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In this review, we give an interdisciplinary overview of Bose-Einstein condensation phenomena in
photonic systems. We cover a wide range of systems, from lasers to photon condensates in dye-filled
cavities, to excitons in semiconductor heterostructures, to microcavity polaritons, as well as emerging
systems such as mode-locked lasers and classical light waves. Rather than diving into the specific
properties of each system, our main focus will be to highlight those novel universal phenomena
that stem from the driven-dissipative, non-equilibrium nature of these systems and affect the static,
dynamic, superfluid and coherence properties of the condensate. We conclude with our view on the
future perspectives of this field for both fundamental science and technological applications.

I. INTRODUCTION

Since its original prediction in 1924, Bose-Einstein con-
densation (BEC) has been a major focus of interest for
theoretical and experimental research [1, 2]. In paral-
lel to the impressive achievements in gases of ultracold
atoms, exciting new phenomena have been uncovered by
the study of condensation effects in photonic systems.

Whereas the same spontaneous U(1) symmetry break-
ing mechanism underlies standard textbook BEC and the
onset of spontaneous coherence in photonic systems [3, 4],
photon losses make most photonic systems to be intrinsi-
cally non-conservative systems. As a result, their steady-
state departs from the usual thermodynamical equilib-
rium state and is rather determined by a dynamical bal-
ance between driving and dissipation [5-7]. As a con-
sequence, condensation displays radically new features
in both its static, dynamical, superfluid, and coherence
properties.

In this review, our goal is to provide a global picture of
the field of non-equilibrium condensation in photonic sys-
tems and give a comparative review of the main platforms
where landmark experiments have been performed, such
as lasers and nonlinear optical devices [8-12], photon [13],
exciton [14, 15] and polariton [16-19] condensates. Our
main focus will be on the identification of those universal
phenomena that stem from the non-equilibrium condition
rather than from the specific properties of each system.
Our interdisciplinary point of view involves fundamental
concepts from quantum optics, non-equilibrium statis-
tical mechanics, quantum condensed matter and quan-
tum field theories, and opens promising perspectives to-
wards new developments in fundamental science as well
as towards applications in optoelectronics [20-24], analog
computation [25-27], and quantum technologies [28-30].

Our review is organized as follows. Sec.II will present a
general definition of condensation in terms of long-range
correlations in the photon field, which applies equally well
to equilibrium and non-equilibrium systems. In Sec.III,
we will provide a comparative review of the main differ-

ent experimental platforms and of their regimes of oper-
ation. In Sec.IV, we will review the new phenomena that
have been predicted to arise from the non-equilibrium na-
ture of the condensation process and we will present their
most celebrated experimental observations. In Sec.V, we
present our conclusions on the state of the field and we
outline our view on its perspectives for both fundamental
and applied sciences.

II. WHAT IS CONDENSATION?

The phenomenon of Bose-Einstein condensation
(BEC) was originally predicted in the context of the
quantum statistical mechanics of a spatially homoge-
neous, three-dimensional, ideal Bose gas of mass-m par-
ticles at equilibrium at a temperature T and a chemi-
cal potential p, where the occupation ny of the state of
momentum k follows a Bose-Einstein distribution n; =
1/[e(W*K*/2m=w)/ksT _ 1] For a given T, this distribu-
tion can not accommodate in the excited states a density
of particles higher than n*®(T) = 2.612/A\35, where

nc

Xap = /2wh?/mkpT is the thermal de Broglie wave
length. For a larger particle density n > n** the
extra particles must accumulate into the lowest-energy
single-particle state, forming the Bose-Einstein conden-
sate [1, 2].  While first experimental hints for a finite
condensed fraction were obtained by neutron scattering
on superfluid *He [2], definitive evidence came from the
observation of the k = 0 peak in the momentum distri-
bution of ultra-cold atomic gases [31, 32].

Beyond this traditional picture of BEC, a deeper in-
sight into condensation can be obtained from its interpre-
tation as a second-order phase transition spontaneously
breaking the U (1) symmetry associated to the phase of a
complex-valued matter field. For systems at equilibrium,
this description of condensation is completely equivalent
to the traditional one [33, 34] but, as we are going to
discuss throughout this review, it has crucial advantages
for our out-of-equilibrium photonic systems: it can be



1
[ T i T Tl | ]
10 Non-degenerate gas 0,8 — b QW free carrier
=06 . states
‘:’x 1 3 3 = ’ L~ )\'dh n g 1
0,4 — 2 Continuous wave
o0 3 W\/ Ti-sapphire
0.1 \ 02 4 g e
B c 1,768 meV
Ll T N o P R L] & 176 d =35 um spot
0 5 10 15 20 1O 5 10 15 20 25
L I T T T ] I T 1 Ky (um-?
100 Quantum degenerate gas 0,8 - 4 55 40 5 (g : 5 10, 15
e 10 / Bose-degeneracy - Ag 0,6 1>y, ] Upper polariton V |
Zop 0.4 n 1714 ’
02— — |
0 L [ [ < 1700 ;
0 5 10 15 20 25 3" Photon 1\
1 \ T \ \ 3 \
] g -
08 L ] (& 1-69] Exciton
2 10k § = 0,6 — -1 | P T T T
= = [ T
“on 04 — 168}
TE e E 02 _ N -
R T — il S Lpigtage spitl coérence | <) AVAVAVAV: Lower polariton
....... 0 X ! | 167 Al . Mikran
0 5 10 15 20 0 5 10 15 20 25 -60-30 0 30 60
(k kdB)Z x/\ B 0 (degree)

FIG. 1. General features of condensation. Left frame: momentum distribution (left) and first-order spatial coherence (right)
of a Bose gas with a fixed temperature and a growing density, ranging from non-degenerate gas with a Maxwell-Boltzmann
distribution (top), to a quantum degenerate gas (middle), to a Bose-condensed gas with long-range spatial coherence (bottom).
Right frame: sketch of the pump and loss mechanisms at play in an exciton-polariton condensate. Figure from Ref.18.

straightforwardly extended to more general conditions
where the Bose-Einstein distribution no longer holds and
better highlights the close analogy between BEC and
other well-known phase transitions.

A most intuitive insight into this point of view is of-
fered by the analogy with ferromagnetism [35]: in the dis-
ordered phase at high temperatures, the spins of a ferro-
magnet have a random orientation with a microscopically
short coherence length. Analogously, as it is sketched in
the top row of the left frame of Fig.1, the quantum mat-
ter field ¥(r) at high temperature/low density consists
of a superposition of incoherent waves whose coherence
length is set by the thermal de Broglie wavelength A;p.
As the temperature is lowered (or the density increased),
quantum degeneracy effects due to the Bose statistics of
the particles make the coherence length of the matter
field to grow (middle row) and eventually diverge as the
BEC critical point is approached.

Below the critical temperature, a ferromagnet is char-
acterized by a uniform magnetization throughout the
whole sample. Analogously, at low temperatures (high
densities) a condensate appears in the Bose gas, charac-
terized (bottom row) by a long-range spatial coherence
in the matter field,

lim (W) D)) = 65(x) o) £0, (1)

|r—r’|—o0

where the complex-valued classical order parameter ¢,(r)
physically corresponds to the wavefunction of the macro-
scopically occupied single-particle state. This long-range
coherence was at the heart of the matter-wave interfer-
ence experiments that offered an ultimate evidence of
condensation in ultracold atomic gases [36]. Since the
definition of BEC holds equally well for equilibrium and
non-equilibrium systems, we will from now on make use
of this criterion to define a BEC as a generic system with
an extended spontaneous spatial coherence according to
Eq. (1).

In contrast to the extremely long, virtually infinite life-
time of typical condensed-matter systems such as liquid
Helium or ultracold atomic gases, a general property of
optical systems is the (almost) unavoidable presence of
significant particle losses, resulting both from absorp-
tion and from the radiative decay experienced by pho-
tons in confined geometries. As a result, some external
pump is needed to compensate for losses and sustain a
non-vanishing light intensity. Even under a continuous-
wave pump, the steady-state that the system attains is
thus typically distinct from a standard thermodynamical
equilibrium state and is rather determined by a dynam-
ical balance between pumping and dissipation. While
the macroscopic wavefunction ¢, of a zero-temperature
atomic condensate is determined by the ground state
of the celebrated Gross-Pitaevskii equation (GPE) [2],



generalized forms of GPE including additional terms for
driving and dissipation are required for the description
of the steady-state of photonic condensates and give rise
to a way richer temporal dynamics [7].

Rather than being just a hindrance, the presence of
radiative decay channels in optical systems is also a cru-
cial asset for experimental investigations: all coherence
properties of the condensate get in fact transferred to the
radiated field and can be retrieved with standard quan-
tum optical tools. In particular, condensation can be
assessed via the definition in Eq.(1) by looking at the
large-distance decay of the first-order coherence function

<\iﬂ(r) \if(r’)>
[<\in(r) \i:(r)> <\iff(rf) \il(r’)>] v

There is no doubt that laser operation is the most cel-
ebrated example of a non-equilibrium condensation phe-
nomenon in the optical context. Upon crossing the laser
threshold, the statistics of the emitted light transforms
from an incoherent thermal state to a coherent state with
a well-defined electric field amplitude and phase. Even
though a description of laser operation in terms of a phase
transition has been usefully adopted to describe the dy-
namics of generic devices since the early days of laser
physics [3, 4], strictly speaking it is only valid in spatially
extended systems where a continuum of cavity modes is
available for lasing and it is meaningful to consider the
long-distance correlation functions involved in the con-
densation criterion (1).

A very relevant class of laser devices displaying Bose-
Einstein condensation effects are the so-called Vertical
Cavity Surface Emitting Lasers (VCSELSs) [37, 38], which
can be built with arbitrarily wide lasing areas. For a se-
ries of reasons, typically related to different sources of in-
stabilities that easily makes the condensate to split into a
multi-mode emission pattern (see, e.g., Refs. 39-41, and
references therein), these systems have not yet been fully
exploited for studies of the basic physics of condensation
phenomena. Such approach holds promise of interesting
developments, especially in view of technological appli-
cations.

gW(r,x') =

(2)

III. LANDMARK EXPERIMENTS

Besides lasers, in the last decades a number of other
optical systems have been employed to investigate con-
densation phenomena in different regimes. While the
basic symmetry breaking mechanism is the same in all
these condensation phenomena, the properties of these
systems smoothly connect the strongly non-equilibrium
laser operation to equilibrium BEC passing through a se-
quence of configurations with growing values of the colli-
sional thermalization to loss ratio and different values of
the inter-particle interaction constant. This section will
be devoted to a survey of a few of the most interesting
among these systems.

A. Photon condensates

A class of systems that received much attention as
an example of BEC of photons consists of light in op-
tical cavities filled with a dye solution at room tempera-
ture [13]. In this class of systems, illustrated in the top-
left frame of Fig.3, the photons are in a thermal equi-
librium condition at a relatively high temperature, so
that the macroscopically occupied photon mode is sup-
plemented by a substantial thermal component which
accurately follows the textbook Bose-Einstein distribu-
tion [13, 42]. However, in contrast to the case of iso-
lated Bose gases, e.g. of cold atoms, the thermal distri-
bution does not originate from collisions between photons
in the gas, but rather from a thermalization mechanism
between the photons and the excitations in the dye. The
mostly thermo-optic nature of interactions between pho-
tons in these systems makes the effective interaction po-
tential to have a spatially non-local and temporally slow
character [43, 44] which does not contribute to the ther-
malization of the photon gas.

For a dye at temperature T, the ratio of emission to
absorption coefficients satisfies a Kennard-Stepanov re-
lation Rem(w)/Raps(w) ~ e "/kT [45-47]. Tt is this
condition which imprints the thermal distribution on the
photon gas. Of course, this mechanism is effective only as
long as the dye absorption/emission rate is much larger
than the cavity losses. For stronger losses, thermal equi-
librium is instead lost and the system recovers the be-
haviour of a regular laser [48-50]. Interestingly, a simi-
lar thermal tail in the photon distribution has also been
observed in a semiconductor VCSEL device [51], where
it was interpreted following semiconductor laser text-
books [52] as the result of spontaneous emission from
the radiative recombination of a thermalized uncorre-
lated electron/hole gas. The similarity with photon con-
densation was further elaborated in the recent work [53].
The Van Roosbroeck-Shockley relation [54] between the
absorption and emission of photons by thermal electrons
and holes in a semiconductor is in fact fully analogous
to the Kennard-Stepanov relation for the dye molecules,
since both follow from detailed balance and imprint a
thermal distribution on the photon spectrum.

Beyond cavity devices, Bose—Einstein condensation
has been recently investigated for nanoscale-confined sur-
face plasmons in array of metal nanoparticles. Also
in this case, thermalization and then condensation is
obtained by coupling dye molecules to the electromag-
netic excitation modes [55]. Analogously to the cav-
ity case, various behaviors including one-dimensional
lasing, incomplete stimulated thermalization, and two-
dimensional multimode condensation are observed in
plasmonic systems depending on the pumping parame-
ters and the lattice geometry [56].

The most elementary theoretical model to describe
photon condensates consists of rate equations for the
number of photons in the various trap levels and excited
molecules [57]. A more sophisticated quantum optical
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description was developed in Ref. [58], showing that ther-
mal equilibrium is lost when cavity losses become of the
order of the absorption rate. In regimes where all relevant
modes are largely occupied, computationally less costly
stochastic classical field approaches can also be used [59].

The main ingredient needed to achieve photon con-
densation, namely an energy dependent ratio of gain to
losses, can be achieved not only by means of a thermal-
ized gain medium, but also by directly engineering the
photon losses. This approach was followed in [12], where
a suitably designed active mode-locking mechanism in
an erbium-doped fiber laser enabled the engineering of
a many-light-pulse system experiencing an effective loss
trap. The flexibility of this platform allowed to tay-
lor the spatial dependence of the loss rate in the form
~(z) ~ |z|", where the effective spatial coordinate x indi-
cates the different pulses and 7 is a tunable loss exponent.
Examples of the observed distribution of light intensity
over the different pulses are shown in the top panel of
Fig.4 for different values of the loss exponent 7: for low
enough noise level and sufficiently small 7, condensation
is visible as a concentration of the laser emission into the
lowest loss pulse.

B. Exciton condensates

Whereas photon condensates are based on photons
weakly coupled to an optically active material, the op-
posite limit of bosonic quasi-particles directly emerging
from matter excitations has also attracted a strong inter-
est for many decades. Such a research direction started
with the pioneering predictions of exciton BEC in the
early '60s [60-62]: since excitons are made of electron-
hole pairs bound by Coulomb interaction, they have a
very light effective mass as compared to standard mate-
rial particles like atoms. As a result, the critical temper-
ature for exciton BEC was expected to be around 1K for
realistic exciton densities and thus accessible with stan-
dard cryogenic techniques.

The main issue for the onset of exciton BEC is the
difficulty for optically generated excitons to thermalize
within their lifetime. Among all semiconductor materi-
als displaying excitons, CusO seemed very promising in
this respect since radiative recombination is forbidden by
crystal symmetry and the recombination time can reach
tens of us [63]. In spite of the intense research effort de-
voted to exciton BEC in Cuy0 in the last 40 years, no
clear success was reported. The main obstacle appears to
be Auger recombination, see [64] for a dedicated review.

A crucial advance to circumvent these difficulties was
made by the use of indirect excitons in semiconductor
heterostructures, which involve spatially separated elec-
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FIG. 3. BEC of photons, excitons and exciton-polaritons. Top-left frame: BEC of photons. Scheme of the set-up (left);
wavelength distribution of the emission for different pump strengths (center), showing the appearance of a BEC peak at long
wavelengths for strong enough pump intensity; spatial profile of the emission for weak (top-right) and strong (bottom-right)
pump intensities. In this last plot, the BEC is visible as a narrow yellow peak at the center of the distribution. Figure from
Ref.13. Top-right frame: BEC of excitons. Sketch of the structure of the indirect excitons considered in the experiment (top).
The condensation signatures are visible in the intensity (bottom-left), interferogram (bottom-center) and coherence (bottom-
right) of the emission around a localized bright spot. Figure from Ref.14. Bottom-left frame: OPO condensation of polaritons.
Scheme of the polariton parametric scattering process (top). Energy-distribution of the emission for increasing pump strengths,
showing the appearance of a coherent signal peak for strong enough pump power. Figure from Ref.16. Bottom-center frame:
incoherently pumped polariton BEC. Energy-distribution of the emission for increasing pump strength (blue to yellow to red),
showing the appearance of the BEC peak at low energies for strong pump power. The two panels refer to different values
of the cavity-exciton detuning for which the distribution generally has a non-equilibrium character [left panel (a)] or shows
agreement [right panel (b)] with a Bose-Einstein distribution (solid lines) up to P/P;, = 1.1 (yellow). Above this pump level
(orange and red), sizable deviations are visible. Figure from Ref.19. Bottom-right frame: Spatial map of the coherence of an
incoherently pumped polariton gas for two values of the pump strength, in either the non-degenerate (left) and Bose-condensed

(right) regimes. Figure from Ref.18.

trons and holes in either spatially wide quantum wells
under a strong electric field or in double quantum wells
(top panel of the top-right frame of Fig.3). In these struc-
tures, the weak spatial overlap between the electron and
hole wavefunctions results in long exciton lifetimes (up
to tens of ms at low temperature) with the additional
advantage that exciton thermalization times can be very
short (typically in the ns range below 1 K in GaAs based
heterostructures [65]).

Starting in the early 1990’s, several papers reported ex-
perimental hints for exciton BEC using coupled quantum
wells [66—69]. A decisive step forward occurred in 2002
with the implementation of a novel injection configura-
tion very favorable for the exploration of exciton BEC:
the optical excitation is tightly localized in real space
so that hot excitons can propagate and thermalize away

from the excitation region [70, 71]. In Ref.[70] a complex
intensity pattern was observed with two concentric high
intensity rings (see Refs.[72-74]) for detailed theoretical
modeling of these features) and evidence for exciton BEC
was claimed in the vicinity of the outer ring. A decade
later, extended spatial coherence in the region close to
the external exciton ring was finally demonstrated by
interferometric methods, offering a direct signature for
exciton BEC [14], as illustrated in the bottom panels of
the top-right frame of Fig.3.

A complete theoretical description of an excitonic con-
densate requires to take into account the exciton spin
degrees of freedom: indeed the excitonic manifold in-
cludes two bright J, = +1 and two dark J, = +2 states.
The spin properties of the excitonic condensate are re-
sponsible for a rich spin texture during coherent ballis-



tic propagation, which was experimentally monitored by
probing the polarization properties of the emission pat-
tern [75]. A four-component model [14, 75, 76] was pro-
posed to include the polarization degree of freedom and
could successfully explain the experimentally observed
spin texture. This model also predicts skyrmion forma-
tion and spin Hall effect [76]. The interferometric anal-
ysis of the polarization pattern was also used to experi-
mentally reveal Pancharatnam-Berry phase in an indirect
exciton condensate [77] and dislocation-like phase singu-
larities [78].

A second point of view on exciton condensates empha-
sizes the role of electron-hole exchange interactions in
lifting the degeneracy within the excitonic manifold [79].
The exciton ground state is actually found to be a dark
|J.| = 2 state. As a result, one may expect indirect
exciton condensates to be dark [79], thus not accessible
with optical techniques. Nevertheless, further investiga-
tion showed that fermionic exchange combined with col-
lisions between dark excitons [80, 81] provides a mecha-
nism for the recovery of a small bright component for the
exciton condensate, which is then named a “grey” con-
densate. Following this approach, one infers that exciton
condensates must be found in regions of low emission in-
tensity, and estimations of the exciton density require a
more sophisticated analysis. Combining interferometry
experiments with spectral measurements of the exciton
density [82-85], the accuracy of this picture was assessed
in later works [15, 86] suggesting that the highest spatial
coherence is observed in region of small brightness and
maximum value of the estimated exciton density.

At the time of writing, an active debate is still go-
ing on within the community about the proper descrip-
tion of indirect exciton condensates. For instance, work
would be still needed to assess the competition of other
spin-mixing mechanisms such as spin-orbit coupling with
the small exchange interaction energy [87, 88], relate the
properties of the grey condensate at rest with the exper-
imentally observed polarization pattern of the propagat-
ing excitons [75].

In the meanwhile, set-ups where indirect excitons are
trapped by an additional in-plane electrostatic poten-
tial have started being experimentally investigated [89].
In addition to spectroscopic signatures [88], a direct in-
terferometric evidence of spatial coherence for excitons
trapped in a box-like potential was reported in [90, 91],
together with insight on quantum vortices [92] and
the thermodynamical properties of the grey conden-
sate [93]. More recent works have explored indirect ex-
citons in periodic electrostatic potentials [94], reporting
condensation [95] as well as signatures of Mott-insulating
phases [96] under the effect of the strong dipolar interac-
tions [97, 98].

In the last years, new platforms for the search of ex-
citon condensates at higher temperatures are provided
by 2D materials: peculiar features hinting at condensa-
tion of indirect excitons have been observed in the elec-
troluminescence from an electrically-biased MoSeo—WSes

atomic double layer up to temperatures in the 100 K
range [99]. Trapping of excitons in the superlattice
Moiré potential of twisted 2D bilayers [100-103] has also
been investigated with a special eye towards condensa-
tion [104].

Parallel to these advances on indirect excitons, many
other systems have also been intensely studied in the
context of BEC of quasi-particles in solid-state sys-
tems including, e.g., exotic excitons in a pair of closely
spaced two-dimensional electron gases under a strong
magnetic field in either semiconductor-based [105] or
graphene-based [106, 107] heterostructures; magnons in
the low-temperature equilibrium state of antiferromag-
netic solids [108]; more closely related to our pho-
tonic condensates, driven-dissipative magnons in mag-
netic solids irradiated by a microwave pump [109]. In
spite of their great interest, all these systems go beyond
the scope of our review and will not be discussed further
here.

C. Exciton-polariton condensates

Exciton-polaritons are a combination of the two sys-
tems considered in the previous sections. They are hy-
brid exciton-photon bosonic quasi-particles which emerge
from the strong coupling between direct excitons confined
in quantum wells and photons confined in a cavity [110].
In planar microcavities, they form two bands, the so-
called upper and lower polariton [111]. The dispersion of
the lower polariton band features a characteristic s-like
shape and inherits from the photonic component a very
light effective mass close to the center of the Brillouin
zone, typically around 1075 the free electron mass [112].
Thanks to this light effective mass, polariton condensa-
tion was anticipated to occur at higher temperatures than
exciton BEC, namely above 10 K and possibly up to room
temperature.

The originally proposed scheme [113] was based on
the injection of high-energy electron-hole pairs by a non-
resonant optical excitation beam, as sketched in the right
frame of Fig.1. The relaxation mechanism considered for
thermalization relied on stimulated exciton-phonon in-
teraction. Even though a bottleneck effect in the phonon
relaxation process turned out to be a serious obstacle
against polariton thermalization [114], an efficient alter-
native relaxation channel toward the bottom of the lower
branch is provided by exciton-exciton scattering [115].
Since these mechanisms operate in the excitonic regime
well below the Mott density, the coherent light emission
does not require the population inversion that is instead
needed in standard lasing. This is most promising for
the development of coherent light sources with very low
threshold.

Less than ten years after its proposal, first experi-
mental hints of polariton condensation were reported in
CdTe based samples [116] and, then, in GaAs based cav-
ities [117, 118]: above some threshold value of the excita-
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tion intensity, a strong non-linear emission was observed
together with the onset of temporal coherence as mea-
sured via either a spectral narrowing of the emission or
a reduction of the intensity fluctuations. As a final ev-
idence of BEC, extended spatial coherence was demon-
strated in a CdTe cavity [18] as shown in the bottom-right
frame of Fig.3.

In the following years, many groups investigated these
polariton BECs in great detail [119, 120]. A key issue
that was fiercely debated in the community was to clearly
demonstrate that the coherent emission was indeed com-
ing from a polariton mode with mixed light-matter char-
acter and not from a photon mode, as it instead happens
in a regular laser. Following the shift of the emission en-
ergy for growing pump intensity allowed to distinguish
the two regimes [121-123], as well as to observe a sec-
ond threshold for photon lasing [124]; the fine details of
the intermediate regimes between strong and weak cou-
pling are still the subject of intense work [125]. Further
evidence of the polariton nature of the condensate is ob-

tained from the Zeeman shift under a strong magnetic
field, inherited from the exciton component: the transi-
tion to a weak coupling photon lasing regime leads in fact
to a substantial reduction of the Zeeman shift [126, 127].
THz spectroscopy was also used as a direct probe of the
excitonic part of a polariton condensate [128].

Another excitation scheme to generate a polariton con-
densate is based on parametric scattering. Because of
their excitonic component, polaritons inherit a strong
Kerr non-linearity. By resonantly exciting the system
close to the inflection point of the lower polariton branch,
it is possible to trigger a triply-resonant parametric scat-
tering from two polaritons at the pump wavevector into
one polariton in a signal mode close to £k = 0 and one
polariton in an idler mode at approximately twice the
pump wavevector [16, 129, 130]. This process is illus-
trated in the bottom-left frame of Fig.3. Above some
threshold value of the pump intensity, parametric oscil-
lation sets in with a macroscopic occupation of signal and
idler states. While the phase matching condition imposes



that the sum of the signal and idler phases is locked to
twice the pump phase, there is no restriction for the phase
difference between signal and idler states. As a result, at
the onset of parametric oscillation, a spontaneous U(1)
symmetry breaking occurs associated to the emergence of
extended spatial coherence [131, 132]. This is precisely
what we have defined as Bose Einstein condensation in
Sec.II. In the following this scheme to create a polariton
condensate will be referred to as “OPO scheme”. From
the theoretical point of view, this scheme has the impor-
tant advantage of allowing for ab initio calculations, e.g.
using truncated Wigner techniques [131, 133].
Depending on the cavity parameters and on the precise
excitation scheme, polariton condensates may present a
thermal tail or a completely out of equilibrium distri-
bution. For instance in the OPO scheme, the polariton
distribution is not thermalized at all. For non-resonant
excitation, provided the cavity lifetime is sufficiently long
as compared to the thermalization time scales, agree-
ment with a Bose-Einstein distribution at a well-defined
temperature is found [19] in the photoluminescence sig-
nal, both for the high-energy thermal tail and the low-
energy modes around the condensate, up to pump powers
slightly above the condensation threshold (bottom-center
frame of Fig.3). On the other hand, the marked devia-
tions from the calculated distribution function found at
higher pump powers where the condensate is fully devel-
oped may be understood as a signature of an imperfect
thermalization between the low-energy modes around the
condensate and the high-energy ones in the thermal com-
ponent, or as the effect of interactions and disorder [134].

In polariton systems, the relaxation and thermaliza-
tion rates are strongly affected by the cavity-exciton spec-
tral detuning. A phase diagram as a function of the
excitation power and the detuning of the cavity mode
from the exciton was calculated and experimentally ex-
plored in [19, 134]. As it is illustrated in the bottom-
center frame of Fig. 3, the thermal Bose-Einstein dis-
tribution observed for zero or positive detunings [up
to P/Py, = 1.10, blue to yellow curves in panel (b)
for § = 0] is replaced by a different, markedly out-
of-equilibrium distribution for negative detunings larger
than the exciton-photon coupling [panel (a)].

Even though the concept of thermalization is often
used in this polariton condensate literature to indicate
the presence of a thermal tail in the population distribu-
tion among the modes, it is important to keep in mind
that this is not an exhaustive proof of thermal equilib-
rium. A full thermalization should in fact include all
modes including the low-energy ones around the conden-
sate. Even more importantly from a conceptual point of
view, it was pointed out in [135] that a rigorous evidence
of thermalization in polariton as well as photon conden-
sates should be obtained from fluctuation-dissipation re-
lations to be assessed via more sophisticated measure-
ments.

In contrast to the weak nonlinearity of photon con-
densate systems, the strong interactions between exci-

tons are responsible for sizable inter-particle interactions
within the polariton condensate and between the con-
densate and its environment with important experimen-
tal consequences. For instance, the interaction between
a condensate and incoherent excitons induces a signifi-
cant local blueshift of the polariton states. This enables
to engineer interesting potential landscapes for polari-
tons by shining a laser beam with a suitable spatial pro-
file on the cavity [25, 136-138]. Interactions can also be
used to control the polariton flow in polaritonic circuits.
For instance, an all-optical transistor-like switch was re-
alized in [139, 140]. A related mechanism was exploited
to control the polariton phase in an interferometer [141]
or the polariton resonant tunneling through a discrete
state [142].

As for the case of exciton condensates, a complete
description of the polariton condensate physics requires
to include the spin degrees of freedom [145]. In this
case, since dark states do not couple to the cavity mode,
the strong exciton-photon coupling automatically selects
only two spin components J, = +1. The presence of
TE/TM splitting for the cavity mode results in a spin-
orbit coupling which induces a polarization precession
in propagating polariton condensates known as the op-
tical spin Hall effect [143, 146, 147], as illustrated in
the center frame of Fig. 5. In micropillar arrays, the
polarization-dependence of the hopping amplitude favors
condensation in modes with a specific polarization tex-
ture [148]. In suitably designed lattice geometries, the
interplay of TE/TM and Zeeman splitting is responsible
for non-trivial band topologies [149-151]. Note that in-
teresting polarization textures have also been reported
for lattice-plasmons BECs in [152].

Going beyond linear properties, the combination of
the exciton spin with Coulomb exchange [153] and
strong exciton-photon coupling results in a strong spin-
dependence of polariton—polariton interactions: the in-
teraction between polaritons of the same spin is always
repulsive, while the interaction between anti-parallel po-
laritons can be weakly attractive [154] and even display
some Feshbach resonance effect across the biexciton en-
ergy [155, 156]. This spin-dependence of interactions is
at the origin of the stochastic selection of circular polar-
ization for a condensate under a linearly-polarized pump
observed in [144] and illustrated in the right frame of
Fig. 5.

Considering a polariton condensate at equilibrium in
presence of spin dependent interactions, one finds that
the ground-state of the system is linearly polarized [157].
In absence of any anisotropic polarization splitting in-
duced by strain or disorder, no preferential direction ex-
ists for the polarization direction so that the direction of
the linear polarization is randomly selected under pulsed
excitation [158]. Stochastic behavior of the polarization
direction was indeed experimentally observed in single
shot measurements [159, 160]. When considering the
ultra fast dynamics of the polarization at the onset of
condensation, intricate stochastic polarization dynamics
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FIG. 5. Spin effects in condensation of excitons and polaritons. Left frame: polarization patterns observed in a condensate
of indirect excitons. The colorscale shows the degree of linear polarization. The inset shows the considered indirect exciton
system. Figure adapted from Ref.[75]. Center frame: optical spin Hall polarization patterns in an expanding condensate
of exciton-polaritons under circularly polarized incoherent pumping. The colorscale shows the s, Stokes parameter of the
emission; the inset shows the distribution of the effective magnetic field caused by the TE-TM splitting in momentum space.
Figure adapted from [143]. Right frame: spontaneous stochastic build-up of circular polarization in a polariton condensate
under pulsed, linearly-polarized incoherent excitation. Left panel: Schematic representation of the experiment. A suspended
polariton membrane is excited with four spots and a condensate forms at their center with stochastic polarization behavior due
to spontaneous symmetry breaking. Upper right panel: temporal shape of the pump pulses. Lower right panel: intensity of
the o+ (red/blue) components of the detected condensate emission. Figure adapted from Ref.[144].

over the entire Bloch sphere is observed [161].

The physics becomes even richer when a sizable Zee-
man splitting is induced onto the excitons by an external
magnetic field. In equilibrium, one finds that the mini-
mal energy state remains linearly polarized up to a crit-
ical value of the magnetic field. This screening of the
Zeeman splitting, called the spin Meissner effect [157],
was experimentally observed in [162, 163]. To reinforce
the effect of the magnetic field, magnetic ions have been
introduced into the quantum wells. The correspondingly
increased polariton Zeeman splitting leads to a reduc-
tion of the condensation threshold under strong magnetic
field, together with an increased circular polarization of
the condensed semimagnetic polaritons [164]. A giant
spin Meissner effect [165] was also observed in such semi-
magnetic cavities. Finally, polaron effects were theoret-
ically explored in cavities weakly doped with magnetic
ions [166].

Whereas most of the experimental works mentioned
so far were performed at cryogenic temperatures, in-
tense research efforts are being devoted to the devel-

opment of novel materials displaying more robust ex-
citonic resonances and enabling the exploration of po-
lariton BEC at room temperature. Room temperature
operation was first demonstrated in GaN based cavi-
ties [167, 168], and subsequently in ZnO [169, 170], or-
ganic materials [171, 172], luminescent proteins [173],
perovskites [174-176] and 2D transition-metal dichalco-
genide layers [177, 178]. Realizing an electrically pumped
polariton laser operating at room temperature is still a
challenging open problem that is attracting a strong in-
terest [126, 179-183]. Another frontier is to observe BEC
of polaritons emerging from the strong coupling between
light and intersubband transitions in doped quantum
wells [184-186]. As compared to the exciton-polaritons
discussed so far, such intersubband polaritons appear
as very promising for the development of novel coher-
ent light sources at longer wavelengths down to the mid-
infrared and the THz regions [20]. Further exciting re-
search avenues are being opened by laser operation in
phonon-polariton modes [187].



D. Condensation of classical light waves in
waveguides

A conceptually different example of photon condensa-
tion is provided by condensation of classical light waves
in cavity-less propagating geometries. In such systems,
the role of time is played by the propagation direction
z along the waveguide: within the paraxial approxima-
tion, the propagation of monochromatic light field can
be recast in terms of a Gross-Pitaevskii equation (GPE)
after the substitution ¢t — z [188, 189]. In contrast to the
previous systems, no intrinsic radiative losses are present
since there is no additional spatial direction into which
photons can escape. Since also absorption losses are typ-
ically weak, the dynamics can be accurately described as
a conservative one. The intensity-dependent refractive
index of the medium provides effective photon-photon
interactions that mediate thermalization of the classical
waves. After first pioneering attempts in bulk geome-
tries [190, 191], thermalization and then condensation
were found to be facilitated by confinement within multi-
mode graded index waveguides [192], which provide an
effective harmonic trapping potential to the photons.

In a typical experiment, a monochromatic, yet spa-
tially disordered classical light beam is injected into the
waveguide and serves as the initial condition of the field.
The amount of disorder in the incident field sets the to-
tal energy of the (typically non-thermal) initial state.
If the optical nonlinearity is sufficiently strong and the
propagation length sufficiently long, thermalization into
a Rayleigh-Jeans-like distribution n(e) = kg, /€ is ex-
pected, where € is the energy of the different transverse
modes and the final temperature T;,, is fixed by energy
conservation [193-195]. Conveniently, the UV blackbody
catastrophe is ruled out in these experiments by the finite
number of available modes in the waveguide.

For a sufficiently low value of the energy of the inci-
dent beam, thermalization is accompanied by condensa-
tion into the lowest waveguide mode, so that the trans-
verse spatial profile of the beam gets rid of its speckle-
like spatial modulations according to a self-cleaning phe-
nomenon [10, 11]. Examples of experimental images
of such thermalization and condensation processes are
shown in the bottom frames of Fig. 4. In these experi-
ments, the transverse confinement was strong enough for
the condensate to be stable against long-wavelength fluc-
tuations. Experimental evidence of BKT features was
instead reported in [196].

As a final remark, it is important to emphasize that
in all these experiments the incident light behaves as a
purely classical entity and preserves its monochromatic
character while thermalizing to a Rayleigh-Jeans distri-
bution. The full Bose-Einstein distribution would how-
ever be recovered upon inclusion of quantum fluctua-
tions, which give the beam a finite bandwidth [189, 197].
While the characteristic length scale of such quantum ef-
fects is typically excessively long in most condensation
experiments so far, promising perspectives are opened
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by the realization of strongly interacting Rydberg polari-
tons in atomic clouds [198] and by recent observations
of quantum phenomena in propagating condensates of
light [199]. In the context of this review, an intrigu-
ing long-term challenge is to demonstrate light conden-
sation effects into a spatially clean and temporally quasi-
monochromatic beam starting from fully incoherent light.
As proposed in [197], such an observation may be facil-
itated by exploiting evaporative cooling techniques in-
spired by ultracold atomic gas experiments [2].

IV. NON-EQUILIBRIUM EFFECTS

While the appearance of a macroscopic coherence ex-
tending up to large spatial distances is the general signa-
ture of condensation, the driven-dissipative nature of the
steady-state can lead to a much richer phenomenology as
a result of non-Hermitian effects and broken time-reversal
symmetry. The present section is devoted to a review of
some among the most intriguing of these features.

Textbook thermodynamic arguments based on free en-
ergy minimization ensure that equilibrium BEC occurs
into the lowest energy single-particle orbital [1]: even
though this orbital may be deformed by interactions [2],
the real-valued-ness of its real space wavefunction is al-
ways preserved unless the time-reversal symmetry is bro-
ken by magnetic fields. In contrast, the spatial shape of a
non-equilibrium condensate is determined by a complex
interplay of pumping, losses, kinetic energy and interac-
tions and can display a variety of features. In particu-
lar, the complex-valued nature of the condensate wave-
function is responsible for breaking the k +» —k symme-
try of the far-field intensity distribution as discussed e.g.
in [203].

The spontaneous generation of complex patterns in
spatially extended lasers with large Fresnel numbers has
been the subject of intense investigations for decades.
Following early theoretical works [204, 205], several ex-
periments have shown vortex lattices in a variety of con-
figurations, from photorefractive oscillators [206, 207], to
VCSELs [208] and end-pumped microchip lasers [209].
Quantized vortices in polariton condensates were first ob-
served in [210], soon followed by half-vortex structures
involving the spin degrees of freedom [211]; related vec-
tor vortices were reported in VCSEL devices with suit-
ably designed feedback elements [212]. Furthermore, a
ring-shaped non-resonant excitation was shown in [213]
to lead to a condensate at the center of the ring to-
gether with giant quantized vortices. Other routes for
the generation of vortex/antivortex lattices via suitable
spatial patternings of the incoherent pump spot have
been demonstrated in [214]. In all these systems, the
appearance of the vortex lattice is the result of many dif-
ferent ingredients, from nonlinear mode-locking between
quasi-degenerate modes to complex flows in the underly-
ing disorder potential to polarization-dependent optical
elements, with the common feature that it only appears
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FIG. 6. New features of non-equilibrium condensates. Left frame: “polariton volcano” effect. Sketch of the polariton wire and
of the pumping geometry used in the experiment (top). Spatially-resolved energy-momentum distribution of the emission at
three different points (center). Spatially- and energy-resolved distribution of the emission of the outward flowing condensate
(bottom). Figure from Ref.200. Center frame: condensation in an excited state. Sketch of the polariton lattice used in the
experiment (top). Polariton band dispersion (center). Energy-momentum distribution of the polariton emission showing peaks
for condensation at k = 0,7 (bottom). Figure from Ref.201. Right frame: density and flow profile of a singly-charged quantized
vortex in the coherent field of a photorefractive oscillator. Intensity (top) and interferogram displaying a spiral-shaped phase

profile (bottom). Figure from Ref.202.

when the coherent field occupies a large enough region in
space.

An unexpected behaviour as a function of the pump
spot size was observed in early polariton condensation
experiments [215, 216]. While usual condensation into
the k ~ 0 states was found for relatively large spots, an
extended ring-shaped k-space distribution was observed
for smaller spots, while preserving macroscopic coher-
ence between the different k-modes. As it was explained
in [203] and then experimentally confirmed in [200], this
behaviour is a direct consequence of the relatively strong
repulsive interactions between polaritons and between
the polaritons and the excitonic reservoir, which induce
a stationary radial outflow current via a “polariton vol-
cano” effect as illustrated in the left frame of Fig.6.

A further class of excited-state condensation phenom-
ena occur when polariton condensates are subject to a
periodic potential (center frame of Fig. 6). Depending on
the system parameters and the pumping regime, conden-
sation can occur [201] into the k = 0 lowest-energy state
or at the top of the lowest band, at quasi-momentum
k = m, or even in a coherent superposition of the two,
which leads to a spontaneous breaking of the discrete

translational symmetry of the periodic potential with a
corresponding period-doubling effect [217]. Further in-
sight in this rich physics was provided by the experiments
in [218], which showed polariton condensation into gap
soliton states energetically located above the lowest band
and bound by the positive interaction energy. Beyond
this, polariton lattices [219] offer a versatile platform to
induce polariton condensation into a variety of other ex-
cited states like the antibonding 7* band of honeycomb
lattices [220], d-orbital states [221] or plaquette-states in
a flat band [222]. The spontaneous appearance of vortex
lattices with a corresponding breaking of time-reversal
symmetry was predicted in [223] for polariton conden-
sates in the lowest Landau level of a strained honeycomb
lattice.

A further crucial difference between equilibrium and
non-equilibrium condensation occurs in the temporal do-
main. For equilibrium systems, the oscillation frequency
of the condensate field is in fact set by the chemical po-
tential, guaranteeing that there is a single dominant peak
in the spectrum. Out of equilibrium, instead, there is no
longer any constraint to have a single chemical potential
for the whole system, so the non-equilibrium condensate



can fragment and multimode emission becomes possible.
In particular, spatially extended polariton condensates
in the unavoidable disorder potential of standard sam-
ples are often in the multimode regime [224].

The transition from multimode to single mode emission
under the effect of some coupling is known in nonlinear
physics as synchronisation [225, 226]: synchronization
between condensates in two different potential minima
of the underlying disorder potential was observed [227]
and theoretically explained in [228, 229]. The synchro-
nisation phase diagram for different geometries involv-
ing several isolated polariton condensates was studied
in [230]. Synchronization can occur via different mech-
anisms, from conservative Josephson tunneling between
neighboring regions to more subtle non-Hermitian effects
stemming from the effective dissipative coupling caused
by the interference of the radiative emission from dif-
ferent centers [231]. The role of the outflow from each
condensate and of the separation distance in determin-
ing phase-locking with different relative phases and the
possibility of a controlled spontaneous vortex generation
was highlighted in [230, 232]. Mode-selection mecha-
nisms stemming from spatially-dependent loss processes
were observed in micropillar devices [233] and in ZnO
nanorods [217]. The robustness of the synchronized
phase is of special importance in view of using polari-
ton condensates as analog simulators, e.g. of the XY
model [25, 234]: such an application crucially depends
on condensation into a single mode whose spatial phase
profile provides the output of the simulation.

Well beyond this exciting application, the establish-
ment of a long-range coherence in light emitting de-
vices with large surface area is an outstanding prob-
lem for a variety of opto-electronic applications. While
the long-range coherence of VCSELs and wide conden-
sates in the lowest energy states is often spoiled by dif-
ferent dynamical instability mechanisms [39, 235, 236],
a robust long-distance coherence was experimentally re-
ported for condensation in negative-mass states of polari-
ton lattices around the maximum of an energy band [233]:
here, stability of the condensate arises from a subtle
interplay of the effective interaction — resulting from
polariton-polariton and polariton-reservoir ones — with
the momentum-dependent linewidth. In addition to its
technological importance for coherent light sources, this
observation opens exciting experimental perspectives for
the study of the critical properties of the non-equilibrium
phase transition.

Other more sophisticated strategies to stabilize a long-
range coherent emission are being pursued by designing
suitable non-Hermitian couplings in laser arrays [41], ex-
ploiting the extreme mode-selectivity of lasing into pho-
tonic bound states in continuum [237] or by develop-
ing devices where condensation occurs into the chiral
edge states of a two-dimensional topological photonic
system [238-241]. In such topolaser devices, the mutual
coherence between spatially separated regions is in fact
maintained by the chiral motion of light around the edge
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of the system, that enforces an efficient injection locking
of different sites. This enforces single-mode laser opera-
tion into a single delocalized mode even in the presence
of sizable disorder [242, 243]. A theoretical study of the
coherence properties of the topolaser emission was re-
ported in [244], highlighting a rich nonlinear dynamics of
phase fluctuations, the key role of the intrinsically peri-
odic boundary conditions of edge modes, and the ensuing
remarkable robustness of the coherence to disorder.

Whereas these phenomena are mostly dominated by
conservative propagation and interaction effects, intrigu-
ing relaxation effects towards the thermodynamic equi-
librium states were observed in other polariton exper-
iments and theoretically described by extended forms
of the GPE [245]. Condensation into the ground state
of the optical trap potential that is naturally generated
around the center of a hollow ring-shaped pump beam
was observed in [246]. The interplay between the fast
ballistic expansion of high-energy incoherent polaritons
and an efficient energy relaxation into low-velocity states
was at the heart of the wide polariton condensates at
rest observed in [247]. Alternative strategies for induc-
ing condensation into a specific mode have been inves-
tigated by exploiting, e.g., the polarization of the exci-
tation beam: in ring-like chains of coupled micropillar
cavities, the orbital angular momentum of the polariton
condensate turns out [248] to be aligned with the circular
polarization of the excitation laser by spin-orbit coupling
effects [148].

Besides polariton systems, a rich mode-selection phe-
nomenology was observed also in photon condensates.
Here, the thermalization rate can be tuned by varying
the detuning of the cavity mode with respect to the dye
absorption/emission spectrum. This leads to markedly
different behaviours when the excitation spot is shifted
away from the center of the parabolic trap [48]: for a
fast thermalization rate, the photons are able to relax
and condense into the zero momentum state around the
potential minimum. On the other hand, for a slow ther-
malisation rate, the interconversion of the initial poten-
tial energy at the excitation location into kinetic energy
and back can lead to net flows and even self-oscillation
behaviours analogous to mode-locked lasers.

Interesting consequences of pumping and dissipation
have been investigated in the structure and dynamics of
quantized vortices in non-equilibrium BECs. The dip in
the condensate density at the vortex core leads in fact
to a local reduction of particle losses and, in turn, to
a localized excess gain. To restore the balance between
driving and dissipation, an outward flow must then ap-
pear in the condensate, reflected in a spiral-shaped phase
profile. Such spiral phase profiles are well known for the
complex Ginzburg Landau equation of pattern formation
theory [249] and have been observed in photorefractive
oscillators [202], as shown in the right frame of Fig.6.

The presence of this outward flow has been theoreti-
cally predicted to have profound consequences on both
the microscopic vortex dynamics and the macroscopic



features of the condensation phase transition. At the
former level, the interaction energy between vortices and
antivortices can turn repulsive and the vortex motion can
display self-acceleration behaviours [250, 251]. At the
latter level, the fact that the outward flows impede the
recombination of vortices and antivortices has been high-
lighted as a mechanism destabilizing the quasi-long-range
order of the Berezinskii-Kosterlitz-Thouless (BKT) phase
in very large two-dimensional systems [252, 253] and has
been predicted to strongly affect the phase healing kinet-
ics [254].

Further insight in the consequences of driving and dis-
sipation on the phase transition was obtained by stud-
ies of the collective excitation spectrum of condensates.
Where the Goldstone theorem still guarantees the pres-
ence of a soft branch whose dispersion tends to zero in the
long wave length limit, the low-energy part of the spec-
trum no longer consists of hydrodynamic sound waves as
in equilibrium condensates with wy ~ csk [2] but dis-
plays a diffusive behavior wy, ~ —iak? [255, 256]. This
behaviour is illustrated in the left and central frames of
Fig. 7.

Following the lines of the theoretical proposal in [257],
first attempts to experimentally measure the diffusive na-
ture of collective excitations were carried out in a spa-
tially extended OPO system [258]. Measurements of
sonic dispersion features of polariton BECs under inco-
herent pumping have been reported in [259, 260]. Pi-
oneering studies of the dynamics of photon BECs were
reported in [261].

While a naive application of the Landau criterion of su-
perfluidity to this collective excitation dispersion would
predict a vanishing critical velocity and, thus, a complete
absence of superfluidity, interesting phenomena related
to superfluidity were shown to persist. A characteris-
tic property of superfluids is the macroscopically long
lifetime of supercurrents in multiply-connected geome-
tries [262]. Long lifetime of supercurrents was explicitly
demonstrated in polariton experiments [263-265]: con-
densation in the OPO configuration was forced to occur
into the desired state by seeding the signal mode with
a temporally short pulse with a spatial Laguerre-Gauss
profile; the vortex imprinted into the signal mode (as well
as the corresponding anti-vortex in the idler mode) was
then shown to persist for a time much longer (at least by
around 40 times) than the polariton lifetime. In the ex-
periment [264], the measured vortex lifetime was limited
by the exit of the vortex from the condensate area.

Another characteristic signature of superfluidity con-
sists in a different response of the fluid to longitudinal
vs. transverse vector potentials [266, 267]: for non-
equilibrium condensates, this was theoretically investi-
gated in [268]. The situation is more complex for what
concerns the perturbation induced by a moving defect
and the ensuing drag force. This probe of superfluidity
was used in the first experiments with coherently pumped
fluids of light [269, 270]. Like in an equilibrium conden-
sate at finite temperature, a finite drag force is present at
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any speed in a non-equilibrium condensate, but a marked
increase of its magnitude is visible above a critical ve-
locity, associated to the onset of a peculiar oscillatory
density modulation in the fluid [271]. While the critical
velocity approaches the equilibrium prediction for weak
losses, it shifts to lower values for more strongly non-
equilibrium systems.

Within a linearized Bogoliubov description of collec-
tive excitations, the coherence properties of the driven-
dissipative system turn out to be largely similar to those
at thermal equilibrium. The fluctuations that are natu-
rally associated to dissipation lead in fact to an effective
temperature for the long wave length degrees of freedom
[273, 274]. As a consequence, along the lines of the pi-
oneering work [3], the long-range order of a d = 1 non-
equilibrium condensate is spoiled by fluctuations, turn-
ing the condensate into a quasi-condensate as it happens
in the equilibrium case [2]. The quasi-condensation ef-
fect occurs in all those d < 2 dimensionalities that are
currently used in photonic experiments, yet with differ-
ent functional forms of the coherence decay: in d = 1
fluctuations lead to an exponential decay of the spatial
coherence at large distances [255, 273], while a BKT-like
regime with a power-law decay of the coherence was pre-
dicted for d = 2 [133].

Interestingly, it was realized that in non-equilibrium
condensates, the long-wavelength phase fluctuations are
so large that the linearized Bogoliubov approximation
inevitably breaks down in the infrared limit for spa-
tially large systems and nonlinear terms can no longer
be neglected. In a more complete approach, the ef-
fective dynamics of the phase degrees of freedom falls
in the so-called Kardar-Parisi-Zhang (KPZ) universal-
ity class [252, 272, 275-281] originally introduced in
the context of interface roughening phenomena in crys-
tal growth [282]. In a polariton condensate, the KPZ
physics is revealed in the spatio-temporal decay of the
coherence of the emission (right frame of Fig.7). In
1D, this is expected to display a peculiar scaling law
g (z,t) ~ exp[—B|t|>X/* f(t/x'/*)] in terms of an ex-
actly known universal function f [283]. This functional
form results in a stretched-exponential form of the co-
herence decay along both the spatial and temporal di-
rections, the exponents of ¢(!)(z,t = 0) ~ exp|—B|z|?X]
and ¢ (z = 0,t) ~ exp[—DB|t|*X/*] being respectively
x = 1/2 and z = 3/2. In particular the temporal decay of
g (x = 0,t) makes a clear difference from the z = 2 ex-
ponent of the linearized Bogoliubov theory. For stronger
noise levels, a more sophisticated phase transition toward
a space-time vortex turbulent phase, directly related to
the compactness of the phase variable, was predicted in
Ref. [281].

Experimental evidence of 1D KPZ physics in polari-
ton systems was recently reported in [284] exploiting the
robust negative mass polariton quasi-condensates that
are produced in periodic potentials [233]. Extension of
these experiments to the 2D case is made challenging
by the very long spatial and temporal scales involved in
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FIG. 7. Left frame: Theoretical predictions for the real (top) and imaginary (bottom) parts of the Bogoliubov dispersion of a
non-equilibrium condensate. Figure from Ref.256. Center frame: prediction of a linearized theory for the angle- and energy-
resolved photoluminescence of a non-equilibrium condensate displaying the diffusive feature at small k. The inset shows an
enlarged view. Figure from Ref.255. These two frames highlight the diffusive nature of the Goldstone mode of non-equilibrium
BECs. Right frame: long-wavelength k3/2 scaling of the decay time of the collective excitation mode, as numerically calculated
with a fully nonlinear generalized GPE equation. Figure from Ref.272.

the phase dynamics. Still, it is of utmost interest be-
cause of the intriguing interplay of KPZ physics with
those topological excitations, e.g. vortices, that are as-
sociated to the compact nature of the condensate phase
variable [252, 280].

V. CONCLUSIONS AND FUTURE
PERSPECTIVES

The rich phenomenology of non-equilibrium Bose-
Einstein condensation reviewed in the previous sections
already hints at the exciting perspectives that these dis-
coveries are opening to fundamental as well as applied
research [20-24].

The most direct application of condensation effects is
of course the realization of novel sources of coherent light.
These sources are expected to offer reduced threshold in-
tensity [22, 285, 286] because of the slower decay rate
of the reservoir pumping the BEC (excitons for polari-
tons, or dye excitations for photon BECs) as compared
to electron/hole excitations, and of the reduced value of
the required excitation density well below population in-
version. Beyond providing a low energy consumption de-
vice, this low lasing threshold may strongly reduce heat-

ing effects and thus enable extending the range of wave-
lengths accessible to lasing operation. The advantages of
polariton condensates will be technologically even more
significant in devices where polaritons are robust up
to room temperature [167-175] and are electrically in-
jected [126, 179-183]. Some of the platforms operating at
room temperature based on, e.g. organic material or per-
ovskites, are also highly relevant for reduced-cost technol-
ogy [171, 173-176]. For wavelength regions such as the
mid- and far-infrared where quantum cascade lasers so
far suffer from temperature limitations [287, 288], inter-
subband polaritons have been proposed as an alterna-
tive avenue for room temperature operation [20]. From a
different perspective, polariton lasers in guiding geome-
try [289] have been proposed as a relevant building block
for integrated polariton circuits [21, 290-292].

From a fundamental point of view, condensates of light
provide a flexible platform to investigate open questions
in non-equilibrium statistical mechanics. In this context,
a special attention goes to models in the Kardar-Parisi-
Zhang (KPZ) universality class [282] which are involved
in a number of natural phenomena, from surface growth
to flame propagation. In its compact version, KPZ
physics was associated to subtle features of polariton
quasi-condensation in reduced dimensions [252, 272, 276
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FIG. 8. Future perspectives. Left frame: application of an array of coupled lasers to simulate a XY model in different lattice
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Right frame: Mott insulator of strongly interacting photons. Left: Experimental circuit-QED set-up realizing a one-dimensional
lattice of 8 sites. Right: Preparation fidelity of the target one-photon Mott-insulator state as a function of pumping parameters.

Figure from Ref.28.

281]: An important challenge in the near future will be
the investigation of KPZ physics in two-dimensions. Be-
yond these steady-state properties, a number of theoret-
ical predictions are still awaiting experimental investi-
gation, in particular on the temporal growth of coher-
ence after a fast jump in the pump intensity [293] or
during a slow Kibble-Zurek-style ramp [294-297] and on
the meaning of superfluidity for non-equilibrium conden-
sates [268, 271].

As another promising development, condensation in
complex geometries was proposed as a computational
tool for the ground state of XY models with arbitrary
coupling constants (left frame of Fig.8). The mechanism
is based on the gain competition idea, which favours ac-
cumulation of photons into the mode for which gain is the
strongest. First demonstrations of this idea were exper-
imentally reported for arrays of coupled gas lasers [26],
polariton lattices [25] as well as networks of coupled op-
tical parametric oscillators [27].

All these directions of research are presently attract-
ing the interest of a growing community of researchers
coming from different backgrounds and are putting op-
tical sciences at the center of an interdisciplinary effort
ranging from semiconductor optics, to quantum many-
body physics, to non-equilibrium statistical mechanics,
to computational sciences.

On a longer run, a further new twist is expected to
stem from the on-going advances in the development of
optical devices with ultra-strong optical nonlinearities at
the single-photon level, where single quanta of energy
are able to substantially modify the refractive properties
of the medium [298-300]. Evidence of photon blockade
phenomena were recently reported in polariton systems
in [301, 302]. In this regime, a variety of phase transitions
with more complex order parameters are expected to
take place and lead to exotic states of strongly correlated
photonic matter displaying rich entanglement structures,
such as the superfluid to Mott insulator transition [303—
307], fermionized gases of impenetrable photons [308],
quantum magnetic models [309, 310], fractional quan-
tum Hall fluids [311, 312]. First experimental steps have
demonstrated Mott insulators [28] (right frame of Fig.8)
and strong synthetic magnetic fields [29] in circuit-QED
platforms, small Laughlin droplets in Rydberg polariton
systems [30], hints of non-linear response of a polariton
condensate at the single-photon level in organics [313].
Many more investigations are presently in progress with
potential exciting perspectives towards quantum technol-
ogy tasks [314-316].

On one hand, quantum entanglement in condensates is
typically fragile against dissipation. Compensating losses
with a pumping mechanism hardly helps because of the



extra quantum fluctuations that enter the system from
the loss and pump channels [317] and the which-way in-
formation that leaks into the emitted light. On the other
hand, excitations of topological states of matter are ex-
pected to allow for a topologically-protected encoding of
quantum information that is robust against losses [318]:
provided the pumping mechanism occurs on a fast time-
scale compared to the diffusion time of anyons, losses
are in fact expected not to mix the topological degen-
erate states [312]. No which-way info is therefore re-
leased to the environment and the entanglement remains
protected. This suggest that topological states of pho-
tonic matter can be used to encode and then manipu-
lated quantum information in a topologically protected
way according to the topological quantum computation
idea [318, 319].

Looking at what happened in the last decades with
lasers and is presently happening with the other forms of
photon condensation phenomena reviewed in this work,
we are confident that the realization and manipulation of
the quantum entanglement inherent in these new states
of photonic matter will be a fundamental resource for a
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number of optical devices for quantum technology tasks.
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