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ABSTRACT. We compute here the sums of infinite series of four types:
Sy (o) )RS () h e S () (20 1)
for positive integers k < 9. We also look at their alternating forms and
at some related series. Binomial expansions and log-sine integrals are

used for the purpose.

1. INTRODUCTION

1.1. Background. The central binomial coeflicient (2:) is the positive in-
teger that occurs as the coefficient of the z™ term in the expansion of
(1+2)?". A number of infinite series involving the coefficient, either in the
numerator or in the denominator, are found in literature. A 1964 issue of
the American Mathematical Monthly [3] contains a problem seeking a sum
which we evaluated in [8]:

00 (2n) 71_2

Z(_l)n (2n +nl)2 24n - E

n=0

Two well-known papers [6, 10] on the series involving the central binomial
coefficient were published in 1985. Zucker’s paper [10], written in 1983,
is deeper and contains some nice results. As highlighted by the author
in the title itself, his paper gives an exhaustive treatment of the series
Py (2:)_1k*”. The series is expressed with log-sine integrals and shown
to be summable exactly in terms of Dirichlet’s L-series. Lehmer’s paper [6]
discusses series of two types: > ° jan (2:) and »_° an (21?)_1 where the

an are very simple functions of n. In the first part of his paper, he mainly

employs the binomial expansion to derive series of the first type.
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The main contribution of our article consists in the explicit determina-
tion of series sums of the type
S ) - G
S1(k) = 7;) (D S3(k) := Z 2n+1
] (Zn)
So(k) == 2

nk 92n Salk) = z_: (2n — 1)k 220

and their alternating forms.

n=1

1.2. Relation between two types of sums. Before proceeding to derive
the sums, we first establish a relation between two classes of sums with
keN, 0<t<1:

56 tn_i ey
Ze(nt+ 1Fan & (ot FF A

Z 2(n+1) 1)(277)75”_5‘3 (2n +1)(>") t”

= (n+1)ktan — (n+ 1)ktiqn

2n+-2
12 2o+ 2)@n+ D), li Coir)
2 (n + 1)k+2 qn 2 — (n + 1)k g

= G

ot (n + 1)k 4n+1 t &~ nk 4n

leading to the following Lemma:

Lemma 1.
[e’e) (Qn) o0 (Qn) o (2n)
_ \n)  n+l _ G .
2; (n+1)k it 1;] (n 1)+ it 2;:1 T (1.1)

if all the series converge.

If we take ¢t = 1, we may rewrite this useful relation succinctly as:
Proposition 1.
251(k) — S1(k+1) = 25;(k) (1.2)

where S1, So are as defined earlier.

Thus we can straightaway deduce the sums on the right if we have the
two sums on the left.

By combining these relations, it is easy to see that we have:
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Proposition 2.
k .
Si(k+1) =28 — 23 "2 55(j). (1.3)
j=1

We also have a relation between the other two types of sums, which can be

proved in a similar manner:

Lemma 2.

io: (21?) 75n+1 _ i (2:) tn_l_i (2:) n (1 4)
(2n + 1)k 227 L (2n—1)k22n T Lo (2p — 1)k 220 ‘

n=0

if all the series converge.

This Lemma can, for instance, be used to calculate the value of Sy(k+1)
from S3(k) and S4(k):

Sa(k) = Sy(k) + Sa(k+1) = Sy(k+1) = S5(k) — Su(k).

We will also use Newton’s binomial series in the following form: For every
n € Nand —1 < y <1, we have that
1 1 1-(14+n) 9 1-(14n)-(142n) 4
y —_—

—_— =1 oo (L5
(1+y)t/m ny+ n-2n n-2n-3n v (1.5)

2. SERIES WITH FACTOR (n -+ 1)7F

Taking y = —t, n = 2 in (1.5), we obtain:

1 :i(?)tn
1—t 2271,

n=0

and with ¢t = 1 — 22, we get For 0 < z < /2,

o0 (2n

n=0

Multiplying both sides of (2.1) by —2z and integrating, we get:

Proposition 3.

00 2n
Z (n—(|-n1))4"(1 )t =22z ze|o, \/5] (2.2)

n=0
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Dividing (2.2) by 1 — z2, we have:

9 o8] 2n
Itz n;() (n 4(—n1)) 4n (- (2:3)

Now multiplying (2.3) by —2z and integrating leads to:

Proposition 4.
S
D Gy rpm @) =4 a) Halog 2 e(0,V2) (24)

Repeating the same procedure again yields:

Proposition 5.

o () "
7;]%1)34”(1 —a?)" (2.5)

=8(1 — ) + 2log? 15 + 8log 1= — 4Lir(15%), = € [0,v2].
X _n
The polylogarithm is defined by Lig(z) = Z = for |z] < 1.
nk -

n=1
And similarly, we obtain:

Proposition 6.

] 2n

n=0

+ (16 — 4¢(2)) log 142 + 4log® 1= + 21og® 132 (2.6)
+ 2log® 1 log 157 — 8Lig(15%) + 4Lis(15%) — 4Lis(152).
All terms in this sum are real for z € [0,1). To make it a sum with real

terms only for = € (1, /2], we use the following relation valid for t > 1 [7,
p.296, (6)]

1

2
Lis(t) — Lis <t) =3 log(t) — %log:g(t) — —imlog?(t)

to rewrite the term 4Liz(3£%). This in combination with the fact that

log%zlog%+iﬂ
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leads to this expression for the sum in the case = € (1,v/2]:

= (27?) 2\n+1
L )

n=0
= —4¢(3) +16(1 — z) + (16 + 4((2)) log 1= + 41og® 11~ (2.7)
+2log? 12 log 231 — 8Liy(152) + 4Lis(12;) — 4Lis(152).

It may be pointed out that if we want a representation in closed form,
using polylogarithms for this purpose, some addends are complex, even if
the final expression is real. That is why we have recorded this alternative
form of the sum.

The expansions in Propositions 3—6 yield, for x = 0, the following

Si(1) = 2;

51(2) = 4(1 —log(2));

S1(3) = —2¢(2) + 4log® 2 + 8(1 — log(2));

S1(4) = —4¢(3) + (16 — 4¢(2))(1 — log(2)) — §log*(2) + 8log*(2).

And x = v/2 yields these alternating sums, using the notation

=Sy ()
1) = > (1"

ko2n
= n+ 1)k 22n

1 2.
4 )—410g+T\f’
= 8(vV2— 1) — 8log 132 — 2log” 152 4 4Liy(1572);
4

2
C(3) +16(v2 — 1) — (16 + 4¢(2)) log 152

— 4log? 1+—2‘/§ — 2log? 1+—2‘/§ log @ + 8Lig(1_2‘/§)

wn
—=
~ o~ o~
DO
SN— S~— SN— S—
I
—~
@
|
—

+4Lig(152) — 4Liz(2(V2 - 1)).

3. SERIES WITH FACTOR n %

To obtain the sum of series of the form

oo (2n
> Loy

n=1
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we can use Lemma 1 with t = 1 — 22 in combination with Propositions 3-6.
This leads to:

Proposition 7.

i (2:)(1—;52)" = —2log 14
n4nr B &2

n=1

= (2’:) 1 2 14z

ZW(I_ 2?)" = 2Lip(15%) — log? 15

n=1
Z 34n1—x )" = 2¢(3) + 2¢(2) log = — Llog® 11
n=1

log2 L2 log 152 4+ 2Lig(15%) — 2Lis(11%)

oo (2n
6(1,\/5}22( )(1—1’2) 2(3) — 2¢(2) log 5*

34n

n=1

—log® 4% log %51 + 2Lig(15%) — 2Lis(12;)

—2z
1—x2

By multiplying the last one by and integrating we get the next one:

55 +2¢(2) log ¥ log 15*

oo (2n
3 75471421 (1— 22)" = 4¢(4) + 2¢(3)
n=1

_ 1 10g4 Itz =+ %logg H_Tx log IT - 10g2
— 2]Og e (ng(l z) + L13(J) + ng(%))

—|—4L14(1 x)+2Ll4(1+$) 4L14( )

For z € [0, 1) this can be simplified using [7, p.296, (7)], and for z € (1,/2],
we again use [7, p.296, (6)].

Proposition 8.

Z 44n (1—a?)" = 4¢(4) +4((3) log 5%

2 1 2 31 1
+2¢(2)log” 1= — 2 log® 2 log 152
+4Liy(15%) + 2Lig (£57) — 4Lig (442

20 )-
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an (1—2%)" = —4¢(4) + 4¢(3) log 1=

—2¢(2)log” B~ + §log" 1% — Zlog” 1% log 751
+4Lig(15%) + 2Lia(4577) + 4Lia(135)-

The results in Propositions 7—8 yield, for x = 0, the following sums:

Sa(1) = 2log(2);

S2(2) = ((2) — 21og”2;

S2(3) = 2¢(3) — 2¢(2) log 2 + 3 log

Sp(4) = §¢(4) — 4¢(3) log 2 + 2¢(2) log® 2 — 2 log" 2.

And x = v/2 yields these alternating sums, using the notation

N
Sy(k) = (-1)

nko2n

n=0

R
—
-
S~—
I

—21log 132
S5(2) = 2Lig(152) — log? 12,
S5(3) = 2¢(3) — 2¢(2) log 152 — log? 152 log ¥2~1

+ 2Lig (15

Sh(4) = 2Lis(V24) + 4Lia(
+1 log4 1+f glog 5= log @
V2

—2¢(2)log® 152 4 4¢(3) log L2 — 4¢(4).

Note that we also have:

4. MORE SERIES AND ANALYSIS

Using the relation (1.2) and the sum in the previous section we deduce:
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942@) — 8¢(3)(1 — log(2)) — 8¢(2)(1 — log(2))

—4¢(2)log?(2) + glog4(2) — ? log3(2) + 161og?(2)
+ 32(1 — log(2)).

Si(5) = —

4.1. More series through software. We obtained these four sums using
Mathematica:

S2(5 )— 6¢(5) — 5¢(4) log(2) — 2¢(3)¢(2) + 4¢(3) log®(2)
— 30(2)log’(2) + 15 log®(2).

S(6) = 12¢(6) — 12¢(5) log(2) + 3¢(4) log?(2) + 4¢(3)¢(2) log(2)
—2¢%(3) — $¢(3)10g®(2) + 2¢(2) log*(2) — 4 1og(2).

S2(7) = 18¢(7) — F¢(6)log(2) + 12¢(5) log*(2) — 5C(4)¢(3)
+4¢%(3) log(2) — 6¢(5)¢(2) — 3¢(3)¢(2) log®(2) — 3¢ (4) log®(2)
+3¢(3)1og"(2) — 15¢(2)log®(2) + 575 log"(2).

Sa(8) = FR2((8) — 36¢(7) log(2) + £¢(6) log?(2) — 12¢(5)¢(3)
+12C 5)¢(2)log(2) — 8¢(5) log®(2) + 9¢(4)¢(3) log(2)
3¢(4)log*(2) +2¢*(3)¢(2) — 4¢*(3 )log (2) + 5¢(3)¢(2) log?(2)
154( )10g°(2) + 75¢(2)10g°(2) — 5t5 10g®(2).

The preceding sums in conjunction with relation (1.2) lead to:

S1(6) = —12¢(5) — 9¢(4)(1 — log(2)) — 8((3)(2 — 21og(2) + log*(2))
+4¢(3)¢(2) - 8¢(2)(2 — 21log(2) + log?(2) — 3 log’(2))
— 3 1og?(2) + §1og*(2) — 2 1og(2) + 3210g?(2) + 64(1 — log(2)).

S1(7) = =5¢(6) — 24¢(5)(1 — log(2)) — 9¢(4)(2 — 21og(2)
+log?(2)) + 4¢*(3) — 16¢(3)(2 — 21og(2) + log?(2) — 1 log*(2))
+8¢(3)¢(2)(1 — log(2)) — 16¢(2)(2 — 2log(2) + log*(2)

— %log3(2) + % logt(2)) + % log®(2) — % log®(2)
+ L 10g"(2) — & 1og?(2) + 6410g?(2) + 128(1 — log(2)).
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S1(8) = =36¢(7) — ¢(6)(1 — log(2)) + 12¢(5)¢(2) — 6¢(5)(8—
8log(2) + log?(2)) — 6¢(4)(6 — 6log(2) + 31og?(2) — log3(2))
+9¢(4)¢(3) + 8¢*(3)(1 — log(2)) — 64¢(3)(1 — log(2))

— 32¢(3)10g”(2) + %¢(3)10g’(2) — §¢(3) log(2)

+16¢(3)¢(2)(1 — log(2)) + 5¢(3)¢(2) log?(2) — 64¢(2)(1 — log(2))

—326(2) log?(2) + £¢(2) log’(2) — 5¢(2) log™(2) + £¢(2) log”(2)
315 log7(2) + % 10g6(2 10g (2) + % log* (2)

— 12810g7(2) 4 12810g?(2) + 256(1 —log(2)).

)lo
) —

4.2. Analysis of the first type of sums. Let T} (k) represent the number
of separate terms in the value the sum Sj(k). Then we can see from the
sums evaluated earlier that 77(1) = 1; T1(2) = 2; Th(3) = 4; Th(4) =
7, T1(5) = 11; Th(6) = 17; T1(7) = 25; T1(8) = 36. The next sum has 50
terms in its evaluation, i.e., 71(9) = 50.

This sequence {a,, = T1(n—1)} is given in https://oeis.org/A096914
with:
33/4 p1/4 om\/n/3

272

We have this formula: T3 (k) = 1+ k(kgl) +M (k), where M (k) represents

the number of mixed terms involving more than one zeta value. The first

Ay ~

two terms come from the fact that there are k terms involving powers (0 to
k—1) of log(2), one term involving ((k—1), two terms with ((k—2), and so
on, and k—2 terms with ((2) totalling k+1+2+3+-- -4 (k—2) = 1—|—k(k OF

Now M (k) depends on the partition of k—1 into positive integers. We ignore
the partitions having 1 in it because ((1) cannot come in our formula. We
also leave partitions having more than one even member. To illustrate, for
S1(6) consider: 5=44+1=34+2=3+1+1=2+2+1=2+1+1+
1=14+14+1+1+ 1. Only one partition, namely 3 + 2, is of use to us.
The partition function p(n) counting the number of unrestricted partitions
(order immaterial) of n grows astronomically. Hardy and Ramanujan[5, eqs
(3),(6)] obtained for p(n) a very complicated expression whose first three

terms are:

L d [ +<_1)ni eémn +\/§ %J_l 4 6%CA"
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WhereC:ﬂ'\/g, )\n:\/n—i.

4.3. Analysis of the second type of sums. Let T5(k) denote the number
of terms in the value of Sa(k). Then To(k) = k+p/(k), where p/(k) denotes
the number of those restricted partitions of k£ which have neither 1 nor more
than one even integers. We find that T5(k) = T1(k+1) —T1(k). So we have:
Tr(1) = 1; T2(2) = 2; Ta(3) = 3; T2(4) = 4; T1(5) = 6; T(6) = 8; T3(7) =
11; T5(8) = 14. This sequence is given in https://oeis.org/A038348.
The following formula given there approximates T'(n — 1) :

31/4 eﬁ\/’ﬂ/?}

4 nl/4

5. SERIES WITH FACTOR (2n + 1)7*

5.1. Series with positive terms.

5.1.1. Linear and quadratic sums. Taking y = —t2, n = 2 in (1.5) and
integrating both sides from 0 to x, we obtain for z € [0,1] :

o] 2n
arcsin(x Z 2n+ 1 on "t (5.1)
this gives with x = 1 and x = 1/2 respectively:
00 (2n) 00 2n) T
S3(1) = Rl = —.
3( ) nz (2n+1 22n g on+1 24n 3

Dividing both sides of (5.1) by x and then integrating from 0 to x, we have
[7, p.306, (19)]:

z : 1
|2y — S Cn2arcsing) + arcsin(e) log(21)
0

x
00 2n
2n+1
2
z:: 2n+1 22%:6 (5:2)
(o.9] . k
where Cl,(z) = Z sn;nx for even n and Cl,,( Z ? for odd n
k=1 k=

o . k‘ ] 0
is the Clausen function. Cly(z) = 5122 . —/ log (2 sin — ) de, 7,
k=1 0
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p.102, (4.4)] an integral treated by Clausen in 1832. The following relation
connects it with the dilogarithm [7, p.102, (4.6)]:

2 _
Lig(e™) = % - 9(2”49) +iCly(0), 0<6<2m

Lewin [7, p.291] records these values: Cly(nm) = 0; Cla(7/2) =
We thus obtain:

00 2n
S3(2) = ((n) = " log(2).

— (2n+1)22>" 2

Taking y = —t2, n = 2 in (1.5), dividing both sides by x? and then inte-
grating both sides we get

/ dzx _ /i (2:) 222
221 — 22 ~ 92n

The substitution £ = sinf in the integral on the left yields —cotf =

—V1—2z2/z. If we apply term by term integration of the infinite series
on the right, then we find, after multiplying by z:

—V1—a2= Z 22n 22,z e (0,1]. (5.3)
Taking z = 1 yields:

51:007(2’?) =0
1) ;(271—1)22” ‘

Now we can use Lemma 2 and the values of S3(1) and S3(2) to prove that

s

54(2)22(2n(1 2920 9

)
o) (Qn) T
5,(3) = n = Tlog(2) = 1).
1(9) = Y- e = 5 os(2) 1)
n=0
@
5.1.2. Series m’a/ logk (sinu) du. Let us return to (1.2) withy = —t2, n =
0
2:
2
= (n) 2n.

m ;]2%
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Instead of integrating, we multiply both sides of this equation by log¥(t),
and integrate the result between 0 and z:

[ logk(t) _ - (2:) f 2n k
Wi dt=" o /t logk () dt.
0

n=0 0

If we use the substitution ¢ = sinu in this integral, we find:

arcsin(z) . (277,) z
/ log® (sinu) du = Z 2gn /tQ" log (t) dt. (5.4)
0 n=0 0

For the integrals at the right hand side we have the following recurrence
relation, which can be obtained using partial integration:

xT

Tpn(z) = / £20 logk (¢) dt — inH (22 g (@) — k Iy ()
0
with Io () = 2n1+1372”+1, leading to:
k T
Iin(z) = ;(—1)%! <’:> logki(x)(%ji;iﬂ.
Hence we get from (5.4):
arcsin(x) o k -k o 00 (2n) 22t
/ log"(sinu) du = ; [(—1)’1! <z> log"*(x) ;:0 m
0 i= —

(5.5)
This means that we can find the exact value of the sums of the form
[e’s) (Qn)
Z n/ 2n+1
(2n 4 1)+122n

n=0

from previous ones and from known values of the log-sine integrals Ls,(o):

Lsy(o) = —/ log" ™! (2 sin g) do.
0

Note that the right-hand side is related to the integral we need (substitution
u=10/2):

o/2
Lsy(o) = —2/0 (log(2) + log(sinu))"du.
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Case (1): z = 1. In this case (5.5) reduces to:

w/2 o
kg — (1) )
/ lOg (Sln u) du = (— ‘Z m (56)
0
We need Ls, (7). Some of the known values are [1, Example 1]:
™ 3 19
o(m) = 0, Ly(m) =~ La(m) = omC(3), L) = i,

oo (Qn)
leading to further sums S3(k) = Z PRy
— (2n+1)+2

[¢(2) | log*(2)

S5(3) = g Tt ] o Su(4) = S5(3) — Su(3),
[ o og?

S3(4) = 5 _598! + 4(231‘11%(2) . gS!(Q)} , Su(5) = S3(4) — Sa(4),
7w [19¢(4)  ¢(3) log(2)  ¢(2) log?(2) log*(2

55 =3 _64-(0!) * (31.1g!( 4 )4-2g!( = g4!( )]

Here we have used Lemma 2 for Sy(k).
Case (2): x = ;. In this case (5.5) reduces to:

i Py ()
/ og"(sinwu) d Z[ < ) Z:O (2n+1)z+124n]
0 (2 n=
(5.7)
For these we need Ls,(75). Some of the known values are [1, Example 10]:

o (5) =t (5) 1 (5) = T 1 () = 30+ 51 ),

leading to:
> n) T . \/g 1 (1) 1 7T2
2 @y mpam — (5) =3 [21/’ (3) 3]’

(see [2]) where (1) Z
k=

0

#0,—1,—-2,..., is the trigamma

function,

2n+1324” 216’
nO

S 1 m
> Gy = 13 7@+ 90k (3)

n=0
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From these results and
= G omy_7 = G . VB
;)(znﬂ)%n = L <§) =3 and nzl Gn-1)20 %

obtained from (5.3) by taking ¢t = %, using Lemma 2 (with ¢ = 1) we can
find the sum of the series:

for k =2,3,4.

Case (3): z = g In this case (5.5) reduces to:

w/4

k k—i 00 2n
. 1 (F)log*~'(2) ()
log" du = (—1)* ! =
/ og (smu) U ( ) Z% [Z <z> 216*1'\/5 ;(2n+1)z+123n
0 1= n=
(5.8)
For these we need Ls,(5). One known value is [7, p.291]:
T
L (3) =6,

(o @]
-1 n
where G =) (2(n+)1)2 = 0.91596. .. is Catalan’s constant, leading to:
=0

S G L, rle),

n=0 2n + 1)2 23n \/§ 1
With
3 o e 2n
() = ™ v
;](Qnﬂ)?gn 17 Lahwm ol
and Lemma 2 (with t = %)’ we obtain:
n=0 (2n —1)22%n 2 \4 )
S ¢ B,
nz—o (2n —1)323n T6(4G + 7(log(2) — 2) — 8).

Case (4): z = § In this case we could get these two sums:

n=0
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5.1.3. Series with higher powers. Series with powers > 5 obtained through
Mathematica have been rewritten in terms of zeta values to discern the
underlying pattern. Note that the value of Sy(k) can be found using Lemma
2.

6) =" L 19¢(4)log(2) | ¢(3)¢(2) ((3)log?(2)
2{16 0! 641 | 16-00 ' 4.2

¢(2)log”(2 lo
) | 1)

1024 - 0! 16 - 1! 64 - 2! 320!

LEB)C2)1og(2) | ((3) log’(2) | ((2)log(2)  log(2)
161! 4.3l 441 6!

{2754 3¢(5)1og(2) | 19¢(4) log?(2) n ¢*(3)

S3(8) =

9¢(7)  275¢(6)1og(2) . ¢(5)¢(2)  3((5)log(2)
[64 o " 1024 10 T128.00 T 169!
)C(3)  19¢(4)log®(2) . ¢%(3) log(2) | ¢(3)¢(2)1og?(2)
25600~ 64.3 " 32.11 T 16.2!

((3) log*(2) = ¢(2)log*(2) = log’(2)
+* I Y

2
(4

_|_

S5(9) = {11813C( ) , 9¢(7)log(2) | 275¢(6) log*(2) L 3B)EB)

49152 - 0! 64 - 1! 1024 - 2! 64 - 0!
O, Kty

+C(4)gé?é). 11<>!g(2) N 621(238) .Cé?) n 62(?;))21?5!2(2) LB 61(62? ;gg@)
LSO EC) | ) | g2

2
¢(5)¢

Number of terms: Let T3(k) be the number of terms in the value of S3(k).
Then for k > 2 we have: T3(k) = (k—1)+p/'(k—1), where p'(k —1) denotes
the number of those restricted partitions of £ — 1 which have neither 1
nor more than one even integers. We also find that T3(k) = Ta(k — 1) =
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Ti(k) —Ti(k —1). So we have: T3(1) = 1; T3(2) = 1; T3(3) = 2; T3(4) =
3; T3(5) = 4; T5(6) = 6; T5(7) = 8; T5(8) = 11; T3(9) = 14.
This sequence is given in https://oeis.org/A038348. The following
formula given there approximates T5(n + 1) :
31/4 em/n/3
4rnt/d

5.2. Alternating sums. We now start from

)
g Z o

We multiply both sides of this equation by log" (t), and integrate the result

between 0 and x:

2 logk (t) dt.
0

log
/ m Z 2%

If we use the substitution ¢ = sinh v in this integral, we find:

arcsinh(z) . omy
/ log® (sinh u) du = Z(—l)” (222 /tQ” log"(t) dt. (5.9)
0 n=0 0

This formula can be used in the same way as in 5.1.2 to obtain the following
sums:
Case (1): z=1.

o] 2n
Z(—1)“W =log(1 +V/2)

n=0

00 2n
Z<_1)11(271 &;Q 7 = T~ 3log’(1+ V2)

+1log(1+ v/2) log(2 +2V2) — LLiy ((ﬁ - 1)2)

o} 2n
Z(—l)”miqgn% = 1C(3) + g log(2) + 5 log’(2)

— 11og?(2) log(1 + V2) + log(2) log(1 + v'2) log(2 + v/2)
—i—%l (1—&—[) 10g(2+\f) logg(l-i-\/i)
1
T2

Lis(1572) - 1L ((\@—1) ).
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We can use Lemma 2 with ¢ = —1, together with
N ) )
n !
2V Gy = TS =12
n=1

to get values for

gy )
Z(_l) (2n — 1)k+1 220"
Case (2): = = 3.

i(_l)n (21?)

— T =21
247 (2n 4 1)2in og(%)
where ¢ = #, is the golden ratio of the ancient Greeks.
00 2n 2
n n ™
> (=1 % =10
e (2n+1)22 10
Compare it with this sum, obtained using (5.9) with x = ﬁ:
e (*") 1 1
—1)r———nd o~ 1(2) — = log?(2)] .
S G g = g [~ g2

The previous sum could also be deduced from the hypergeometric summa-

tion formula [9] with z = —3:

11133 log?(V1I—z++v/—2)
3F2 S a' ol arai | &=

2°2°2 22 vV —z
N log(v1—2z4+/—2) log(v/1—2++—2+1)

V—z
+Lig(—\/1—z—\/jz) _ Lig(—V1—2—-y=2+1) N 2
V—z V—z 12—z

For k = 3 we have the following sum:

i(_l)n (27?)

@y g = 16(3) T 7" log(2) + 3 1og”(2) log()
n=0

+ 15108 (@) — 3Lis(—¢ ") — Lis(¢ ).
Here we have used the relation [7, p.283, (10)]

Liy(—2) — Liy(1 — 2) + LLi < ! ) = log(z) log <$ — 1> , x> 1

22

x
taking = 1 4+ v/2, and also [7, p.283, (6),(7); p.296, (5),(6)].
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The related sums with factor (2n — 1) can be found from

2
— (2n—1)24n 2
and Lemma 2 with ¢ = —%.

Postscript: After having completed our paper, we found that Hansen’s
book [4, p.139, (6.7.48)] contains this general formula for m = 1,2,3,...

= (@r  TA—a) g d™ ! I'(y/x)
I;::Ok!(kx—i-y)m N m(m—l)!( 1) dym—1 {F[(y/m)—a—l—l]}’

which gives two types of our sums with positive terms on taking a = 1/2

together with x = 1,2 and y = 1.
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