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BOUNDING THE PYTHAGORAS
NUMBER OF A FIELD BY 2" +1

KARIM JOHANNES BECHER AND MARCO ZANINELLI

ABSTRACT. Given a positive integer n, a sufficient condition on a field is given
for bounding its Pythagoras number by 2™ + 1. The condition is satisfied for
n = 1 by function fields of curves over iterated formal power series fields over
R, as well as by finite field extensions of R((¢g, ¢1)). In both cases, one retrieves
the upper bound 3 on the Pythagoras number. The new method presented
here might help to establish more generally 2™ + 1 as an upper bound for the
Pythagoras number of function fields of curves over R((¢1, ..., t,)) and for finite
field extensions of R((to, ..., tn)).

KEYWORDS: Sums of squares, semilocal Bézout domain, valuation, function
field in one variable, quadratic form, local-global principle
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1. INTRODUCTION

In 1964, J.W.S. Cassels [6, Theorem 2] proved that X2 + --- + X2 is not a
sum of n squares in the field R(Xy, ..., X,,) for any n € N. This was the starting
point of a systematic study of sums of squares in fields, more specifically of the
problem of how many terms are generally needed in a given field to represent an
arbitrary positive element as a sum of squares. This is captured in the notion of
Pythagoras number, which was introduced by L. Brocker [5] and A. Prestel [28].

Given a commutative ring R, we denote by ¥, R? for k € N the set of elements
of R that are sums of k squares in R, and we set XR? = |J, . ZpR*.

Let F be a field. For S C F we set S* = {x € S~ {0} | z7' € S}. We
have (X F?)* = L, F? \ {0} for any k € N. Furthermore, (XF?)* = £F? \ {0}
and this is a subgroup of F'*. A. Pfister [25, Satz 2] proved that (Xa:F?)* is a
subgroup of F* for any n € N. By the Artin-Schreier Theorem [1, Satz 7b], the
field F admits a field ordering if and only if —1 ¢ X F?. In view of this fact, the
field F' is called real if —1 is not a sum of squares in F', and nonreal otherwise.
The values

p(F) = inf{lkeN|XF?=%,F?} € NU{co} and
s(F) = inf{fkeN|-1€%,F*} €NU/{oo}
Date: 10.02.2024.
This work was supported by the FWO Odysseus programme (project GOE6114N, Explicit

Methods in Quadratic Form Theory).
1



2 KARIM JOHANNES BECHER AND MARCO ZANINELLI

are called the Pythagoras number and the level of F', respectively. Note that
s(F') = oo if and only if F' is real. If F' is nonreal, then as a consequence of the
fact that (Xon F'?)* is a group for any n € N, A. Pfister [25, Satz 4] showed that
s(F') is a power of 2, and it is easy to see that s(F) < p(F) < s(F)+1. Examples
of nonreal fields can be constructed to realise all pairs of values for s(F') and p(F)
subject to these constraints.

D. Hoffmann showed that every positive integer occurs as the Pythagoras num-
ber of some real field [12]. Nevertheless, to this date the only known examples of
real fields with Pythagoras number not contained in {2",2" +1 | n € N} U {oo}
are constructed by an infinite iteration of function field extensions. In particular,
no such fields are known that are finitely generated over any proper subfield.

A crucial open problem is to understand the growth of the Pythagoras number
under field extensions with a real base field. We denote by F'(X) the rational func-
tion field in the variable X over F'. It has been a crucial discovery by J.W.S. Cas-
sels [6, Theorem 2] that p(F (X)) > p(F) holds whenever F' is real. However,
we still do not know whether the Pythagoras number grows slowly or fast when
adding variables and passing from a real field to the rational function field over
it. To this date, there is no confirmed example where p(F (X)) > p(F) + 2. For
arbitrary n € N, A. Pfister showed in [26, Satz 2| that p(F(X)) < 2" if and
only if s(F") < 2" for all finite nonreal field extensions F’/F.

Let us turn our attention to the problem of determining the Pythagoras number
of a specific field. Let n € N. A famous result due to A. Pfister states that
p(F) < 2" when F' is a field extension of transcendence degree n of R (or of
any real closed field); see [26, Theorem 1]. In particular p(R(Xy,..., X)) < 2™
J.W.S. Cassels, W.J. Ellison and A. Pfister proved in [7] that p(R(X;, X3)) = 4
by showing that the polynomial

M(X1,X5) = X7Xy + X{X5 —3X7X5 + 1

is not a sum of three squares in R(X;, X5). The polynomial M is known as
the Motzkin polynomial, after T.S. Motzkin, who gave it in [22] as an example
of a polynomial that is a sum of squares in the field R(X7, X5), but not in the
polynomial ring R[ X7, X5].

The fact that the result of [7] and Cassels’ observation on XZ + -+ + X2
mentioned at the beginning were not found before the 1960s may indicate how
difficult it is to show that a certain sum of squares in a field cannot be equal to
a shorter sum of squares.

O. Benoist recently showed that

p(R((XO’ cn Xn) (Y1, Yr)) < ot

for any n,r € N; this follows from [4, Theorem 0.2] by using [3, Theorem 3.5].
When n > 1 and F' is a finite extension of R(Xy, ..., X,)), then the statement
for r = 1 implies that p(F) < 2""!. One may ask whether this can be improved.

1.1. Question. Is p(F') < 2"+1 for every finite field extension F/R((Xo, ..., X,))?
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This bound is trivial and optimal for n = 0, and for n = 1 this bound was
shown in [13, Theorem 5.1]. Clearly Question 1.1 has a positive answer when
restricting to nonreal fields F', because then p(F) < 2"*! implies that s(F) < 2"
and thus p(F) < 2" + 1; see also [4, Theorem 0.2 (7)]. The question is open for
n > 2 when F' is real.

In this article, we develop a new method that may help to obtain a positive
answer to Question 1.1. The method is specifically designed for showing under
certain assumptions on a field F' that p(F') < 2" + 1. These assumptions include
the presence of a local-global principle for certain quadratic forms. As such, this
is a fairly standard approach. Indeed, given £ € N and an arbitrary field element
a which is a sum of squares, the question whether a can be written as a sum of
k squares is reformulated in terms of the existence of a nontrivial zero for the
(k4-1)-ary quadratic form ¥ | X?—aX2, and hence a local-global criterion for the
existence of zeros may help in bounding by k& the number of square terms that are
needed. In our approach, however, we assume that k£ = 2" and we want to use a
valuation theoretic local-global principle for characterising the sums of k£ squares
(rather than the sums of £+ 1 squares) while aiming for the bound p(F') < k+1.
This is reminiscent of Pourchet’s method in [27] for proving that p(K(X)) < 5
when K is a number field, where a description of the sums of 4 squares in K (X)
via local conditions is essential. Field extensions F'/Q of transcendence degree
one provide an example where a local-global criterion for sums of 4 squares in
F' is available by [18, Theorem 0.8 (2)], while a similar local-global criterion for
being a sum of 5 squares would actually imply that p(F') < 5, which however is
still an open problem.

Our method for obtaining the bound p(F) < 2" + 1 depends on a certain
subring H of F' that provides a characterisation of the sums of 2" squares in F'.
After developing the new setup in the next two sections, we will turn in the last
two sections to applications, first to function fields in one variable, then to finite
extensions of a field of formal power series in two variables, in both cases under
strong hypotheses on the base field. By a function field in one variable, we mean
a finitely generated field extension of transcendence degree one.

In our applications the subring H of F' will be given as a finite intersection
of valuation rings of F', where the corresponding valuations yield a local-global
principle for the quadratic forms Y2} X? — aX? with a € (ZF?)*. These qua-
dratic forms are in particular Pfister neighbors, and due to the direct link of such
forms to Galois cohomology classes, such a local-global principle may be easier
to establish than for the corresponding quadratic forms of dimension 2" 4+ 2. Up
to this local-global ingredient, our method is elementary.

As an illustration of the efficiency and applicability of our method, let us look
at a well-known example, due to S. Tikhonov. Let F' be the function field of the
curve Y2 = (tX — 1)(X? + 1) over R((t)). It was observed in [31, Example 3.10]
that 3 < p(F) < 4, and it was shown in [2, Corollary 6.13] that p(F) = 3. The
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argument in [2] for having p(F) < 3 relies on a deep local-global principle from
[9, Theorem 3.1], based on field patching and using further results from algebraic
geometry, such as embedded resolutions of singularities. In Example 4.2, we
will retrieve the equality p(F') = 3 from our new method and results from [3].
This approach uses no results from algebraic geometry and only Milnor’s Exact
Sequence for the rational function field R((¢))(X) as a local-global ingredient (via
the proof of [3, Theorem 3.10]).

Along the same lines, we will obtain in Example 4.3 that p(F') = 5 for the field

F=RY)(1)(X) (VEX ~ DMX.Y))

where M(X,Y) = X?Y* + X1Y? — 3X2Y? + 1, the Motzkin polynomial from
above.

Our study will also lead to the following result, which seems not to be covered
in the literature, although it could also be proven by methods already in place.

1.2. Theorem (Corollary 5.11). Let n € N be such that p(E) < 2™ for every
finite field extension E/K(X). Let r € N and let F/K((t1))...(t.)(tr+1,tr42))
be a finite field extension. Then p(F) < 2™ + 1.

This recovers the positive answer to Question 1.1 for n = 1, which was previ-
ously obtained in [13, Theorem 5.1] by different means. Theorem 1.2 also applies
to the cases where K is an extension of transcendence degree n — 1 of R, or
an extension of transcendence degree n — 2 of Q for n > 3; see Example 4.4.
So, for example, we now obtain that p(F) < 9 for every finite extension F' of

Q(X)((t1,12)).

We end the introduction by fixing some terms for a general commutative ring
R. We denote by R* the group of invertible elements in R, by char(R) the
characteristic of R, by Max(R) the set of maximal ideals of R and by Spec(R)
the set of prime ideals of R. We say that R is semilocal if |Max(R)| < oco. We
denote by Jac(R) the Jacobson radical of R, defined by

Jac(R)={x € R|1—Rx C R*},

and we recall that Jac(R) = [|Max(R). We denote by Og the zero ideal of R.
For a prime ideal m € Spec(R), we denote by Ry, the localisation of R at m.
Furthermore, we set N* = N~ {0}.
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2. SQUARE-EFFECTIVE RINGS

Let F' denote a field of characteristic different from 2.
Let H be a subring of F' having F' as its field of fractions. We set

p*(H)=inf{k e N| H*NLF? C L F?*} € NU{o0}.
Note that if F' is nonreal, then —1 € H* N X F?, thus s(F) < p*(H).
2.1. Proposition. Assume that YF? C F? . ((1+ XF?) NJac(H)). Then
p(F) <p*(H)+1.

Proof. We set p = p*(H). Consider ¢ € LF? By the hypothesis, there exist
c€ Fand f e (1+XF?) NJac(H) such that g = ¢*f. Since f € Jac(H), we have
1—4f € H*, and since f € 1 +XF? we have 4f —1 € 3+4XF? C Y F? Hence
4f =1 € H*NXF? C ¥,F2. We conclude that

9 (3¢)° = (30)*(4f — 1) € T, I,

whereby g € ¥,,11F?. This shows that ¥F? =¥, F?% O

We say that H is square-effective if, for every fi, fo € F, there exist g1, g2 € F
such that f2+ f2 = g2 + g3 and fiH + foH = ¢iH D goH. A Bézout domain is
a domain in which every finitely generated ideal is principal. Recall that Bézout
domains are integrally closed [17, Theorem 50].

2.2. Proposition. Assume that H is square-effective. Let k € NT. Then:

(a) H is a Bézout domain.

(b) For every fi,..., fx € F, there exist gy,...,qr € F such that
fittfi=gi+ ot and i+ -+ iH=gH2pH D 2 gH.

(C) sz2 = F2 . (1 + Zk_1H2).

(d) If 1 + Xp 1 H2 C HX, then HN I F? = L, H2.

(e) If2 € H*, then for every m € Max(H), we have H* N L F? C L H? + m.

Proof. (a) Since H is square-effective, any ideal of H generated by two elements
is principal. Therefore any finitely generated ideal of H is principal.

(b) We prove the statement by induction on k. If k£ = 1, then there is nothing
to show. Assume now that the statement holds for some £ > 1. In order to
prove the statement for k 4 1, we consider fy,..., fr € H. By the induction
hypothesis, there exist hy, ..., h, € F such that fZ+---+ f2 =h?+---+h? and
f1H+' . —l-ka = th 2 s 2 th It follows that f0H+' : ‘l'ka = foH—l—th.
As H is square-effective, we may choose g, h € F such that f§ + h? = g2 + h?
and foH+hiH = goH 2 hH. Then we have fé+ -+ ff = g2+ h*>+h3+---+h3
and foH + -+ fiH = goH 2 hH + hoH - - + hyH. Again by the induction
hypothesis, there exist gi,...,gx € F such that h> +h3+---+hi = g?+-- -+ g}
and hH +hoH + -+ hH = giH 2 goH O --- O gpH. We conclude that
B+ A+ =g+ +giand foH+ -+ fiK=gHO2gH2D - 2 gH.
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(¢) Tt follows by (b) that Y, F? C F?- (1 + ¥;_1H?). The opposite inclusion
holds trivially.

(d) Let f € HN X F% By (c), we obtain that f = z* - h for certain x € F
and h € 1+ ¥, 1H?% Now, if h € H*, then as z is a root of X? — fh~! and H
is integrally closed, we get that x € H, whereby f € H?- (1 + X,_1H?) C L H2
Therefore, if (1 4+ X_1H?) C H*, then H NI F? = L, H2

(e) Let m € Max(#). Since H is square-effective, so is Hy, and we have
2 € H*. Assume first that s(H/m) > k. Since H/m ~ Hy/mH,, it follows
that 1+ X, 1 H2 C HX. Hence, by (d), we have Hy, NI F? = L, H2. Again
using that H/m ~ H,/mHy,, we conclude that H N X F? C T H? + m. Assume
now that k& > s(H/m). Then —1 € ¥; ;H? + m. Using this and the identity

x = (“ﬁ‘/’TJrl)2 +(-1) (%‘1)2 for x € H, we conclude that H C ¥, H? + m. O
2.3. Theorem. Assume that H is square-effective and (1 + LF?) N Jac(H) # 0.
Then

p(F)<p"(H)+1.

Proof. Set M(H) = (1 + XF?) N Jac(H). If 0 € M(H), then F is nonreal, and
hence p(F) < s(F) +1 < p*(H) + 1. Assume now that 0 ¢ M(H). As M(H) # 0
by the hypothesis, we may fix an element g € M(H). Then ¢?> € F** N M(H),
whereby F? = F2g?> C F?- M(H). Since M(H) - (1 + ZH?) € M(H), we conclude
that F2-(1+XH?) C F?-M(H)-(1+XH?) C F?-M(H). By Proposition 2.2 (¢),
we obtain that ¥F? C F?. (1 4+ ZH?) C F? - M(H). Now the statement follows
by Proposition 2.1. 0

We will mainly consider the condition that H is square-effective in combination
with the condition that 1 + H? C H*.

2.4. Lemma. Assume that 1+H? C H*. Then f?+g?> € H* for every f,g € H
with fH+ gH =H.

Proof. Consider f,g € H such that f2+ g?> ¢ H*. Then f? + ¢g*> € m for some
m € Max(#H). If f ¢ m, then there exists h € H such that fh = 1 mod m,
whereby 1+ (gh)? = h2(f% + ¢?) = 0 mod m, which contradicts the hypothesis
that 1+ H? C H*. Therefore f € m, and similarly we obtain that ¢ € m. Hence
fH+ gH C m and in particular fH + gH # H. O

2.5. Proposition. The following are equivalent:

(i) H is square-effective and 1 + H? C H*.

(ii) H is a Bézout domain and H* N (H?* + H?) = H*?(1 + H?).
Proof. (i = i1) Condition (z) clearly implies that H*?(1+H?) C H* N (H*+H?)
and, by Proposition 2.2, that H is a Bézout domain. It remains to show that
HX N (H? + H?) C H*%(1 + H?). Consider f € H* N (H? + H?). Since H is
square-effective, there exist g1, g, € F such that f = g7 + ¢2 and g;H D goH.
Then f = g3(1 + (g;'92)?), and g;'ga € H. Since 1+ H? C H*, we have that
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f € @gH*NH*, whereby g7 € H*. Since H is integrally closed, we conclude that
g1 € H*, whereby f = g}(1+ (g7 "'g2)?) € H*?- (1 +H?).

(i = i) Assume that H is a Bézout domain and H*N(H?+H?) = H*?(1+H?).
Then clearly 1 + H? C H*. It remains to show that # is square-effective.

Consider f1, fo € F, not both equal to zero. Since H is a Bézout domain and
its fraction field is F', there exists ¢ € F'* such that fiH + foH = gH. Then
figt fagt € Hand H = fg7'H + fog 'H. Since 1+ H? C H*, it follows by
Lemma 2.4 that f2g=2+ f2g72 € H*. Since H* N (H* +H?) C H**(1 + H?), we
may choose I; € H*, Iy € H such that f2g=2 + fig=2? =1 + [3. Letting g, = gl
and gy = gly, we obtain that ff + ff = g + g5 and fiH + foH = 1 2 goH.
This shows that H is square-effective. O

2.6. Lemma. Assume that 1+ H?* C H*. Let M be a finite subset of Max(H)
and f1, fa € H such that f? + f3 ¢ \UM. Then there exist gy € H~JM and
g2 € H such that [} + f3 = g7 + g5.

Proof. Consider Gy = (X?—1)fi+2X fy and Gy = 2X f1+(1—X?) f2 in H[X] and
observe that G3+G3 = (1+X?)%-(f7+f3). Consider m € M. Since 1+H* C H*,
we have char(H/m) # 2, whereby |H/m| > 2. Hence there exists x, € H such
that G1(zy) ¢ m. Since M is finite, by the Chinese Remainder Theorem, there
exists © € H with x = 2, mod m for all m € M, whereby G1(x) € H~|J M. We
now set g; = (1 + 2?)7'G;(z) for i = 1,2 to obtain the desired conclusion. O

2.7. Proposition. Assume that H is semilocal and 1 + H? C H*. Then
H* N (H? +H) =HP(1+H?).

Proof. Let fi, fo € H with f2+f7 € H*. We have H~|JMax(H) = H*, and since
by the hypothesis Max(#) is finite, we can apply Lemma 2.6 to choose g; € H*
and go € H such that 24 f2 = ¢? 4+ g2 = ¢?(1+ (97 ' ¢2)?) € H*?- (1 +H?). This
shows that H* N (H? + H?) C H*?- (1 + H?). The opposite inclusion is obvious,
because 1 + H? C H*. O

2.8. Corollary. Assume that H is a semilocal Bézout domain with 1 +H? C H*.
Then H is square-effective.

Proof. This follows by Proposition 2.7 and Proposition 2.5. U

3. SEMILOCAL BEZOUT RINGS

Let n € Nt and let F be a field of characteristic different from 2. In this section
we present a technique to search for a subring H of F' satisfying the hypotheses
of Corollary 2.8 and Theorem 2.3 and such that p*(H) < 2", so as to show that
p(F) <2"+1.

By a Bézout ring of F' we mean a subring of F’ which is a Bézout domain and
whose fraction field is F. Semilocal Bézout rings of F' are naturally related to
valuation rings of F.
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3.1. Proposition. Let H be a subring of F' with fraction field F'. Then the
following are equivalent:

(i) H is a semilocal Bézout ring of F.
(i) H is a finite intersection of valuation rings of .

Proof. (i = ii) Assume that H is a Bézout ring. Then for each m € Max(H), Hn
is a valuation ring of F, by [17, Theorem 64]|. Furthermore H = ﬂmeMax(H) Hon,

by [17, Theorem 53], and if H is semilocal, then this is a finite intersection.
(i1 = i) See [17, Theorem 107]. O

We call a semilocal Bézout domain H square-effective of order n if
T+ %0 HPCH* and (1 + ZgnH?) N Jac(H) # 0.

By Corollary 2.8, the first of the two conditions implies that H is square-effective.
We can reformulate each of the two conditions in terms of levels of residue fields.

3.2. Proposition. Let H be a domain and k € N*. Then:

(@) 14+ X5 1H?* CH* if and only if s(H/m) > k for every m € Max(H).

(b) If (1 + ZxH?) NJac(H) # 0, then s(H/m) < k for every m € Max(H).

(¢) If H is semilocal and such that s(H/m) < k for every m € Max(H), then
(1+ ZyH?*) N Jac(H) # 0.

Proof. Parts (a) and (b) follow immediately from the definition of the level and
from the general facts that H* = H ~ |JMax(#H) and Jac(H) = [\ Max(H).

(c) Assume that #H is semilocal with s(H/m) < k for every m € Max(H).
For m € Max(H), we choose fu1,..., fur € H with 14 f2, + -+ fa, € m.
By the Chinese Remainder Theorem, for 1 < i < k we find f; € H such that
fi = fmi mod m for allm € Max(H). Then 1+ fZ+- -+ f? € (Max(H) = Jac(H).
Hence (1 + X, H?) N Jac(H) # 0. O

We say that F' is n-effective if F' has a semilocal Bézout ring H which is
square-effective of order n and such that p*(H) < 2™.

3.3. Example. Note that I is square-effective of order n if and only if s(F') = 2".
Therefore, if we have that s(F') = p(F) = 2", then F' is trivially n-effective.

3.4. Proposition. Let n € N*. If F is n-effective, then 2" < p(F) < 2™ + 1.

Proof. Let H be a semilocal Bézout ring of F' which is square-effective of order
n and such that p*(H) < 2". Then we have 1 +H? C 1+ Yo H? C H* and
(1 + ZonH?) N Jac(H) # 0. Hence p(F) < p*(H) +1 < 2" + 1, by Theorem 2.3.
If we had YonH? C Yon_1H?, then 1 + XonH? C 14 Lon_H? C H*, whence
(1 4+ ZonH?) N Jac(H) = 0. Therefore there exists h € LonH? \ Ton_1H?. By
Proposition 2.2 (d), we have H N Lon 1 F? = Y90 1 H?. Hence h ¢ Yon_ | F?,
whereby p(F) > 2". O

3.5. Corollary. Let n € N*. If F' is nonreal and n-effective, then s(F) = 2".
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Proof. Assume that F' is nonreal and n-effective. Then s(F) < p(F') < s(F)+1,
and by Proposition 3.4, we have 2" < p(F) < 2" 4+ 1. Since s(F) is a 2-power
and n > 1, the statement follows. O

Let k € NT and let H be a subring of F. We say that H characterises sums of
k squares in F if

{he H*NEF? | h+m € Ly(H/m)” for any m € Max(H)} C L, F2.

This condition allows one to check whether a unit in H which is a sum of squares
in F'is a sum of k squares in F' by inspecting residues modulo maximal ideals.

3.6. Example. Let H be a subring of F' with fraction field F'. Then for any
k € NT with p*(H) < k, we have that H characterises sums of k squares in F.

3.7. Proposition. Let n € NT. Let R be a semilocal Bézout ring of F which
characterises sums of 2" squares in F. For every m € Max(R) let H(m) be a
semilocal Bézout ring of R/m which is square-effective of order n and such that

p*(H(m)) < 2™. Then
H={feR|f+meH(m) for all m € Max(R)}

1s a semilocal Bézout ring of F' which is square-effective of order n and such that
pr(H) < 2"

Proof. Recall that

R= () R
meMax(R)
Fix m € Max(R). It follows by [17, Theorem 107] that R, is a valuation
ring of F' with residue field R/m. We denote by m, : R, — R/m the residue
homomorphism of R,. Similarly, we have

Hm)= [ Hm),.

m’ eMax(H(m))

Fix now m" € Max(#(m)). It follows again by [17, Theorem 107] that (H(m))u
is a valuation ring of R/m with residue field H(m)/m’. As H(m) is square-effective
of order n, we have s(H(m)/m’) = 2", by Proposition 3.2. For any valuation ring
O of R/m, we have that m'(O) is a valuation ring of F having the same residue
field as O; see [10, p. 45]. Thus 7, '(#(m)) is the intersection of finitely many
valuation rings of F' whose residue fields have level 2".

Since R is semilocal, we obtain that H is the intersection of finitely many val-
uation rings of F’ with residue field of level 2". Thus H is a semilocal Bézout ring
of F', by Proposition 3.1, and it is square-effective of order n, by Proposition 3.2.

Let f € H*NXF?. For every m € Max(R), it follows by Proposition 2.2 (e) that
f+m € L(R/m). By definition of # we have that f+m € H(m)*NL(R/m)* and
since p*(H(m)) < 2" we obtain that f +m € Yo (R/m)’. Since R characterises
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sums of 2" squares in F', we conclude that f € Yy F2. Thus H*NXEF? C Yon F2,
whereby p*(H) < 2". O

Let v be a valuation on F'. We denote by O, the valuation ring of F' associated
to v, by m, the maximal ideal of O,, by Fv the residue field O,/m,, by 7, the
residue homomorphism O, — Fv and by vF the value group v(F*). For any
subfield ¥ C F', we write Ev for the residue field of the restriction of v to E, that
is, Ev={x+ (m,NE)|zeO,NE} C Fu.

Let V' be a set of valuations on F. We define

Hy = () O,

veV

For k € NT, we say that V' characterises sums of k squares in F if the ring Hy
characterises sums of k squares in F'.

3.8. Theorem. Let n € NT. If there exists a nonempty finite set V of valuations
on F' that characterises sums of 2" squares in F' and such that Fv is n-effective
for every v € V', then F is n-effective.

Proof. Assume that V' is such a set of valuations on F. Then Hy is a semilocal
Bézout ring of F' that characterises sums of 2" squares in F. For every v € V
we may fix a semilocal Bézout ring H, of F'v which is square-effective of order n
and such that p*(H,) < 2". Set R = Hy. For every m € Max(R), we have by
[17, Theorem 107] that m = m, N R for some v € V', and we set H(m) = H, for
such a v € V. In this setting, it follows by Proposition 3.7 that the subring H
constructed there is square-effective of order n and that p*(H) < 2". Hence F is
n-effective. O

A valuation with value group Z is called a Z-valuation. We denote by Qp the
set of Z-valuations on F. For v € Q, we denote by F* the completion of F' with
respect to v, which is given by the fraction field of the completion of the m,-adic
completion of O,.

3.9. Proposition. Let k € N with k > 2 and let V' be a finite set of Z-valuations
on F such that s(Fv) >k for allv € V. Then V characterises sums of k squares
if and only if L F? = LF2N (), . Lel2.

veV

Proof. Set S = {z € HXNLF? | z+m, € L1(Fv)® for every v € V} and
T=SFn ()l

veV
Note that ¥,F? C T. Hence we have to show that S C ¥,F? if and only if
T C ¥, F% We claim that T'= F?-S. The statement then follows trivially from
this equality.
Consider v € V. Recall that v extends uniquely to a Z-valuation v' on F"
with F*v' = Fu. We define S, = {z € OX NIF"? | z 4+ m, € Lx(Fv)*}. Since
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s(Fv) > k > 2, we obtain by Proposition 3.2 that 1+ Y, 10,2 C O, and that
v'(2) = 0. It follows by Proposition 2.2 (¢) and (e) that ¥, F"? C F'2S,. As FV
is henselian with respect to v" and v’(2) = 0, we also have the converse inclusion.
Hence ¥, F¥? = F'2S,. This implies that F?(£F?NS,) € LF?N L. F*2 We
claim that the opposite inclusion also holds. Consider z € (LF?N ¥, F?)~ {0}.
Using that v'FY = vF, F' = Fv and Y, F'? C F"2S,, we obtain that there
exists ¢ € F* such that ¢’z € O N L F*? C S, whereby z € F?(XF?N S,).
Therefore we have YF?2 N L, F*? = F2(£F?N S,). Hence

T =()(EFP N5 F?) = (| FA(ZF° N S,).
veV veV
Observe that S = XF? N (,cpr So € Npey FH(XEF? N S,) = T. Hence it remains
to be shown that ' C F?.S. To this purpose, consider f € T~ {0}. For every
v eV wefix g, € F and h, € S, such that f = g?h,. Since V is a finite set of
Z-valuations on F', which are necessarily pairwise independent, we can apply the
Approximation Theorem [10, Theorem 2.4.1] to obtain an element g € F* such
that v(g — g,) > v(gs) for every v € V. It follows that f/g* € (), So- Hence
feF(XF*N ey Su) = F2- 5. O

By a quadratic form we mean a homogeneous polynomial of degree 2. We say
that a class C of quadratic forms over F satisfies the local-global principle with
respect to Qg if, for every form g € C that has a nontrivial solution over F" for
every v € Qp, ¢ has a nontrivial solution over F'.

3.10. Corollary. Let k € N with k > 2. Suppose that quadratic forms over F of
the shape Zle X2 —aX2 with a € F* over F satisfy the local-global principle with
respect to Qp and that the set V- = {v € Qp | p(F") > k} is finite and contains
no dyadic valuation. Then V characterises sums of k squares in F'.

Proof. Tt follows from the hypotheses that
SRF?=SF0 () SF?=SF 0 () SF

vEQ R veV
For any v € V', we have k < p(F") < s(Fv) + 1, whereby s(Fv) > k. Hence the
statement follows by Proposition 3.9. U

4. FUNCTION FIELDS IN ONE VARIABLE

The tools developed in the previous sections can be used to compute the
Pythagoras numbers of certain function fields in one variable over k((t)) for some
base fields k. Note that any field & is relatively algebraically closed in k((t)), and
in particular any irreducible polynomial in k[X] remains irreducible in k((¢))[X].

4.1. Proposition. Let n € N. Let k be a real field such that p(L) < 2" for
every finite field extension L/k. Let h € k[X] be irreducible and such that h €
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YE(X)® N Zonir_1k(X)?. Then
p (RO (VEX =T)h) ) =271 41

Proof. We set K = k(t), f = (tX —1)h € K[X] and F = K(X)(/f). We
further set K’ = K () and k' = k(1) for some root ¥ of h. Observe that K'/K
and k'/k are finite extensions, and that the t-adic valuation on K extends to a
Z-valuation on K’ with residue field &', and hence K’ can be identified with &'((t)).
In particular, we have that K" = (k"< Utk’>) - K'*. Since p(k") < 2", it follows
that YK'> C K"2(Xn K> Ut Xy K'?). In particular [(EK")*/(Ean K'?)%| < 2.
We set m = n+1 and obtain by [3, Theorem 3.10] that |(ZF?)* /(Xom F?)*| < 2.
By [3, Theorem 3.5, the hypotheses further implies that p(k(X)) < 2™ and
consequently b € Tomk(X)* N Lom_1k(X)*.

We consider the Gauss extension to K (X) of the t-adic valuation on K with
respect to the variable X (see e.g. [10, Corollary 2.2.2]), and we denote by v an
extension of this valuation from K(X) to F. Note that vK(X) = vK = Z and
that K (X)v can be naturally identified with k(X). The residue of f with respect
to v is given by —h. Hence Fv = k(X)(v/—h). As —h is not a square in k(X),
we have [Fv: K(X)v] =2 = [F: K(X)]. By [10, Theorem 3.3.4], it follows that
vF = vK(X) = vK = Z. Since k(X) is real and h € Lomk(X)* \ Tom_1k(X)?,
we obtain by [29, Theorem 4.4.3 (i)] that s(F'v) = 2™. Since vF = Z, it follows
by [2, Proposition 4.1] that v(Xgm F?) C 2Z. AstX € YF? and v(tX) = 1, we
obtain that p(F) > 2™ and O NtX LomF? = (). Since | LF?/ LonF?| < 2, we
conclude that ¥F? = Yom F2UtX YonF? and LF? N O C Lo F?. Hence O, is
a Bézout ring of F' with p*(O,) < 2™.

Since s(F'v) = 2™, it follows by Proposition 3.2 that O, is square-effective of or-
der m. Hence F' is m-effective, whereby p(F') < 2™+1, in view of Proposition 3.4.
This proves that p(F') = 2™ + 1. O

4.2. Example. Let F denote the function field of the elliptic curve
Yi=(tX —1)(X*+1)
over R((t)). Applying Proposition 4.1 to k = R and h = X%+ 1, we obtain a new
argument that
p(F) =3.
The observation that 3 < p(F) < 4 goes back to [31, Example 3.10], and

the equality p(F') = 3 was obtained in [2, Corollary 6.13], by a less elementary
method.

4.3. Example. As mentioned in the introduction, it was shown in [7] that the
Motzkin polynomial M(X,Y) = X?Y*4+ X4Y?2 —3X?Y?2+1 is a sum of 4 squares
but not a sum of 3 squares in R(X,Y). We consider the field K = R(Y)((t).
Note that M (X,Y) is irreducible in R(Y")[X], and hence also in K[X], and that
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M(X,Y) e £,K(X)* ~ L3K(X)?. We now consider the field

F=K(X) <\/(tX T)M(X, Y)) .
By Proposition 4.1, we obtain that p(F') = 5.

Note that Example 4.2 and Example 4.3 imply that the bounds in Proposi-
tion 4.5 and Corollary 4.8 below are sharp for n = 1 and n = 2. After these
examples of particular function fields in one variable, we now turn to consider
base fields where our method gives us a bound on the Pythagoras numbers of all
function fields in one variable.

Recall that by a function field in one variable we mean a finitely generated
field extension of transcendence degree 1.

Let n € N and let K be a field. We call K a P, -field if p(K (X)) < 2" and
if every function field in one variable F'/K with p(F) > 2""! is (n + 1)-effective.

4.4. Example. If p(E) < 2" holds for every function field in one variable E/K,
then K is a P,-field. This applies in particular to the following situations:

(i) For any n > 0 to K = R(Xy,...,X,), by [26, Theorem 1]; see also [19,
Theorem X1.4.10]. For n = 0 this result goes back to [32].

(ii) More generally, if K(y/—1) is a C,-field, in terms of Tsen-Lang theory (see
e.g. [29, §2.15]). Indeed, this implies for any function field in one variable
F/K that F(y/—1) is a C,1-field. In particular, every (n + 1)-fold Pfister
form over F represents all elements of F(y/—1), whereby [19, Corollary
X1.4.9] yields that p(F) < 2"

(7ii) For n > 2 to K = Q(Xy,...,X,—1). This follows from [8, Theorem
4.1.2 (¢)], which relies on two deep facts [8, Conjectures 2.1 and 2.5] proven
later in [16, Theorem 0.1] and [24, Theorem 4.1].

The interest of the notion of P,-field lies in the following consequence.

4.5. Proposition. Let n € N and let K be a P,-field. Then p(F) < 2" +1 for
every function field in one variable F/K.

Proof. By Proposition 3.4, this follows from the definition of P,-field. O

We will now show for n € N that the class of P,-fields is stable under passage
from a field K to the power series field K ((t)). To show this, we will use the
methods developed in the previous sections.

A function field in one variable F//K is called ruled if there exist € F and a
finite field extension K'/K such that F' = K'(), and nonruled otherwise.

4.6. Proposition. Let m € N*. Let K be a field such that p(K(X)) < 2™. Let
F/K((t)) be a function field in one variable and let v € Qp. Then K C O,, and
if p(FV) > 2™, then Fv/K is a nonruled function field in one variable.
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Proof. If K((t)) € O,, then p(F") < p(K(X)) < 2™ by [2, Lemma 6.3]. Assume
thus that K((t)) € O,. Since v € Qp, we obtain by [2, Proposition 2.2] that
O, NK(t) = K[t]. Hence K C Fv and K((t)v = K. Since p(K(X)) < 2™,
it follows by [2, Corollary 4.13] that p(L(X)) < 2™ holds for every finite field
extension L/K, and hence also for every algebraic extension L/K.

Assume that Fv/K is algebraic. Then p(Fv(X)) < 2™, and we conclude by
using [2, Theorem 4.14] that p(F¥(X)) < 2™. Thus p(F") < 2™.

Consider now the case where F'v/ K is transcendental. Then F'v/K is a function
field in one variable, by [10, Theorem 3.4.3]. Suppose that Fv/K is ruled. Then
Fv = L(0) for a finite field extension L/K and some element § € Fv which
is transcendental over K. In order to show that p(F") < 2™, we may assume
that char(K) # 2. Since p(K(X)) < 2™, it then follows by [2, Corollary 4.13]
that p(Fv) = p(L(X)) < 2™ If Fov is real, then p(FV) = p(Fv) < 2™ If
Fv is nonreal, then s(F") = s(Fv) < 2™ by [3, Theorem 3.5], and therefore
p(FY) = s(F¥)+1 < 2™ O

4.7. Theorem. Let n € N. If K is a P,-field, then K((t)) is a P,-field.

Proof. Let K be a P,-field. If char(K) = 2, then K((t) is trivially a P,-field.
Assume now that char(K) # 2. Since p(K(X)) < 2", we get by [2, Theorem
4.14] that p(K (¢))(X)) < 2", Consider a function field in one variable F'/ K ((t))
with p(F) > 2"t Let V = {v € Qp | p(F?) > 2"} and let

W ={w € Qp | Fw/K nonruled function field in one variable} .

Then V' C W, by Proposition 4.6, and W is finite, by [2, Corollary 3.9]. Therefore
V is finite. By [9, Theorem 3.1], quadratic forms in at least 3 variables over F
satisfy the local-global principle with respect to Qp. Since 2"t +1 > 3, we
conclude by Corollary 3.10 that V characterises sums of 2! squares in F.

In particular, since p(F) > 2""! we obtain that V # (. Consider any v € V.
Then p(F7) > 2" and hence either s(Fv) = 2" or p(Fv) > 2" In view
of Example 3.3, and because Fv/K is a function field in one variable and K is
a P,-field, we obtain in either case that Fv is (n + 1)-effective. Now, given that
Fuv is (n + 1)-effective for every v € V| we conclude by Theorem 3.8 that F is
(n + 1)-effective.

This argument shows that K ((t)) is a P,-field. O

We retrieve the following statement contained in [2, Theorem 6.13].

4.8. Corollary. Let n,r € N. Let K be a field such that p(E) < 2" for every
function field in one variable E/K. Let F be a function field in one variable over
K(t1)...((t.). Then p(F) < 2" +1.

Proof. Tt follows by Example 4.4, via an iterated application of Theorem 4.7, that
K((t1) ... ((t,) is a P,-field. Hence, either p(F) < 2" or F is (n + 1)-effective.
In view of Proposition 3.4, we conclude that p(F) < 2" 4 1. 0
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5. GEOMETRIC GLOBAL FIELDS

It is shown in [13] that p(F') < 3 for every finite field extension F' of R((t, t2)).
In this section, we show that one can also obtain this bound by means of Propo-
sition 3.4. To this aim, we study the discrete valuations on a finite field extension
of the fraction field of a complete noetherian local domain.

Let R be a commutative ring. By the dimension of R we refer to its Krull
dimension and we denote it by dimR. Assume now that R is a local ring. We
denote by mp its unique maximal ideal and by kg the residue field R/mpg. Recall
that R is called henselian if for every monic polynomial f € R[X], any simple
root of f in kg is the residue of a root of f in R. By [30, Lemma 10.153.9] every
complete local domain is henselian.

We will mostly focus on the case where R is 2-dimensional. We will show that
in this case the fraction field of R has only finitely many discrete valuation rings
whose residue field is a nonruled function field in one variable over xg.

5.1. Proposition. Let d € NT and let R be a complete noetherian local domain
with dimR = d. Then there exist subrings O C Ry C R such that O is a complete
discrete valuation ring with residue field kg, Ry ~ O[t1,...,tq—1] and R is a
finite Ry-algebra.

Proof. By [30, Lemma 10.161.11], there exists a complete regular local domain
Ry such that R is a finite Rgp-algebra and such that Ry is either isomorphic to

Krlti, ..., tq] or to Oftq,...,tq_1] for a complete discrete valuation ring O with
residue field kg. In the first case, we let O = kg[ty4], which is then a complete
discrete valuation ring with residue field xg. U

5.2. Lemma. Let F be a field, R a henselian local subring of F' and O a discrete
valuation ring of F' such that R=mg+ RN O. Then R C O.

Proof. Since R is henselian, we have 1 +mgr C F*" for any n € N coprime to
char(kg). Since this holds for infinitely many natural numbers n and O is a
discrete valuation ring, we conclude that 1 + mrp C O*. In particular mzp C O.
Therefore R=mp+ RNO C O. O

Let F be a field. We denote by Qf the set of Z-valuations on F. Given v € Qp
and a subring R C F, we say that v is centred on R if R C O,; in this case, for
p € Spec(R), we say that v is centred on R in p if m, N R = p.

Assume now that F'is the function field of an integral scheme X. For z € X,
we denote by Oy, the stalk of X at x, by m, its maximal ideal, and we set
k(x) = Oy z/m,. For v € Qp, we say that v is centred on X in z if Oy, C O,
and m, N Oy, = m,.

In the sequel let R be a complete regular local domain that is not a field. We
denote by E the fraction field of R and we consider a finite field extension F/E.

5.3. Proposition. Fvery Z-valuation on F' s centered on R in a nonzero prime
itdeal of R.
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Proof. Set d = dimR. Since d > 0, it follows by Proposition 5.1 that there exist
subrings O C Ry C R such that R is a finite Ryp-algebra, O is a complete discrete
valuation ring and Ry ~ O[t,...,tq—1]. Let K C F be the fraction field of
O. Since O is complete, we have that O is the unique discrete valuation ring
of K; see e.g. [2, Proposition 2.2]. Let v € Qr. We have that O, N K = K or
O, N K =0, so in any case O C O,.. Therefore

RO = mpg, + O - mpg, +(R0ﬂ0v).

Since Ry is complete and in particular henselian, we obtain by Lemma 5.2 that
Ry C O,. Since R is a finite Ry-algebra, and thus an integral extension of Ry, we
conclude that R C O,. It follows that m, N R € Spec(R). Since F/E is a finite
field extension, the restriction of v to F is nontrivial. As E is the fraction field
of R, we conclude that m, N R # {0}. O

In the following we will use some results from algebraic geometry, including
resolution of singularities for surfaces [20, p. 193], for which we need the following
observation.

5.4. Remark. By [30, Proposition 15.52.3] a complete notherian local ring is
excellent, and hence in particular universally catenary and a Nagata ring. Here,
this applies for R as well as for the integral closure of R in F', which is again a
complete noetherian local ring by [15, Theorem 4.3.4].

5.5. Proposition. Assume that dim(R) = 2. Let v € Qp and let p = m, N R.
Then one of the following holds:

(1) p is a principal ideal of height 1 of R and there ezists a complete discrete
valuation ring of F'v whose residue field is a finite field extension of kg.

(17) p = mpg and Fv is either an algebraic extension of kg or a function field in
one variable over Kg.

Proof. In view of Proposition 5.3, we have {0} C p C mg. Since R is a regular
local ring, it is a unique factorization domain, by [21, Theorem 4.2.16]. Hence
any height-1 prime ideal of R is principal.

Assume first that p # mg. Since R is local and 2-dimensional, we obtain that p
is a principal ideal of height 1, O, N E = R, and R/p is a 1-dimensional complete
local domain with residue field k. Since O,NE = R, we have Ev ~ Frac(R/p).

By Proposition 5.1, there exists a complete discrete valuation ring O with
residue field kg which is a subring of R/p and such that R/p is a finite O-algebra.
Let K be the fraction field of O. Then Ev/K is a finite extension. Hence Fv/K
is a finite extension. It follows by [23, Theorem 14:1] that F'v has a complete
discrete valuation ring O’ such that O’ N K = O, and its residue field is a finite
extension of the residue field of O, which is xg.

Assume now that p = mg. AsdimR = 2, it follows by [21, Theorem 8.3.26 (a)]
that trdeg(Fv/kg) < 1. Since the extension F/E is finite, we obtain that
trdeg(Fv/kg) < 1. If trdeg(Fv/kg) = 0, then F'v/kp is algebraic. Assume that
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trdeg(Fv/kg) = 1. Let S be the integral closure of R in F. In view of the prop-
erties of S pointed out in Remark 5.4, we obtain by [21, Theorem 8.3.26 ()] that
there exists an integral scheme X', a proper birational morphism X — Spec(5)
and x € & of codimension 1 such that O, = Oy ,. Since any proper morphism
is of finite type, there exists an open affine neighbourhood C of x in X such
that Ox(C) is a finitely generated S-algebra, and hence also a finitely generated
R-algebra. Since O, is a localisation of Ox(C), it follows that the residue field
extension F'v/kp is finitely generated. Hence Fv/kp is a function field in one
variable. U

Let X be a scheme. For i € N, we denote by X the set of points of X' of
codimension i. A scheme X’ together with a birational proper morphism X’ — X
is called a model of X.

5.6. Corollary. Assume that dimR = 2. Let S be the integral closure of R in F
and let v € Qp. There exists a model X of Spec(S) on which v is centred in a
point of XV if and only if Fv is either a function field in one variable over kg or
a complete discretely valued field whose residue field is a finite extension of Kg.

Proof. Set Xy = Spec(S) and p = m, N S. Since S is integral over R, the height
of p in S is equal to the height of p N R = m, N R in R, and hence it follows by
Proposition 5.5 that it is either 1 or 2. Hence p € Xo(l) orp e XO(2).

Assume first that p € Xo(l). Then X itself is a model of Spec(S) such that v
is centred in a point of XO(I), and by Proposition 5.5, F'v is a complete discretely
valued field whose residue field is a finite extension of k.

Assume now that p € XO(2). Recall that E is the fraction field of R. We
consider the chain of field extensions kg C k(p) € Ev C Fov. Since S is an
integral extension of R, k(p)/kg is an algebraic extension. By [21, Theorem
8.3.26 (b)], there exists a model X of &, such that v is centred in a point of X'
if and only if the extension F'v/k(p) is transcendental, that is, if and only if Fv/kg
is transcendental. Assume that we are in this case. Since the extension F/E is
finite, so is F'v/Ev. Hence Ev/kp is transcendental. It follows by Proposition 5.5
that Ev/kg is a function field in one variable. As the extension Fv/Ewv is finite,
we obtain that F'v/kg is a function field in one variable. O

Let X be a scheme. Given z € X, we denote by V(x) the Zariski closure of
{z} in X, considered with its reduced scheme structure induced by X.

5.7. Proposition. Assume that dimR = 2. Let S be the integral closure of R in
F and let X be a reqular model of Spec(S). Let v € Qp and let x be the centre
of v on X. Assume that v € X . If Fv/k(x) is transcendental, then Fv/kg is
a ruled function field in one variable.

Proof. In view of the properties of S mentioned in Remark 5.4 and since F'v/k(x)
is transcendental, it follows by [21, Theorem 8.3.26 (b)] that

trdeg(Fv/k(x)) =1 =dimOy, — 1.
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We set Xy = X and xy = x. For ¢ € N we define recursively ;11 : X1 — & as
the blowing up of &; along the regular subscheme V' (x;) and denote by x;,1 the
centre of v on X;y;. By [21, Theorem 8.1.19 (a) and Proposition 8.1.12 (b)], it
follows for every i € N that X, is a regular model of A}, and hence of Spec(S).
Furthermore, it follows by [21, Exercise 8.3.14] that there exists n € NT such that
T, € X,gl), O, = Ox, 4, and z; € XZ@) for 0 < ¢ < n. In particular, Fv = k(x,)
and, by [21, Theorem 8.2.5], k(x;)/kg is a finite extension for every 0 < i < n.
Since z,, € Xél and the exceptional fibre Wijrllzi is an irreducible subscheme of
X; 11 of dimension 1, we obtain by [21, Theorem 8.1.19 ()] that V (x,,) ~ P!

K(Tn—1)’
and we conclude that x,, is the generic point of 7.} z;. Therefore r(z,)/k(n-1)
is a rational function field in one variable. Since Fv = k(z,) and k(z,_1)/Kkgr
is a finite extension, we conclude that Fv/kg is a ruled function field in one
variable. O

We obtain an analogue to [2, Theorem 5.3].

5.8. Proposition. Assume that dimR = 2. Then there exist only finitely many
Z-valuations on F whose residue fields are nonruled function fields in one variable
OvVer KR.

Proof. Let S be the integral closure of R in F. Then S is excellent; see Re-
mark 5.4. Hence, by [20, p. 193], there exists a regular model  : X — Spec(.S)
of Spec(S). We denote by ¢ : Spec(S) — Spec(R) the morphism of schemes corre-
sponding to the inclusion R — S. Denote by &5 the fibre of ot over mg. Since
7 is birational, its image is dense in Spec(S), hence X has dimension at most 1.
Since X is a closed subscheme of X of dimension at most 1, it has only finitely
many irreducible components, and hence we conclude that X, N X" is finite.

Consider now an arbitrary v € Qp such that Fv/kg is a nonruled function
field in one variable. We claim that O, = Oy, for some v € X, N X @), Since
X, N XM is finite, this will establish the statement.

Let € X be the centre of v on X. Since Fv/kpg is a function field in one
variable, it follows by Proposition 5.5 that v is centred in mz on R, that is,
x € X,. Since Fv/kpg is a nonruled function field in one variable, it follows by
Proposition 5.7 that z € X . Since X is regular, it follows that Oy, is a discrete
valuation ring of F. Since Oy, C O,, we obtain that Oy, = O,. O

5.9. Proposition. Let m € N1, let K be a field such that p(K (X)) < 2™ and let
F/K((t1,t2)) be a finite field extension. Set V. = {v € Qp | p(F") > 2™}. Then
V' is finite and, for every v € V, we have that Fv/K is a nonruled function field
in one variable.

Proof. For any field L we set p’(L) = min{p(L), s(L) + 1} € NU {oo}. Consider
a finite field extension L/K. By [2, Corollary 4.6], the hypothesis on K implies
that p(L(X)) < 2™. Moreover, if L is nonreal, then it follows by [3, Theorem 3.5]
that s(L(X)) = s(L) < 2™. In any case, we obtain that p'(L) < p/(L(X)) < 2™.
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Consider v € Qp. Note that p(FV) = p/(Fv). If the extension Fv/K is
either algebraic or a ruled function field in one variable, then we obtain that
p(F?) = p'(Fv) < 2™. If Fu carries a complete Z-valuation w whose residue field
(Fv)w is a finite extension of K, then p(F") = p/(Fv) = p'((Fv)w) < 2™,

In view of Proposition 5.5, this shows that, for every v € V, the extension
Fv/K is anonruled function field in one variable. We conclude by Proposition 5.8
that the set V' is finite. U

5.10. Theorem. Let n € N, let K be a P,-field and let F'/K((t1,t2)) be a finite
field extension. Then
p(F)< 2" 41,

Proof. Weset V = {v € Qp | p(F*) > 2"}, Then V is finite, by Proposition 5.9.
Let S be the integral closure of K[tq,ts] in F. Recall that S is a 2-dimensional
noetherian complete local ring by [15, Theorem 4.3.4], and that F' is the fraction
field of S. We may assume that char(F') = 0, since otherwise we trivially have
that p(F) < 3 < 2" + 1. Hence char(K) = 0 and thus the residue field of S
has characteristic 0 as well. It follows by [11, Corollary 4.7] that quadratic forms
in at least 3 variables satisfy the local-global principle with respect to Q. Since
27+l + 1 > 3, we conclude by Corollary 3.10 that V characterises sums of 27+!
squares F. In particular, if V = (), then p(F) < 2"+1.

Assume now that V' # (). Consider v € V. By Proposition 5.9, Fv/K is a
function field in one variable. If p(Fv) > 2" then Fv is (n + 1)-effective by
the hypothesis that K is a P,-field. Assume now that p(Fv) < 2"*!. Then,
since 2"t < p(FY) < p(Fv) + 1, we obtain that p(F?) = 2" + 1 and that
s(Fv) = p(Fv) = 2", By Example 3.3, it follows that Fv is (n + 1)-effective.
Hence Fv is (n + 1)-effective for every v € V. We conclude by Theorem 3.8 that
F is (n + 1)-effective. In particular p(F) < 2""! + 1, by Proposition 3.4. O

5.11. Corollary. Let n € N be such that p(E) < 2" holds for every function
field in one variable E/K. Let r € N and let F' be a finite field extension of
K(t1) .- (&) (tr41,tr12)). Then p(F) <27+ 4 1.

Proof. The hypothesis implies that K is a P,-field; see Example 4.4. By an
iterated application of Theorem 4.7, we obtain that K ((¢1))...((t,) is a P,-field
as well. Hence p(F) < 2" + 1, by Theorem 5.10. O

5.12. Remark. As mentioned in the introduction, for K =R, r = 0 and n = 0,
the bound in Corollary 5.11 gives an alternative proof of [13, Theorem 5.1].
Corollary 5.11 also applies when K is an extension of transcendence degree n of
R (or of transcendence degree n —1 > 1 of Q) and gives that p(F') < 2" +1 for
any field F' as in the statement. When n > 2, this is an improvement compared
to the bound p(F') < 2", which one could derive from [14, Corollary 4.7] by
using [3, Theorem 3.5].

5.13. Question. Is R((t1,t2)) a Py-field?
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