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Abstract—Generally, an idealized equivalent circuit is used
to model capacitive wireless power transfer, ignoring equivalent
series resistances. However, given the picofarad range of electric
coupling, more detailed models that include these non-idealities
are required. Unfortunately, taking into account parasitic ef-
fects can result in rising calculation complexity, in particular
for a capacitive wireless power transfer system with multiple
transmitters and multiple receivers, i.e., a Multiple Input —
Multiple Output configuration. In this work, a model based on
state space representation is applied to allow easy calculation
of the optimal operating state, i.e. maximizing efficiency or
power output. The model is applied to an illustrative example
of capacitive wireless power transfer with multiple transmitters
and receivers, highlighting the differences between the idealized
and non-ideal equivalent circuit representation.

Index Terms—wireless power, resonance, state space

I. INTRODUCTION

Capacitive wireless power transfer (CPT) allows for the
transfer of energy from one or more transmitters to one or
more receivers without the need for a physical connection.
Contrary to the well-known inductive wireless power transfer
that uses the magnetic field to transfer power wirelessly, CPT
applies the electric field as medium. Depending on the dis-
tance between transmitter(s) and receiver(s), and their relative
(lateral and/or rotational) alignment, the performance of the
energy transfer varies. This implies that every time a receiver
is wirelessly coupled to a transmitter, the coupling between
them differs, which changes the optimal working point. By
applying variable impedance compensation, the system can be
kept at its optimal working point, regardless of the value of
the unpredictable coupling.

The current literature that describes how to find these
optimum compensation networks for CPT (e.g., [1], [2]) have
introduced idealizations within their models, e.g., ignoring
parasitic impedances of capacitors and coils. One of the
main reasons for this idealization, is the rising complexity
of non-ideal systems, in particular for a setup with multiple

transmitters and multiple receivers, i.e., a Multiple Input —
Multiple Output (MIMO) configurations. These idealizations
are appropriate for inductive wireless systems, but given the
picofarad range of CPT coupling, more detailed models,
including non-idealities are a prerequisite.

In this work, a model based on state space representation is
applied to allow easy calculation of the optimal operating state,
applicable to either optimizing efficiency or maximizing power
output. The model is applied to an illustrative MIMO CPT
example, highlighting the differences between the idealized
and non-ideal equivalent circuit representation.

II. METHODOLOGY
A. Stace Space Representation

Using the state space representation [3]-[6], the system can
be described as a set of first-order differential equations in a
concise mathematical notation by the use of vector equations.
This state space representation is applicable to both linear
and non-linear systems, is applicable to MIMO systems, and
is straightforward to solve numerically.

In Fig. 1, a schematic overview of an M by N MIMO
CPT system is shown. The desired coupling between each
transmitter capacitor C; and receiver capacitor C;, where 4
is the number of the transmitter and j the number of the
receiver plus the total number of transmitters, is represented
by the gray arrows. The red arrows represent the undesired
coupling between different transmitters and receivers.

In Fig. 2, the equivalent circuit of a single transmitter
and receiver is shown. Each transmitter is driven by the
current source I;. The shunt resistor R; is used to describe
the losses in the circuit. The inductors L; are used to create
a resonant scheme by using an inductance of 1/w?C; with
wo the operating angular frequency of the current source
I;. The resistors Ry, and Rc, represent the inductor’s and
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Fig. 1. Schematic overview of an M by N MIMO system.

Fig. 2. Schematic overview of a) the transmitter and b) the receiver.

capacitor’s equivalent series resistance (ESR) respectively. In
CPT literature, these resistors are often neglected, i.e., equal
zero in the idealized equivalent circuit. The circuit of the
receiver is similar to the circuit of the transmitter, however,
it does not have a current source but has a load resistance
Rp j—u and load inductance Ly, ;.

We introduce the capacitor voltages and the inductor cur-
rents as the state variables x:

(Yol

VChyn
’LLl

YLargN
’LLLl

iLp,
and the current sources as inputs u:
i
u=4 : . 2

iIM

Using the capacitor current equation

dvc
ic =C—— 3
ic 7 (3)
and inductor voltage equation
dig,
=L— 4
vL dt ) ( )

the system can be described as a system of first-order
derivative equations of the state variables. Using Kirchhoff’s
voltage and current law, expressions for ic and vy can be
found.

The current through the coupling capacitances ic,, is de-
scribed as a function of the change in voltage of the other
capacitances following:

d'UC'i d’UCj
Tat Y dt

For the transmitter shown in Fig. 2a, the capacitor current
¢, 1s given by:

ye?

&)

ic;; = C;

with k = {ne€Z"* |n< M+ N, Vn+#i}.

Using (5), the current through the coupling capacitors ic;,,
can be expressed as first-order derivatives of the state variables.
Therefore we only need to find a different expression for the
current through the resistor iz,. We can express this current
as:

= (7

with the input voltage v; equal to:

v; = vg; + iRci Re, = ve, + (ic;, +ic,, )R, (8)

Substitution of (7) and (8) in (6) results in the following
expression of the capacitor current:

. ve, . Re, N
. L, — R, T Wi T (1 + R, )Zcik 9
o, = 14 Rg, . ( )
R;

The voltage over the inductor for the transmitter shown in
Fig. 2a, vy, is given by:

vL; :Ui_iLiRLi- (10)

Here, the current through the inductor 7z, is a state variable
and the inductor’s ESR Ry, is a constant. Therefore, we only
need to find a different expression for the input voltage v;.

Using the expression of v; as derived in (8) and express the
current through the capacitor’s ESR resistor i as:

Vs .
- L

(1)

we can write v; as



ve, + (ili - iLi)RCi

Uj = - s

12)

which only contains constants, inputs, and state variables.
Substitution of (12) in (10) results into:

ve, + (i, —ir,)Rey
v, = ( Ro. ) _IL,;RLI--

(13)

For the receiver shown in Fig. 2b, the capacitor current is
given by:

iCJ‘ = icjk - iLj - iRJ’ - iRL,j—N - iLL,j—N' (14)

As the inductor currents ¢ L and 7y, L.,_n are state variables,
and the current through the coupling capacitances can be
expressed as first-order derivatives of the state variables using
(5), we only need to find new expressions for the currents
through the resistors ig; and i, ;_-

The current through the resistor ¢g; can be expressed as:

in, = - (15)

and the current through the inductor’s ESR resistor ig, .
can be expressed as:

Yj

IR, Ny = ———. 16
IRy, ;N Risn (16)

In these equations, the output voltage v; is equal to
v; = UCJ' - ich Rij (17)

where the current through the capacitor’s ESR resistor i,
. J
is equal to

iR, = icy, — ic,- (18)

Substitution of (15), (16), (17) and (18) in (14) results in:

Rc, R . .
J L,j—N _ —
i (1+ I RJ Jicy —iL; = iLp; ~ (19)
Cj . Rpj—N :
R;

For the voltage over the inductor VL, in the receiver as

shown in Fig. 2b, we get:
(20)

'ULj =v; — ZLJRLj.

We can express the current through the capacitor’s ESR
resistor ¢ R, as:

Zch _ZLJ+R7+RLJ N +ZLL~J',N’ (21)
and we can express the output voltage v; as:
vo, — (ip, +1 Re.
’Uj = 0'7 ( IL;CC Lr JCN) CJ . (22)

Substitution of (22) in (20) gives:

Ve, _(iL +Z.LL.] N)Rci

vL; = R
L C
1

—I1,Ry,. (23)

The expression of the voltage over the output inductor
v, ;_n is equal to the output voltage v;, as defined in (22).

By applying equation (3) to the derived expressions for
the capacitor currents and inductor voltages in (9), (13), (19),
(22), and (23), we get the desired set of first-order derivative
equations of the state variables.

Considering the input and output voltages v; and v; respec-
tively as outputs, we can use the expressions in (12) and (22) to
define the output equations. As the set of first-order derivative
equations and output equations are a function of constants,
the state variables, and the inputs, we can take out the state
variables and inputs in these equations and write the system
in the standard state space form as:

%x:Ax—f—Bu

y = Cx + Du, (24)

with A the system matrix, B the input matrix, C the output
matrix and D the feed-through matrix.

Using the system model given in (24), the transfer functions
of the inputs u to the outputs y can be calculated using:

P(s) =%

=C(sI-A)"'B+D, (25)
with s the Laplace variable.

For a given frequency, these transfer functions give for each
input I; to each output V;, V; the magnitude and phase. By
adding the contribution of each input to one of the outputs,
the total magnitude and phase ®y, of each output can be
calculated. The input power P, is given by the sum of the

power of all input ports:

(26)

I
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<
~

and the output power F,,; is given by the sum of the
power of each output port, which can be calculated using
the magnitude of the output voltages V; and the resistance
of output resistor Ry, j_s:
(%)

Pour = 27
t Z RL,J o
The efficiency n of the system is then given by:
Pin
n= (28)

Pout



B. Numerical Optimization

The transfer functions are obtained with symbolic expres-
sions for the output impedance, allowing for fast computation
of the resulting input and output voltages needed to calculate
the output power and efficiency as defined in (27) and (28).
The optimal values for the output impedance for the max-
imum power transfer and maximum efficiency are found by
numerical optimization, utilizing the MATLAB® optimization
toolbox.

C. Typical ESR Values

In order to implement the parasitic resistances into the
model, typical values for CPT are required.

Capacitive couplers can either use air or a dielectric material
as transfer medium. The benefit of using a dielectric material
is that the coupling capacitance can be increased, however, this
will come at the cost of a higher resistive part due to larger
dielectric losses. These dielectric losses between couplers are
neglected when using air as medium, however, [7] reports
the dielectric losses in commonly used materials to be at a
negligible level as well.

Only few studies report measured ESR values of CPT
couplers. A measured ESR of 1.2() for a capacitive coupler
with a coupling capacitance of 96 pF using air as dielectric
medium at 300 kHz is found in [8]. A measured ESR of 5.1 2
for a capacitive coupler with a coupling capacitance of 13.9 nF
using lead zirconate titanate as dielectric medium at 217 kHz
is found in [9].

A measured ESR of 0.5€2 is reported in [8] for a 39 uH
air core inductor at a frequency of 300kHz. The ESR of
commercially available air core inductors can also be found
in the manufacturer’s datasheet, such as the 132-18SM from
Coilcraft, which has a reported ESR of 0.442 () for a 422nH
air core inductor at 10 MHz.

III. RESULTS AND DISCUSSION

To investigate the influence of the ESR on the optimal
working point in a MIMO CPT system, the system as
proposed in [2] is extended with inductor and capacitor ESR.
It consists of a MIMO CPT system with 2 transmitters and
3 receivers. The parameter values of this system can be found
in Tab. L.

The normalized output power and efficiency as function of
the ESR are shown in Fig. 3. We consider two configurations:
(i) the CPT system where the terminations are optimized for
the ideal (zero ESR) scenario and (ii) the system where at each
data point, an impedance compensation variation is performed
to realize the optimal working point in function of the ESR
value.

As expected, the maximum output power and efficiency
decrease for higher ESR values. The difference between the
non-optimized and optimized system gets larger as well for
increasing ESR. Regarding the output power, a deviation of
5% between both configurations occurs at an ESR value of
0.75Q. At this point, the maximum power of the system

TABLE I
PARAMETER VALUES.

Parameter | Value | Unit | Parameter | Value Unit
Ci 350 pF f 10 MHz
Ca 300 pF Iy 100 mA
Cs 250 pF Iy 200 mA
Cy 225 pF Ly 724 nH
Cs 200 pF Lo 844 nH

Ci2 30.00 pF L3 1013 nH
C13 75.00 pF L4 1126 nH
C14 56.25 pF L5 1267 nH
Cis 40.00 pF Ry 1000 Q

Cas 62.50 pF Ra 800 Q

Coyg 45.00 pF Rs 667 Q

Cos 40.00 pF Ry 571 Q

Cag 11.25 pF Rs 500 Q

Css 4.00 pF

Cys 10.00 pF
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Fig. 3. Normalized output power and efficiency as a function of the ESR for
the non-ideal optimal system (solid line) and the non-ideal, non-optimized
system (dashed line).

is 60% of the maximum power of the ideal system with
no ESR taken into account, meaning a significant influence
of the ESR at this point. Regarding the efficiency, a 5%
deviation occurs at an ESR value of 1.15¢2. The maximum
efficiency of the non-ideal system at this point is 75 % of the
maximum efficiency, also indicating a significant influence
of the ESR at this point. Notice that these ESR values are
in line with typical values for inductor and capacitor coupling.

The output power and efficiency are a function of the load
termination. In Figs. 4 and 5, the normalized output power and
efficiency as a function of the load resistance are shown for
both the ideal and the non-ideal system with an ESR value
for both the inductor and capacitor of 1¢2. For each line,
one of the load resistances is varied while the others are kept
at their optimal value. The values for the illustrative MIMO
examples were chosen such that both a low (e.g., load Ry, 3)
and high (e.g., load Ry, ;) dependence on the load termination
are present.
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It can be noted that the effect of varying one of the load
resistances from its optimal value has a similar effect for both
the ideal and non-ideal system. For the output power, the
optimal load resistances for the non-ideal system are smaller
than the optimal load resistances of the ideal system. The loss
in performance by using an output resistance smaller than
the optimal value is less for the non-ideal system compared
to the loss in performance for the ideal system, whereas, by
using an output resistance larger than the optimal value the
loss in performance is larger for the non-ideal system. For
the efficiency, the optimal load resistances for the non-ideal
system are larger than the optimal load resistances of the
ideal system. For load resistances smaller than the optimal
value, the effect on the efficiency is slightly larger for the
non-ideal system. For load resistances larger than the optimal
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Fig. 6. Normalized output power as a function of the load inductance for
the ideal system (solid line) and non-ideal system with ESR values of 12
(dashed line).
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Fig. 7. Normalized efficiency as a function of the load inductance for the
ideal system (solid line) and non-ideal system with ESR values of 1 €2 (dashed
line).

value, the effect on the efficiency is similar for both the
non-ideal and the ideal system.

In Figs. 6 and 7, the normalized output power and efficiency
as a function of the load inductance are shown for both the
ideal and the non-ideal system with an ESR value for both
the inductor and capacitor of 1£2. For each line, one of the
load inductances is varied while the others are kept at their
optimal value. For the output power, the effect of varying the
inductances from their optimal value is smaller for the non-
optimal system, and is especially small for inductances larger
than the optimal values. This is also the case for the efficiency,
however, it should be noted that here it is the case for both the
ideal and the non-ideal system. For inductances smaller than
their optimal values, the difference in efficiency loss is small.



IV. CONCLUSION

A state space approach of analyzing an N+M-sized MIMO
CPT system with inductor and capacitor ESR is presented. A
case study has been performed using a 2-input, 3-output CPT
system to investigate the effect of the ESR on the optimal
point. It was shown that the model can easily determine the
resistive and reactive load terminations to maximize either
power output or efficiency. Moreover, for typical inductor and
capacitor values of ESR, there is a non-negligible effect of
the parasitic losses on the optimal working point, indicating
the need to include non-idealities into the equivalent circuit of
CPT.
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