlich polaron [9,10,35,36], to
the Bose polaron could shine light on this interesting open
question.

ACKNOWLEDGMENTS

The authors gratefully acknowledge discussions with J. T.
Devreese, G. Lombardi, J. Arlt, and G. Bruun. This work was
supported by the joint FWO-FWF project POLOX (Grant No.
I 2460-N36), by the Fund for Scientific Research Flanders
Grant No. G.0429.15.N, and by the Research Council of
Antwerp University.

APPENDIX: ANOMALOUS EXPECTATION VALUE

In this Appendix we clarify the approximation (6) of the
anomalous expectation value

I (k, q) = 〈ψ |ρ̂q−kρ̂kρ̂−q|ψ〉 =
NI∑

j,m,n=1

〈eiq.(r̂j −r̂n )eik.(r̂m−r̂j )〉.

(A1)

This expectation value is a special case of the three-point
correlation function 〈ρ̂k1 ρ̂k2 ρ̂k3〉. The density operators can
be expanded around their expectation value ρ̂k → ρ̂k − 〈ρ̂k〉,

which connects the moments to the central moments, as one
considers the three-point correlation function as the third mo-
ment of the density distribution. Then approximating that the
third central moment is zero provides an approximation of the
three-point correlation function in terms of one- and two-point
correlation functions. Performing the central moment approx-
imation to the two-point correlation function corresponds to
the Hartree approximation, which would reduce the three-
point correlation function to a product of three expectation
values of the density.

We extend this idea to the anomalous expectation value
(A1) by introducing the structure factor (5) to write the central
moment

Icentral(k, q)

=
NI∑

j,m,n=1

〈[
eiq·(r̂j−r̂n )− 1

NI

S(q)

][
eik·(r̂m−r̂j )− 1

NI

S(k)

]〉
.

(A2)

The approximation Icentral ≈ 0 then reduces to

I (k, q) ≈ NIS(k)S(q), (A3)

as in Eq. (6). Note that when q → 0 (k → 0), we get
I (k, 0) = N2

I S(k) [and I (0, q) = N2
I S(q)], such that the

central moment approximation is exact in these limits [since
S(0) = NI ]. In the expression for the polaronic energy (4)
the terms where I (k, q) occurs have to be summed over all
k, q after multiplication by a prefactor. As this prefactor is
largest when either k or q is close to zero, the terms where
the approximation (A3) holds can be expected to provide the
dominant contribution.
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