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Abstract

Although many fruit geometries resemble a solid of revolution, this assumption has rarely been rigorously
examined. To test this assumption, 574 fruits of Canarium album (Lour.) DC. which appear to have an
ellipsoidal shape, were examined to determine the validity of a general avian-based egg-shape equation,
referred to as the explicit Preston equation (EPE). The assumption that the C. album fruit geometry is a
solid of revolution is tested by applying the volume formula for a solid of revolution using the EPE. The
goodness of fit of the EPE was assessed using the adjusted root-mean-square error (RMSE.gj). The
relationship between the observed volume (Vobs) of each fruit, as measured by water displacement in a
graduated cylinder, and the predicted volumes (Vyre) based on the EPE was also evaluated using the
equation Vpre = slope * Vops. All the RMSE.q; values were smaller than 0.05, which demonstrated the validity
of the EPE based on C. album fruit profiles. The 95% confidence interval of the slope of VyreVs. Vobsincluded
1.0, indicating that there was no significant difference between Ve and Vops. The data confirm that C.
album fruits are solids of revolution. This study provides a new approach for calculating the volume and
surface area of geometrically similar fruits, which can be extended to other species with similar fruit
geometries to further explore the ontogeny and evolution of angiosperm reproductive organs.



Introduction

Fruits play an indispensable role in the growth and development of angiosperms and the animals that
depend upon them, especially in facilitating seed dispersal through various means (Ridley 1930; van der
Pijl 1982). Fleshy fruits, in particular, serve as a source of nourishment for numerous frugivorous animals,
thereby promoting the dispersal of seeds (Willson 1986). This symbiotic interaction between plants and
animal dispersers has affected the evolutionary trade- off between seed and fruit size as rewards for
dispersers (Edwards 2006). However, fruit traits, such as shape, size, color, scent, and texture can
significantly affect the food choice of frugivores (Mazer and Wheelwright 1993; Willson 1994; Fuentes
2000; Charles-Dominique 2001; Whitney 2005; Edwards 2006; Cazetta et al. 2012; Hodgkison et al. 2013),
and thus affect the outcome of seed dispersal.

Through extended periods of evolution, fleshy fruits have displayed remarkable diversity in their traits (van
der Pijl 1982). In fact, certain fruit traits are commonly utilized as indicators to categorize various types of
seed dispersal by animals (van der Pijl 1982; Janson 1992), which may be associated with the strong
genetic component of fruit traits (Dossett et al. 2008). The investigation of fruit traits could therefore offer
valuable insight into the underlying mechanisms of the evolution of plant morphology and reproductive
biology.

In recent decades, fruit traits, especially size and shape, have become a major focus of interest for
biologists. Size is one of the most commonly reported traits used by frugivores to select among conspecific
fruits (Jordano 1987; Herrera 1988). Studies have verified that larger frugivores tend to consume larger
fruits, whereas smaller frugivores tend to consume smaller fruits (Burns and Lake 2009; Burns 2013). The
shape as well as the size of a fruit may also determine its probability of being eaten by frugivores, as there
are specific scaling relationships between fruit size and length (Mazer and Wheelwright 1993). A recent
study has also suggested that fruit shape and size interact with environmental variables and can shape
plant species distributions (Trethowan et al. 2022). The study of fruit traits is helpful therefore to
understand the mechanisms of fruit morphology evolution and the complex interactions between fruits
and their dispersers.

Despite the importance of fruit size and shape in plant ecology, many previous studies have not
mathematically quantified or precisely defined these traits with sufficient rigor. Fruit mass has often been
used as a reliable indicator of “size”. However, water loss can affect the measurement consistency of fruit
mass, which limits to a certain degree the utility of this measurement. Fruit volume (V) and surface area
(S) are somewhat more reliable predictors for fruit size than fruit fresh mass, although water loss once
again can also influence V and S as well as mass but arguably to a lesser degree. However, accurately
measuring V of each individual fruit can be tedious, and non- destructive methods for measuring S have
not yet been proposed. A solid of revolution is a three- dimensional geometry (i.e. a fruit) obtained by
rotating a curve around a straight line (i.e. the axis of revolution). If the two-dimensional (2D) profile of
the three-dimensional geometry exhibits bilateral symmetry about its mid-line (i.e. the longest segment
joining the two ends of its profile, which overlaps with the axis of revolution), rotating the geometry around
the mid-line by an arbitrary angle does not influence its 2D projection area, and the geometry is a solid of
revolution. In this case, V and S are then easily calculated when the 2D profile of the geometry can be
modelled by a mathematical equation. Although the fruits of many species exhibit good geometric
symmetry and appear to be solids of revolution, it remains uncertain whether these geometries conform
to the equation of a solid of revolution.



The goal of this study was to investigate the geometries of the two-dimensional fruit profiles of the Chinese
white olive (Canarium album (Lour.) DC.), which is a member of the Burseraceae family and native to
tropical Asia, the Pacific islands, and tropical Africa (Mogana and Wiart 2011). The species has been utilized
in China for both food and medicinal purposes, with its extracts exhibiting potent therapeutic effects
against viral and bacterial infections, inflammation, and toxicity-related ailments (He et al. 2008; Xiang et
al. 2010; Yang et al. 2018). Despite its pharmacological significance, little is known about the geometry of
C. album fruits and its intraspecific morphological variation.

The geometry of the C. album fruit is quite similar to that of an ellipsoid, much as is the geometry of avian
eggs, which suggests that its two-dimensional profile should exhibit bilateral symmetry about its mid-line
(see Figure 1). The shape of avian eggs, which potentially provides insights into some fruit geometries, has
been widely studied and described by various mathematical models (e.g. Preston 1953; Troscianko 2014;
Biggins et al. 2018, 2022; Narushin et al. 2021; Shi et al. 2022a). Recently, Shi et al. (2023a, 2023b),
proposed a re-expression of Preston’s equation, which is referred to as the explicit Preston equation (EPE),
to fit the side profiles of 2221 eggs of six avian species, and confirmed the hypothesis that eggs are solids
of revolution. Inspired by that work, we investigated whether EPE can effectively describe the profiles of
C. album fruits, and whether the fruit geometry can be modelled as a solid of revolution. If both are true,
we can use the formulas of V and S for the solid of revolution based on a fruit’s 2D shape to calculate V
and S thereby non-destructively quantifying “size” rather than using fresh mass. To achieve this goal, we
used a nonlinear regression protocol based on the optimization algorithm to estimate the parameter of
EPE using 574 digitized fruit profiles of C. album.

Figure 1. A representative C. album fruit image

Materials and methods
Fruit sampling and photographing

A total of 574 healthy and mature C. album fruits were collected in the town of Baisha (26°12'36" N,
119°4'12" E), Fujian, China, in November 2022. A representative fruit is shown in Figure 1. Each fruit was
photographed using a smartphone (Huawei Nova5Pro, Guangzhou, China), mounted on an adjustable
tabletop phone mount, while placing the fruit on a metal rack to ensure that the mid-line (i.e. the line
through the two endpoints on the two-dimensional fruit profile) was parallel to the desktop and the
surface of the smartphone. To calibrate the deviation of the image size of each fruit from its actual size,
we measured the maximum length of the fruit using a vernier caliper (0 - 150 mm, Shanghai Accurate
Measuring Tools Co. Ltd., Shanghai, China; measure accuracy: 0.02 mm.).



Image processing and profile data acquisition

To obtain the planar coordinates of fruit 2D profiles, the photographs were converted into black-and-white
images and saved as .bmp format using Adobe Photoshop CS2 (version 9.0; Adobe, San Jose, CA, USA). A
program developed by Shi et al. (2018) and Su et al. (2019) developed in Matlab (version >2009a;
MathWorks, Natick, MA, USA) was then used to extract the planar coordinates of each fruit profile from
the corresponding .bmp black-white image.

Modeling and data fitting

The explicit Preston equation (Shi et al. 2023a, 2023b) is
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(1)

where (X, Y) represents an arbitrary coordinate point on a fruit profile, and a, b, c1, ¢2, and c3 are constants
to be estimated. Among these, a and b denote half of the fruit length and approximately half of the fruit
maximum width, respectively. The upper and lower parts of the fruit profile correspond to positive and
negative signs in Equation (1), respectively. The function “fitEPE” in the package “biogeom” (version 1.3.5)
(Shi et al. 2022b) in R (version 4.2.1) (R Core Team 2022) was used to estimate the numerical values of g,
b, c1, €2, and cs. The Nelder-Mead optimization method (Nelder and Mead 1965) was used to minimize the
residual sum of squares (RSS) between the observed and predicted Y-values of C. album fruit profiles.

Testing the solid of revolution hypothesis

Assuming that the C. album fruit can be modelled as a solid of revolution, the predicted V and S of a fruit
can be estimated by using the volume and surface area formulas of its solid of revolution (Narushin et al.
2022; Shi et al. 2023b), which is based on Equation (1). The predicted V and S of each fruit was calculated
using the formulas.
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where d represents the differential sign. In practice, it is fairly difficult to measure the S of any object that
is not a simple geometry such as a cube, sphere, or ellipsoid. However, the V of even a complex geometry
can be measured empirically by submerging an object under water in a graduated cylinder and recording
the fluid’s displacement. To compare the predicted V of a fruit with its observed V, we measured V by
submerging each fruit in water in a 250 mL graduated cylinder with a diameter of 4 cm and reading the
observed volume of displaced water.



In order to compare empirically measured fruit volumes with predicted volumes, Equation (2) can be re-
written as
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Note that the volume of — a standard ellipsoid V. (i.e. the solid of revolution obtained by rotating an
ellipse around the x-axis with the semi-major and semi-minor axes a and b, respectively) is equal to
4

Ve = gnabz. (5)

The item after 4/3nab? on the right-hand side of Equation (4) is defined as the ellipsoid index (El), i.e.
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El serves as a measure of the degree to which the geometry of a particular fruit approximates a regular
ellipsoid as described by Equation (5). If the El of a fruit converges onto 1, the fruit is more approximately
considered a regular ellipsoid.

Data analysis

The adjusted root-mean-square error (RMSEaq) was calculated to assess the goodness of fit between
observed and predicted data sets (Shi et al. 2023a, 2023b). It represents the proportion of the mean
deviation between the observed and predicted Y values (i.e. RMSE) to one half of a fruit’s maximum width:

where N represents the number of data points on a fruit profile; Y;and Yb,~ represent the observed and

predicted Y values, respectively; and W represents the fruit maximum width. As a rule of thumb, an
RMSE,gq; value <0.05 usually indicates a good fit, i.e. the mean absolute deviation between the observed
and predicted distances from the data points on a fruit profile to the mid-line of the profile does not exceed
5% of the half of the fruit maximum width.

The relationship between the observed volumes (Vobs) of fruits, as measured by water displacements in a
graduated cylinder, and the predicted volumes (V) of fruits calculated by EPE was evaluated using
reduced major axis (RMA) regression protocols (Niklas 1994; Quinn and Keough 2002) to fit the equation
Vpre = slopeVops. The bootstrap percentile method (Efron and Tibshirani 1993; Sandhu et al. 2011) was
used to calculate the 95% confidence interval (Cl) of the regression slope. If the 95% Cl of the slope includes
unity, there is no significant difference between Ve and Vops, indicating that C. album fruits can be treated
as solids of revolution. Equation (3) was also used to predict S of each fruit and fitted the scaling
relationship between the predicted surface area and volume for the 574 fruits using RMA regression
protocols.



To estimate El in Equation (6), linear regression protocols with no intercept were performed between the
predicted volume of the fruit and 4/3nab? (where a and b are constants estimated by Equation (1)) using
RMA regression protocols. Once again, if the 95% Cl of the slope calculated using the bootstrap percentile
method includes unity, there is no significant difference between the predicted volume of the fruit and 4/
3nab?, which means that the C. album fruits can be treated as standard ellipsoids.

Results

The adjusted RMSE (RMSE.g;) values for all fruit profiles predicted by Equation (7) fell within the range of
0.008 to 0.049, which were all smaller than 0.05 (as shown in Figure 2). This result was interpreted to
indicate that the explicit Preston equation (EPE) is a valid method for accurately depicting the profiles of
C. album fruits. Figure 3 provides examples of the curves of the observed and predicted profiles of one
fruit among the 574 fruits, which graphically provides the validity of EPE in describing fruit profiles.
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Figure 2. Box plot of the adjusted root-mean-square error (RMSE.q;) calculated by Equation (7) calculated by Equation (7)
between observed and predicted Y-values. The vertical solid line represents the median, and the asterisk within the box
represents the mean.

The zero-intercept linear regression analysis between the observed and predicted fruit volumes revealed
that the 95% Cl of the slope included unity (Figure 4), which indicated that there was no significant
difference between the observed and predicted volumes. This finding supported the assumption that the
fruits of C. album can be treated as solids of revolution. There was a strong scaling relationship between
fruit surface area and volume (r?=0.99) on a log-log scale (Figure 5). The numerical value of the slope was
approximate to 2/3, i.e. S scales as the 2/3— power of V on a log-log scale.

In contrast, linear regression analysis between the predicted V using EPE and the predicted V using 4/
3ntab? (i.e. the ellipsoid prediction) revealed that the 95% confidence interval of the slope did not include
unity (Figure 6), indicating that the fruit volumes significantly differed from those predicted if fruits were
truly ellipsoid, i.e. the geometry of fruits cannot be regarded as a standard ellipsoid.



RMSEadj =0.0218

¥y (cm)

X (cm)

Figure 3. The observed (gray) and the predicted (red) boundary geometries of a representative fruit (see Figure 1) simulated
using Equation (1). RMSE,gj represents the adjusted root- mean-square error calculated using Equation (7).
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Figure 4. Results of linear regression with no intercept between the observed and predicted fruit volumes. Here, y denotes
the predicted volume calculated using Equation (2), and x denotes the observed volume using the water displacement
graduated cylinder method; Cl represents the 95% confidence interval of the slope; r?is the coefficient of determination
which reflects the goodness of fit; n is the sample size (i.e. the number of fruits).
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Figure 5. Results of linear regression between the predicted surface area (S) and volume (V) of fruits plotted on a log-log
scale. Here, y denotes the predicted S calculated using Equation (3) on a log scale, and x denotes the predicted V calculated
using Equation (2) on a log scale; Cl represents the 95% confidence interval of the slope; r?is the coefficient of determination;
n is the sample size (i.e. the number of fruits).
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Figure 6. Results of linear regression with no intercept between the predicted V (based on the volume formula of a solid of
revolution) and the V based on the standard ellipsoid fruit hypothesis (calculated using Equation (5)). Here, y denotes the
predicted V calculated using Equation (2), and x denotes 4/3mab? (where a, b are constants estimated using Equation (1)); Cl
represents the 95% confidence interval of the slope (i.e. El in Equation (6)); r2is the coefficient of determination; n is the
sample size (i.e. the number of fruits).

Discussion
Reliability and validity of EPE in modeling C. album fruit geometry

Preston’s equation, originally proposed to model avian eggs using an elliptic parametric equation (Preston
1953), has been widely adopted to fit the 2D profiles of diverse avian eggs. Multiple linear regression
methods have been employed to estimate the parameters in modeling planar egg-shapes using Preston’s
equation or its simplified versions, leading to good statistical fits between observed and predicted values,
but under the assumption of perfect bilateral symmetry (Biggins et al. 2022), which may not hold true for
many organic structures, including C. album fruits.

To overcome this limitation, Shi et al. (2023a) proposed a nonlinear optimization algorithm to estimate the
parameters of the explicit Preston equation, which considers the asymmetry of fruit profiles. In the present
study, we used the method of Shi et al. (2023a) to fit the profiles of C. album fruits in a manner similar to
treating avian eggs in prior studies. It is apparent that measurement errors in photographing fruits can
decrease the prediction accuracy. For example, placement errors would occur if the mid-line of a fruit was
not parallel to a desktop and the surface of a smartphone. Additionally, the surface of C. album fruit is
usually not sufficiently smooth and its three- dimensional (3D) geometry is also not as regular as that of
an egg and can be deformed by a variety of abiotic and biotic factors (Bajcz 2014), resulting in profiles that
are not perfectly bilaterally symmetrical. Nevertheless, apart from the traditional multiple linear regression
method, the nonlinear optimization method (Shi et al. 2023a, 2023b) can sufficiently cope with fruit profile
asymmetries. This assertion is based on the RMSE.g; values reported here, all of which are smaller than
0.05, thereby verifying the reliability and validity of the EPE in describing the natural profiles of C. album
fruits.



Comparison between the geometry of C. album fruits and the standard ellipsoid

The results of the linear regression analysis between the predicted volume of fruit using the EPE and using
the formula for a standard ellipsoid (i.e. 4/3nab?, where a and b are constants estimated by Equation (1))
demonstrate that predicted fruit volumes are significantly different from those based on the supposition
that fruits are ellipsoids, i.e. olive fruits cannot be treated as regular ellipsoids. Nevertheless, there is a
strong linear correlation between the predicted volume using the EPE and the ellipsoid equation 4/3nab?,
i.e. r>=0.98 (Figure 6). Thus, Equation (5) can be considered as a modified formula for calculating fruit
volume if fruit shape approximately conforms to that of a regular ellipsoid, and the El in Equation (6) can
be used as a correction coefficient that reflects the differences between actual fruit shape and that of a
standard ellipsoid. The El might also be useful in describing the degree of environmental stress on C. album
fruits because the irregularity of fruit geometry tends to be related to environmental stress. In general, the
greater the environmental stress experienced by a fruit during growth, the greater the fruit irregularity in
shape. The measure for the deviation of fruit geometry from a standard ellipsoid (i.e. El) therefore provides
insights into the evolution of plant morphology and to a certain degree angiosperm reproductive biology.

Conclusions

This study supports the validity of the explicit Preston equation (EPE) for describing the 2D profiles of
Canarium album fruits based on the goodness of fit between predicted and observed fruit volumes. The
results also indicate that the C. album fruit can be accurately modelled as a solid of revolution, which
enables the development of a more efficient method for calculating fruit volume and surface area. By
comparing fruit 3D geometry with that of a regular ellipsoid, we also introduce the ellipsoid index (i.e. El
in Equation (6)) to quantify the extent to which a fruit approximates a standard ellipsoid that can in turn
potentially reflect the influence of environmental stress on fruit growth and development. The volume and
surface area calculation method presented here is potentially transferable to other plant species that share
similar fruit geometries and can be helpful in studying fruit ontogeny and making interspecific comparisons
of fruit geometries for taxonomic and evolutionary investigations.
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