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❆❜str❛❝t✳ ❈❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ ✐s ❛ ✜rst ❛♥❞ ❢✉♥❞❛♠❡♥t❛❧ st❡♣ ✐♥ ✈❛r✐♦✉s ❝♦♠♣✉t❡r ✈✐s✐♦♥
❛♣♣❧✐❝❛t✐♦♥s✳ ❉❡s♣✐t❡ ❜❡✐♥❣ ❛♥ ❛❝t✐✈❡ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤✱ ❩❤❛♥❣✬s ♠❡t❤♦❞ r❡♠❛✐♥s ✇✐❞❡❧② ✉s❡❞
❢♦r ❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ ❞✉❡ t♦ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ♣♦♣✉❧❛r t♦♦❧❜♦①❡s ❧✐❦❡ ▼❆❚▲❆❇ ❛♥❞
❖♣❡♥❈❱✳ ❍♦✇❡✈❡r✱ t❤✐s ♠❡t❤♦❞ ✐♥✐t✐❛❧❧② ❛ss✉♠❡s ❛ ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✇✐t❤ ♦✈❡rs✐♠♣❧✐✜❡❞ ❞✐st♦r✲
t✐♦♥ ♠♦❞❡❧s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥♦✈❡❧ ❛♣♣r♦❛❝❤ t❤❛t ✐♥✈♦❧✈❡s ❛ ♣r❡✲♣r♦❝❡ss✐♥❣ st❡♣ t♦
r❡♠♦✈❡ ❞✐st♦rt✐♦♥s ❢r♦♠ ✐♠❛❣❡s ❜② ♠❡❛♥s ♦❢ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳
❖✉r ♠❡t❤♦❞ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❛ss✉♠❡ ❛♥② ❞✐st♦rt✐♦♥ ♠♦❞❡❧ ❛♥❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ s❡✈❡r❡❧②
✇❛r♣❡❞ ✐♠❛❣❡s✱ ❡✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ ❞✐st♦rt✐♦♥ s♦✉r❝❡s✱ ❡✳❣✳✱ ❛ ✜s❤❡②❡ ✐♠❛❣❡ ♦❢ ❛ ❝✉r✈❡❞
♠✐rr♦r r❡✢❡❝t✐♦♥✳ ❚❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❝❛♣t✉r❡ ❛❧❧ ❞✐st♦rt✐♦♥s ❛♥❞ ❝❛♠❡r❛ ✐♠♣❡r❢❡❝t✐♦♥s✱
r❡s✉❧t✐♥❣ ✐♥ ✈✐rt✉❛❧ ✐♠❛❣❡s ❛s t❤♦✉❣❤ t❛❦❡♥ ❜② ❛♥ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ ✇✐t❤ sq✉❛r❡ ♣✐①❡❧s✳
❋✉rt❤❡r♠♦r❡✱ t❤✐s ✐❞❡❛❧ ●P✲❝❛♠❡r❛ ♦♥❧② ♥❡❡❞s ♦♥❡ ✐♠❛❣❡ ♦❢ ❛ sq✉❛r❡ ❣r✐❞ ❝❛❧✐❜r❛t✐♦♥ ♣❛tt❡r♥✳
❚❤✐s ♠♦❞❡❧ ❛❧❧♦✇s ❢♦r ❛ s❡r✐♦✉s ✉♣❣r❛❞❡ ♦❢ ♠❛♥② ❛❧❣♦r✐t❤♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ❞❡s✐❣♥❡❞
✐♥ ❛ ♣✉r❡ ♣r♦❥❡❝t✐✈❡ ❣❡♦♠❡tr② s❡tt✐♥❣ ❜✉t ✇✐t❤ ❛ ♣❡r❢♦r♠❛♥❝❡ t❤❛t ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ ♥♦♥✲
❧✐♥❡❛r ❧❡♥s ❞✐st♦rt✐♦♥s✳ ❲❡ ❞❡♠♦♥str❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♦✉r ♠❡t❤♦❞ ❜② s✐♠♣❧✐❢②✐♥❣ ❩❤❛♥❣✬s
❝❛❧✐❜r❛t✐♦♥ ♠❡t❤♦❞✱ r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ❛♥❞ ❣❡tt✐♥❣ r✐❞ ♦❢ t❤❡ ❞✐st♦rt✐♦♥
♣❛r❛♠❡t❡rs ❛♥❞ ✐t❡r❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥✳ ❲❡ ✈❛❧✐❞❛t❡ ❜② ♠❡❛♥s ♦❢ s②♥t❤❡t✐❝ ❞❛t❛ ❛♥❞ r❡❛❧
✇♦r❧❞ ✐♠❛❣❡s✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦ ✐♥❝❧✉❞❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✈✐rt✉❛❧ ✐❞❡❛❧ ♣✐♥❤♦❧❡
❝❛♠❡r❛ ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✱ ❛ s✐♠♣❧✐✜❡❞ ❝❛❧✐❜r❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ❧❡♥s ❞✐st♦rt✐♦♥ r❡♠♦✈❛❧✳
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t✐♦♥✳

✶ ■♥tr♦❞✉❝t✐♦♥

❈❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ ✐s ❛ ✈✐t❛❧ ✜rst st❡♣ ✐♥ ♥✉♠❡r♦✉s ❝♦♠♣✉t❡r ✈✐s✐♦♥ ❛♣♣❧✐❝❛t✐♦♥s✱ r❛♥❣✐♥❣ ❢r♦♠
♣❤♦t♦❣r❛♠♠❡tr② ❬✶✵❪ ❛♥❞ ❞❡♣t❤ ❡st✐♠❛t✐♦♥ ❬✶✸❪ t♦ r♦❜♦t✐❝s ❬✽❪ ❛♥❞ ❙▲❆▼ ❬✷✹✱✹❪✳ ❆s s✉❝❤✱ ✐t ✐s st✐❧❧
❛ ✈❡r② ❛❝t✐✈❡ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ♠②r✐❛❞ ♦❢ ❝❛❧✐❜r❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❬✶✱✸✱✷✶✱✷✾✱✶✼❪✳ ■♥
t❤✐s ✇♦r❦✱ ✇❡ ❛❧s♦ ✉s❡ t❤❡ t❡r♠ ❝❛♠❡r❛ ❢♦r s②st❡♠s s✉❝❤ ❛s ♠✉❧t✐✲❝❛♠❡r❛ s②st❡♠s ♦r ❝❛t❛❞✐♦♣tr✐❝
s②st❡♠s ❬✻❪ ✇❤✐❝❤ ❛❧s♦ ✐♥❝❧✉❞❡ ❛ ♠✐rr♦r✳

❙❡✈❡r❛❧ ❛tt❡♠♣ts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦ ✉♥✐❢② t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡s ❢♦r ❞✐✛❡r❡♥t ❝❛♠❡r❛ t②♣❡s
❛♥❞ ❝❛♠❡r❛ s②st❡♠s ❬✶✽✱✼✱✶✶❪✳ ❍♦✇❡✈❡r✱ t❤❡ ♠♦st ♣♦♣✉❧❛r ♠❡t❤♦❞ ✐♥ ♣r❛❝t✐❝❡ t♦❞❛② ✐s st✐❧❧ ❩❤❛♥❣✬s
♠❡t❤♦❞ ❬✷✽❪✱ ✇❤✐❝❤ ✐s t❤❡ ❜❛s✐s ❢♦r t❤❡ ❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ t♦♦❧❜♦①❡s ♦❢ ❜♦t❤ ▼❆❚▲❆❇ ❛♥❞ ❖♣❡♥❈❱✳
❚❤✐s ♠❡t❤♦❞ ❛ss✉♠❡s ❛ ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❧❡♥s ❞✐st♦rt✐♦♥s✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝❛❧✐❜r❛t✐♦♥ ✐s
❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ ❛❧❧ ✐♥tr✐♥s✐❝ ❛♥❞ ❡①tr✐♥s✐❝ ✈❛❧✉❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❞✐st♦rt✐♦♥ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳
❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s s❡✈❡r❛❧ ❞r❛✇❜❛❝❦s✳ ❋✐rst✱ t❤❡ ♣✐♥❤♦❧❡ ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ t♦ ♥♦♥✲❝❡♥tr❛❧
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❝❛♠❡r❛s✳ ❙❡❝♦♥❞✱ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ✐s t❤❡ r❡s✉❧t ♦❢ ❛ ❝♦♥✈❡r❣✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss ✐♥ ✇❤✐❝❤ ♦♥❡
♣❛r❛♠❡t❡r ✐s ❛❞❥✉st❡❞ ✐♥ ❢❛✈♦✉r ♦❢ ❛♥♦t❤❡r ♦♥❡ t♦ ♦❜t❛✐♥ ❛ ❜❡tt❡r ♦♣t✐♠✉♠✱ ✇✐t❤♦✉t ❛❝t✉❛❧ ❥✉st✐✜✲
❝❛t✐♦♥✳ ❚❤✐r❞✱ t❤❡ ♣r♦♣♦s❡❞ ❞✐st♦rt✐♦♥ ♠♦❞❡❧s ❢♦r r❛❞✐❛❧ ❛♥❞ t❛♥❣❡♥t✐❛❧ ❞✐st♦rt✐♦♥ ❛r❡ ✐♥ s♦♠❡ ❝❛s❡s
♦✈❡rs✐♠♣❧✐✜❝❛t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ t❤❡ ❞✐st♦rt✐♦♥ ✐s ♥♦t ♣❡r❢❡❝t❧② r❛❞✐❛❧❧② s②♠♠❡tr✐❝ ♦r ✇❤❡♥ t❤❡
❝❡♥tr❡ ♦❢ ❞✐st♦rt✐♦♥ ✐s ♥♦t ❛t t❤❡ ♣r✐♥❝✐♣❧❡ ♣♦✐♥t ♦❢ t❤❡ ❝❛♠❡r❛✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ✐♥ ✇❤✐❝❤ ✇❡ ✜rst ♣❡r❢♦r♠ ❛ ♣r❡✲♣r♦❝❡ss✐♥❣ st❡♣ ♦♥ t❤❡
✐♠❛❣❡s t♦ r❡♠♦✈❡ ❛❧❧ ❞✐st♦rt✐♦♥s✳ ◆❡①t✱ t❤❡ ✉♥❞✐st♦rt❡❞ ✐♠❛❣❡s s❡r✈❡ ❛s ✐♥♣✉t ❢♦r ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥
♦❢ ❩❤❛♥❣✬s ♠❡t❤♦❞ ❢♦r ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ❝❛♠❡r❛s✳ ❇② ❞✐st♦rt✐♦♥s✱ ✇❡ ♠❡❛♥ ❛❧❧ ❞❡❢♦r♠❛t✐♦♥s r❡s✉❧t✐♥❣
❢r♦♠ ❧❡♥s❡s✱ ❝❛♠❡r❛ ❤❛r❞✇❛r❡ ✐♠♣❡r❢❡❝t✐♦♥s✱ ❢❛✉❧ts ✐♥ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❜♦❛r❞ ❛♥❞ ❡✈❡♥ ♥♦✐s❡✳ ❚♦
❝❛♣t✉r❡ t❤❡s❡✱ ✇❡ r❡❧② ♦♥ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❬✷✵❪✳ ❚❤❡② ❛r❡ ❛ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❇❛②❡s✐❛♥ r❡❣r❡ss✐♦♥
t❡❝❤♥✐q✉❡ t❤❛t ❛r❡ ✈❡r② ✇❡❧❧ s✉✐t❡❞ t♦ ❤❛♥❞❧❡ s♣❛rs❡ ♥♦✐s② ❞❛t❛s❡ts✳

❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❛♣♣❧✐❡s t♦ ❛ ✈❛r✐❡t② ♦❢ ✷❉✲❝❛♠❡r❛s✳ ❋♦r ❛♥② s✉❝❤ ❝❛♠❡r❛✱ ✇❡ tr❛✐♥ ❛
●❛✉ss✐❛♥ ♣r♦❝❡ss ♦♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❢r♦♠ ♣✐①❡❧ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝♦r♥❡rs ❞❡t❡❝t❡❞ ✐♥ ❛♥ ✐♠❛❣❡ ♦❢ ❛
sq✉❛r❡ ❣r✐❞ ♣❛tt❡r♥ ✭❡✳❣✳✱ ❛ ❝❤❡❝❦❡r❜♦❛r❞✮ t♦ ❛ ♣❡r❢❡❝t❧② s♣r❡❛❞ sq✉❛r❡ ❧❛tt✐❝❡ ♦❢ ✈✐rt✉❛❧ ✷❉ ♣♦✐♥ts✳
❖♥❧② ♦♥❡ ✐♠❛❣❡ ♦❢ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❜♦❛r❞ ✐s ♥❡❡❞❡❞ ❢♦r t❤✐s tr❛✐♥✐♥❣✳ ❚❤✐s ❧❛tt✐❝❡ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡
♥♦♥✲❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❝❤❡❝❦❡r❜♦❛r❞ ❝♦r♥❡rs ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❝❛♠❡r❛ ✐♠❛❣❡ t♦ ❛ ✈✐rt✉❛❧ ✐♠❛❣❡
♣❧❛♥❡✱ ❝♦♥s✐st✐♥❣ ♦❢ ✈✐rt✉❛❧ ♣✐①❡❧s✳ ❚❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❝❛♣t✉r❡s ❛❧❧ ♣♦ss✐❜❧❡ ❞✐st♦rt✐♦♥s✳

❆❧❧ ❢✉t✉r❡ ✐♠❛❣❡s ❝❛♥ ♥♦✇ ❜❡ ♠❛♣♣❡❞ t♦ t❤❡ s❛♠❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡✳ ❆s ❛❧❧ ❞✐st♦rt✐♦♥s ❛r❡
r❡♠♦✈❡❞✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ✈✐rt✉❛❧ ✐♠❛❣❡s ❛s t❤♦✉❣❤ t❤❡② ✇❡r❡ t❛❦❡♥ ❜② ❛♥ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛✳
❚❤✐s ♠❡t❤♦❞ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❛ss✉♠❡ ❛♥② ❞✐st♦rt✐♦♥ ♠♦❞❡❧ ❛♥❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ s❡✈❡r❡❧② ✇❛r♣❡❞
✐♠❛❣❡s✱ ❡✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ ❞✐st♦rt✐♦♥ s♦✉r❝❡s✱ ❡✳❣✳✱ ❛ ✜s❤❡②❡ ✐♠❛❣❡ ♦❢ ❛ ❝✉r✈❡❞ ♠✐rr♦r
r❡✢❡❝t✐♦♥✳

❚❤❡ ♣r♦❝❡ss ♦❢ ✜rst t❛❦✐♥❣ ✐♠❛❣❡s ❜② t❤❡ ❣✐✈❡♥ ❝❛♠❡r❛ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ♠❛♣♣✐♥❣
t♦ t❤✐s ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛❝q✉✐r✐♥❣ ✐♠❛❣❡s ❜② ❛ ✈✐rt✉❛❧ ❝❛♠❡r❛✱ ❝❛❧❧❡❞ t❤❡
●P✲❝❛♠❡r❛✱ r❡♣❧❛❝✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❝❛♠❡r❛✳ ❲❡ ✇✐❧❧ ✈❛❧✐❞❛t❡ t❤❛t t❤❡ ✐♠❛❣✐♥❣ ❜② t❤✐s ●P✲❝❛♠❡r❛
❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❡rs♣❡❝t✐✈✐t② ✭❝❡♥tr❛❧ ♣r♦❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥✮ ❢r♦♠ t❤❡ ✸❉ s❝❡♥❡ t♦ t❤❡ ✈✐rt✉❛❧
✐♠❛❣❡ ♣❧❛♥❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ●P ❝❛♠❡r❛ ✐s ❛ ♣✐♥❤♦❧❡ ❝❛♠❡r❛✳

❚❤❡ ♠❛✐♥ ❜❡♥❡✜t ♦❢ ♦❜t❛✐♥✐♥❣ ❛♥ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ ✐s t❤❛t ❛ ❧♦t ♦❢ ✇❡❧❧✲st✉❞✐❡❞ ❛❧❣♦r✐t❤♠s
❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ ♦♥ ✐ts ✐♠❛❣❡s✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ ♣♦s❡ ❡st✐♠❛t✐♦♥✱ ❞❡♣t❤ ❡st✐♠❛t✐♦♥✱
❡♣✐♣♦❧❛r ❣❡♦♠❡tr②✱ s❤❛♣❡ ❢r♦♠ ♠♦t✐♦♥✱ ✸❉ s❝❡♥❡ r❡❝♦♥str✉❝t✐♦♥✱ ♦♣t✐❝❛❧ ✢♦✇✱ ❡①t❡r♥❛❧❧② ❝❛❧✐❜r❛t✐♥❣
♠✉❧t✐♣❧❡ ❝❛♠❡r❛s ❛♥❞ ♦t❤❡r ✸❉ s❡♥s♦rs✱ ❡t❝✳ ▼❛♥② ♦❢ t❤❡s❡ ❛ss✉♠❡ ❛ ❝❡♥tr❛❧ ♣r♦❥❡❝t✐♦♥✳ ❋♦r ❛ tr❡❛t✐s❡
♦♥ t❤❡s❡ t♦♣✐❝s✱ ✇❡ r❡❢❡r t♦ t❤❡ ✐♥❞✉str② st❛♥❞❛r❞ ❜♦♦❦ ❬✼❪✳ ❖✉r ♠♦❞❡❧ ❛❧❧♦✇s ❢♦r ❛ s❡r✐♦✉s ✉♣❣r❛❞❡
♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ❞❡s✐❣♥❡❞ ✐♥ ❛ ♣✉r❡ ♣r♦❥❡❝t✐✈❡ ❣❡♦♠❡tr② s❡tt✐♥❣✳ ❚❤❡✐r
♣❡r❢♦r♠❛♥❝❡ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ ♥♦♥✲❧✐♥❡❛r ❧❡♥s ❞✐st♦rt✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ q✉❛❧✐t② ♦❢ ❝❛❧✐❜r❛t✐♦♥
t❡❝❤♥✐q✉❡s t❤❛t ❧❡❛♥ ♦♥ s♣❤❡r❡ ✐♠❛❣❡s ✐s ❞r❛st✐❝❛❧❧② ✐♠♣r♦✈❡❞ ✇❤❡♥ r❡❝t✐✜❡❞ ✐♠❛❣❡s ✇✐t❤ sq✉❛r❡
♣✐①❡❧s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❬✷✺✱✶✻✱✶✺❪✳

■♥ ❬✶✾❪✱ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❛r❡ ❛❧s♦ ✉s❡❞ t♦ ♠♦❞❡❧ ❧❡♥s ❞✐st♦rt✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡② s❡r✈❡ ❛s ❛
s✉rr♦❣❛t❡ ♠♦❞❡❧ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ❝❛♣t✉r❡s t❤❡ ❧❡♥s ❞✐st♦rt✐♦♥✳ ❆s s✉❝❤✱ t❤❡② ❛r❡ st✐❧❧ ♣❛rt ♦❢ t❤❡
✐t❡r❛t✐✈❡ ❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡ss✳ ▲❡♥s ❞✐st♦rt✐♦♥ ❜❛s❡❞ ♦♥ ♦♥❡ ❝❤❡❝❦❡r❜♦❛r❞ ♣❛tt❡r♥ ✐s ♣r♦♣♦s❡❞
✐♥ ❬✷✻❪✳ ❍♦✇❡✈❡r✱ t❤❡② ✐♠♣❧❡♠❡♥t t❤❡ ▲❡✈❡♥❜❡r❣✕▼❛rq✉❛r❞t ❛❧❣♦r✐t❤♠ t♦ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ s❡t ♦❢
♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r t❤❡✐r ❞✐st♦rt✐♦♥ ♠♦❞❡❧s✳ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❛r❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❛♥❞ ❛s s✉❝❤
❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤✐s✳ ❆ ❞❡❡♣ ❧❡❛r♥✐♥❣ ✈❛r✐❛♥t ♦❢ t❤✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✼❪✳

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦s ❛r❡✿

✕ ❲❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♥str✉❝t ❛ ✈✐rt✉❛❧ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ ♦✉t ♦❢ ❛ ✈❛r✐❡t② ♦❢ ♥♦♥✲♣✐♥❤♦❧❡
❝❛♠❡r❛s ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳



❍♦✇ t♦ t✉r♥ ②♦✉r ❝❛♠❡r❛ ✐♥t♦ ❛ ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✸

✕ ❲❡ s❤♦✇ t❤❛t ♦✉r ❝❛❧✐❜r❛t❡❞ ●P✲❝❛♠❡r❛ ✉s✐♥❣ ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❩❤❛♥❣✬s ♠❡t❤♦❞ ❧❡❛❞s
t♦ ♠♦r❡ ❛❝❝✉r❛t❡ ♠❡❛s✉r❡♠❡♥ts ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❛❧✐❜r❛t❡❞ ♦r✐❣✐♥❛❧ ❝❛♠❡r❛ ✉s✐♥❣ t❤❡ ❣❡♥❡r❛❧
❩❤❛♥❣✬s ♠❡t❤♦❞ ✇✐t❤ ✐t❡r❛t✐♦♥✳

✕ ❲❡ s❤♦✇ ❤♦✇ ♦✉r ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡♠♦✈❡ ❤❡❛✈② ❞✐st♦rt✐♦♥s ✐♥ ✐♠❛❣❡s✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✷ ♣r♦✈✐❞❡s s♦♠❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞
♦❢ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳ ■t ❡①♣❧❛✐♥s t❤❡ ❝♦♥str✉❝t✐♦♥ ❛♥❞ ♦♣❡r❛t✐♦♥ ♦❢ ❛ ✈✐rt✉❛❧ ●P✲❝❛♠❡r❛✱ ❛♥❞
❞❡s❝r✐❜❡s ❤♦✇ ✇❡ ✇✐❧❧ ✈❛❧✐❞❛t❡ t❤✐s ♣✐♥❤♦❧❡ ♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ s❤♦✇ t❤❡ r❡s✉❧ts ❛♥❞ ❝♦♠♣❛r❡
♦✉r ♠❡t❤♦❞ t♦ t❤❡ ▼❆❚▲❆❇ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❩❤❛♥❣✬s ♠❡t❤♦❞✳ ❲❡ ❞✐s❝✉ss t❤❡s❡ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥
✹✳ ❋✐♥❛❧❧②✱ ✇❡ ❢♦r♠✉❧❛t❡ ♦✉r ❝♦♥❝❧✉s✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✺✳

✷ ▼❡t❤♦❞s

focal length

Y

Z

checkerboard 1U

V

checkerboard n

V

U

GP mapping

GP training

❋✐❣✳ ✶✿ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ ♦✉r ♠❡t❤♦❞✳ ❆ ●P ♠♦❞❡❧ ♠❛♣s t❤❡ ❢♦✉♥❞ ❝♦r♥❡rs t♦ t❤❡ ✐♠❛❣❡ ♣❧❛♥❡✱
❝❛♣t✉r✐♥❣ ❛❧❧ ❧❡♥s ❞✐st♦rt✐♦♥s ❛♥❞ ❝❛♠❡r❛ ❛♥❞ ❝❤❡❝❦❡r❜♦❛r❞ ✐♠♣❡r❢❡❝t✐♦♥s✳

✷✳✶ ●❛✉ss✐❛♥ Pr♦❝❡ss❡s

❚❤✐s s❡❝t✐♦♥ ✐♥❝❧✉❞❡s ❛ ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♠♦st ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ●Ps✳ ❆s ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♠❛❝❤✐♥❡
❧❡❛r♥✐♥❣ t❡❝❤♥✐q✉❡✱ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✭●Ps✮ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ ❢♦r ♥✉♠❡r♦✉s ♣r❡❞✐❝t✐♦♥ t❛s❦s✱ ❡s♣❡✲
❝✐❛❧❧② ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ ✉♥❝❡rt❛✐♥t② ❡st✐♠❛t✐♦♥ ♣❧❛②s ❛ ❦❡② r♦❧❡✳ ❚❤❡② ✇❡r❡ ♦r✐❣✐♥❛❧❧② ❞❡s✐❣♥❡❞



✹ ❉❡ ❇♦✐ ❡t ❛❧✳

❛s ❛ ♣r♦❜❛❜✐❧✐st✐❝ r❡❣r❡ss✐♦♥ ♠❡t❤♦❞✱ ❜✉t ❛♣♣❡❛r t♦ ❜❡ ✉s❡❢✉❧ ❛s ❛ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ t❡❝❤♥✐q✉❡ ❦❡❡♣✲
✐♥❣ tr❛❝❦ ♦❢ ✉♥❝❡rt❛✐♥t✐❡s✳ ❆ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ❝♦♥t✐♥✉♦✉s ❝♦❧❧❡❝t✐♦♥ ♦❢ r❛♥❞♦♠
✈❛r✐❛❜❧❡s✱ ❛♥② ✜♥✐t❡ s✉❜s❡t ♦❢ ✇❤✐❝❤ ✐s ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ❛s ❛ ❝♦♥t✐♥✉♦✉s ♠✉❧t✐✈❛r✐❛t❡ ❞✐str✐❜✉t✐♦♥

❬✷✵❪✳ ❈♦♥s✐❞❡r ❛ s❡t ♦❢ n ♦❜s❡r✈❛t✐♦♥s D = {X,y}✱ ✇❤❡r❡ X =
[

x1,x2, ...,xn

]T
✐s ❛♥ n × d ✐♥♣✉t

♠❛tr✐① ❛♥❞ y =
[

y1, y2, ..., yn
]T

✐s ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ♦❢ s❝❛❧❛r ♦✉t♣✉ts✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥
t❤❡ ♠❛♣♣✐♥❣ f : Rd → R✱

y = f(x) + ǫ, ǫ ∼ N (0, σ2
ǫ ), ✭✶✮

✇❤❡r❡ ǫ ✐s t❤❡ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♦❜s❡r✈❛t✐♦♥ ♥♦✐s❡✳

❆ ●P ❝❛♥ ❜❡ ❢✉❧❧② ❞❡✜♥❡❞ ❜② ✐ts ♠❡❛♥ m(x) ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ k(x,x′)✿

f(x) ∼ GP(m(x), k(x,x′)) ✭✷✮

✇❤❡r❡ x ❛♥❞ x′ ❛r❡ t✇♦ ❞✐✛❡r❡♥t ✐♥♣✉ts✳ ■t ✐s ❝♦♠♠♦♥ ♣r❛❝t✐❝❡ t♦ ♥♦r♠❛❧✐s❡ t❤❡ ❞❛t❛ t♦ ③❡r♦ ♠❡❛♥
❬✷✵❪✳ ❇② ❞❡✜♥✐t✐♦♥✱ ❛ ●P ②✐❡❧❞s ❛ ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❢✉♥❝t✐♦♥s t❤❛t ❤❛✈❡ ❛ ❥♦✐♥t ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱

[

f

f∗

]

∼ N

([

mX

mX∗

]

,

[

KX,X KX,X∗

KX∗,X KX∗,X∗

])

, ✭✸✮

✇❤❡r❡ X ❛♥❞ X∗ ❛r❡ t❤❡ ✐♥♣✉t ✈❡❝t♦rs ♦❢ t❤❡ n ♦❜s❡r✈❡❞ tr❛✐♥✐♥❣ ♣♦✐♥ts ❛♥❞ n∗ t❤❡ ✉♥♦❜s❡r✈❡❞
t❡st ♣♦✐♥ts r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❡❛♥ ✈❛❧✉❡ ❢♦r X ✐s ❣✐✈❡♥ ❜② mX ✳ ▲✐❦❡✇✐s❡✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ❢♦r X∗

✐s ❣✐✈❡♥ ❜② mX∗
✳ ❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s KX,X ✱ KX∗,X∗

✱ KX∗,X ❛♥❞ KX,X∗
❛r❡ ❝♦♥str✉❝t❡❞ ❜②

❡✈❛❧✉❛t✐♥❣ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ k ❛t t❤❡✐r r❡s♣❡❝t✐✈❡ ♣❛✐rs ♦❢ ♣♦✐♥ts✳ ■♥ r❡❛❧ ✇♦r❧❞ ❛♣♣❧✐❝❛t✐♦♥s✱
✇❡ ❛r❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ♥♦✐s② ♦❜s❡r✈❛t✐♦♥s y✱ ❛s ✇❡ ❞♦♥✬t ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ ❧❛t❡♥t ❢✉♥❝t✐♦♥ ✈❛❧✉❡s✳

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❞✐❝t✐✈❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ●P ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

f∗|X,X∗,y,θ, σ
2
ǫ ∼ N (E(f∗),V(f∗)) , ✭✹✮

E(f∗) = mX∗
+KX∗,X

[

KX,X + σ2
ǫ I
]−1

f , ✭✺✮

V(f∗) = KX∗,X∗
−KX∗,X

[

KX,X + σ2
ǫ I
]−1

KX,X∗
. ✭✻✮

■♥ ♦✉r ✇♦r❦✱ ✇❡ ❛r❡ ♠❛✐♥❧② ✐♥t❡r❡st❡❞ ✐♥ E(f∗)✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ✭♦r ♠❡❛♥✮ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✈❛❧✉❡s
❛t ♣❛rt✐❝✉❧❛r t❡st ♣♦✐♥ts✳ ❚❤❡ ❤②♣❡r♣❛r❛♠❡t❡rs θ ❛r❡ ✉s✉❛❧❧② ❧❡❛r♥❡❞ ❜② ♠❛①✐♠✐s✐♥❣ t❤❡ ❧♦❣ ♠❛r❣✐♥❛❧
❧✐❦❡❧✐❤♦♦❞✳ ■♥ ♦✉r ❡①♣❡r✐♠❡♥ts ✇❡ ✉s❡ ▲✲❇❋●❙✱ ❛ q✉❛s✐✲◆❡✇t♦♥ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✷❪✳ ❚❤❡r❡
❡①✐sts ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s✱ ❛❧s♦ ❝❛❧❧❡❞ ❦❡r♥❡❧s ❬✺❪✳ ❆ ❝♦♠♠♦♥ ❝❤♦✐❝❡ ✐s t❤❡ sq✉❛r❡❞
❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧✱ ✇❤✐❝❤ ✇❡ ❛❧s♦ ❡♠♣❧♦② ✐♥ ♦✉r ✇♦r❦✳ ■t ✐s ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ t❤✉s ②✐❡❧❞s
s♠♦♦t❤ ❢✉♥❝t✐♦♥s✳ ❚❤✐s ✐s ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥ t♦ ♠❛❦❡ ✐♥ ♦✉r ❝♦♥t❡①t ❛♥❞ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✿

kSE(x,x
′) = σ2

f exp

(

−
|x− x′|2

2l2

)

, ✭✼✮

✐♥ ✇❤✐❝❤ σ2
f ✐s ❛ ❤❡✐❣❤t✲s❝❛❧❡ ❢❛❝t♦r ❛♥❞ l t❤❡ ❧❡♥❣t❤✲s❝❛❧❡ t❤❛t ❞❡t❡r♠✐♥❡s t❤❡ r❛❞✐✉s ♦❢ ✐♥✢✉❡♥❝❡ ♦❢

t❤❡ tr❛✐♥✐♥❣ ♣♦✐♥ts✳ ❋♦r t❤❡ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧ t❤❡ ❤②♣❡r♣❛r❛♠❡t❡rs ❛r❡ σ2
f ❛♥❞ l✳



❍♦✇ t♦ t✉r♥ ②♦✉r ❝❛♠❡r❛ ✐♥t♦ ❛ ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✺

✷✳✷ ❈♦♥str✉❝t✐♥❣ ❛♥ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛

❊✈❡r② ♣✐①❡❧ ✐♥ ❛♥ ✐♠❛❣❡ t❛❦❡♥ ❜② ❛ ❝❛♠❡r❛ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❛② ♦❢ ✐♥❝♦♠✐♥❣ ❧✐❣❤t✱ ✇❤✐❝❤ ✐s ❛ str❛✐❣❤t
❧✐♥❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ ♣♦✐♥ts ♦♥ t❤✐s str❛✐❣❤t ❧✐♥❡ ✐♥ ✸❉ s♣❛❝❡ ❛r❡ ♠❛♣♣❡❞ t♦ t❤❡ s❛♠❡ ♣✐①❡❧✳
❋♦r ❛ ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ❝❛♠❡r❛✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✽❪✱ ❛❧❧ t❤❡s❡ ❧✐♥❡s ✐♥t❡rs❡❝t ✐♥ ❛ ❝❡♥tr❛❧ ♣♦✐♥t ❝❛❧❧❡❞
t❤❡ ♦♣t✐❝❛❧ ❝❡♥tr❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r t❤❡ ♣✐♥❤♦❧❡ ♠♦❞❡❧✱ t❛❦✐♥❣ ✐♠❛❣❡s ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❡rs♣❡❝t✐✈❡
♣r♦❥❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣♦rt❛♥t ❡①❛♠♣❧❡ ♦❢ ❛ ♣r♦❥❡❝t✐✈❡ ♠❛♣ ❢♦r♠ P

3 t♦ P
2✳ ❚❤❡ ✐♠❛❣❡ ♣❧❛♥❡ ✐s

♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❢♦❝❛❧ ❛①✐s✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ♦♣t✐❝❛❧ ❝❡♥tr❡ ❛♥❞ ♣♦✐♥t✐♥❣ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ✐♥
✇❤✐❝❤ t❤❡ ❝❛♠❡r❛ ♣❡r❝❡✐✈❡s t❤❡ ✇♦r❧❞✳ ❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦♣t✐❝❛❧ ❝❡♥tr❡ ❛♥❞ t❤❡ ✐♠❛❣❡ ♣❧❛♥❡
✐s ❝❛❧❧❡❞ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤✳ ■♥ ❋✐❣✉r❡ ✶ ✇❡ ♣r❡s❡♥t ❛ ♣✐♥❤♦❧❡ ❝❛♠❡r❛✱ ✇❤❡r❡ ❡✈❡r② ❝❤❡❝❦❡r❜♦❛r❞ ✐s
♣r♦❥❡❝t❡❞ t♦ t❤❡ ✐♠❛❣❡ ♣❧❛♥❡✳ ▼♦r❡ ❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳

❆ ♠②r✐❛❞ ♦❢ ❝❛❧✐❜r❛t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ✭♣✐♥❤♦❧❡✮ ❝❛♠❡r❛s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❉✉❡
t♦ ✐ts ✐♠♣♦rt❛♥❝❡ ✐♥ ❝♦♠♣✉t❡r ✈✐s✐♦♥✱ t❤✐s ✐s st✐❧❧ ❛ ✈❡r② ❛❝t✐✈❡ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤✳ ❍❡r❡✱ ✇❡ r❡str✐❝t
♦✉rs❡❧✈❡s t♦ t❤❡ ♠❡t❤♦❞s ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✱ s✉❝❤ ❛s t❤❡ ❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ t♦♦❧❜♦①❡s
✐♥ ▼❆❚▲❆❇ ❛♥❞ ❖♣❡♥❈❱✳ ❚❤❡✐r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❩❤❛♥❣✬s ♠❡t❤♦❞ ❬✷✽❪✱
✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❉✐r❡❝t ▲✐♥❡❛r ❚r❛♥s❢♦r♠ ✭❉▲❚✮ ♠❡t❤♦❞✱ ✇✐t❤ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♣♦✐♥ts ❧♦❝❛t❡❞
✐♥ ♣❧❛♥❛r ♦❜❥❡❝ts s✉❝❤ ❛s ✢❛t ❝❤❡❝❦❡r❜♦❛r❞s✳ ❙❡❡ ❬✼✱✷❪ ❢♦r ❛ ♠♦r❡ ✐♥ ❞❡♣t❤ tr❡❛t✐s❡✳ ❲❡ ♣r♦✈✐❞❡ ❛♥
♦✈❡r✈✐❡✇ ♦❢ ❩❤❛♥❣✬s ♠❡t❤♦❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

❚♦ ❛❝❝♦✉♥t ❢♦r ❞✐st♦rt✐♦♥✱ ❩❤❛♥❣✬s ♠❡t❤♦❞ ✜rst ❛ss✉♠❡s ❛ ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✇✐t❤ ♥♦ ❞✐st♦r✲
t✐♦♥ ❛t ❛❧❧✱ ❛♥❞ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♠❛tr✐① K ❜② ♠❡❛♥s ♦❢ s❡✈❡r❛❧ ❤♦♠♦❣r❛♣❤✐❡s ❜❡t✇❡❡♥
❝❤❡❝❦❡r❜♦❛r❞ ♣♦s✐t✐♦♥s ❛♥❞ t❤❡ ✐♠❛❣❡ ♣❧❛♥❡✳ ❚❤❡s❡ ❤♦♠♦❣r❛♣❤✐❡s ❛r❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦s✐✲
t✐♦♥s ♦❢ t❤❡s❡ ❜♦❛r❞s r❡❧❛t✐✈❡ t♦ t❤❡ ❝❛♠❡r❛✳ ❚❤❡s❡ ❝❛♠❡r❛ ✐♥tr✐♥s✐❝s ❛♥❞ ❡①tr✐♥s✐❝s s❡r✈❡ ❛s ❛♥ ✐♥✐t✐❛❧
❣✉❡ss ❢♦r ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ✐♥ ✇❤✐❝❤ t❤❡ ❞✐st♦rt✐♦♥ ♠♦❞❡❧ ✐s ✐♥t❡❣r❛t❡❞✳ ❆ ♥♦♥✲❧✐♥❡❛r ♦♣t✐♠✐③❛t✐♦♥
♣r♦❝❡ss ✐s t❤❡♥ ✐♠♣❧❡♠❡♥t❡❞ t♦ ✜♥❞✱ ❛❢t❡r ❝♦♥✈❡r❣❡♥❝❡✱ ✈❛❧✉❡s ❢♦r ❜♦t❤ t❤❡ ✐♥tr✐♥s✐❝s✱ ❡①tr✐♥s✐❝s ❛♥❞
t❤❡ ❞✐st♦rt✐♦♥ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳

❍❡r❡✐♥ ❧✐❡s t❤❡ ♠❛✐♥ ♣✐t❢❛❧❧ ♦❢ t❤✐s ♠❡t❤♦❞✳ ❇② ✐t❡r❛t✐♥❣ t♦✇❛r❞s ❛ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ♣❛r❛♠❡t❡rs
✈❛❧✉❡s✱ t❤❡r❡ ✐s ❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ t❤❡♠✳ ❚❤✐s ♠❡❛♥s ✉♥❥✉st❧② ❛❧t❡r✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ♦♥❡ ♣❛r❛♠❡t❡r
✐♥ ❢❛✈♦✉r ♦❢ ❛♥♦t❤❡r ♦♥❡✳ ❇♦t❤ t❤❡ ♣✐♥❤♦❧❡ ❛♥❞ t❤❡ ❞✐st♦rt✐♦♥ ♠♦❞❡❧ ♠✐❣❤t ❜❡ ❛♥ ♦✈❡rs✐♠♣❧✐✜❝❛t✐♦♥
♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ r❡❛❧✐t②✳

◆♦✇ ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ❤♦✇ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ ❜② ✉s✐♥❣ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s
t❤❛t ✜rst r❡♠♦✈❡ ❛❧❧ ❢❛❝t♦rs t❤❛t ♠❛❦❡ t❤❡ ♣✐♥❤♦❧❡ ❛ss✉♠♣t✐♦♥ ✐♥✈❛❧✐❞✳ ❲❤❛t ✐s ❧❡❢t✱ ✐s ❛ ✈✐rt✉❛❧
✭✐❞❡❛❧✮ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ ❢♦r ✇❤✐❝❤ ❛ s✐♠♣❧✐✜❡❞ ❩❤❛♥❣✬s ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞✳

❯s✐♥❣ ❛ ✜①❡❞ ❜✉t ❛r❜✐tr❛r② ✷❉✲❝❛♠❡r❛✱ ♣❤②s✐❝❛❧ ♦r s✐♠✉❧❛t❡❞✱ ✇❡ t❛❦❡ t❤❡ ✐♠❛❣❡ ♦❢ ♦♥❧② ♦♥❡

❝❤❡❝❦❡r❜♦❛r❞✱ ♦r ❛♥② ♣❧❛♥❛r sq✉❛r❡ ❣r✐❞ ♣❛tt❡r♥✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❧♦❝❛❧ xy✲r❡❢❡r❡♥❝❡ ❢r❛♠❡ ♦♥ t❤❡
❜♦❛r❞ ♣❧❛♥❡✱ ✇✐t❤ ❝♦♦r❞✐♥❛t❡ ❛①❡s ♣❛r❛❧❧❡❧ t♦ t❤❡ ❣r✐❞ ❧✐♥❡s✱ t❤❡ ✉♥✐t ❡q✉❛❧ t♦ t❤❡ sq✉❛r❡ ❡❞❣❡s ❛♥❞
t❤❡ ♦r✐❣✐♥ t②♣✐❝❛❧❧② ❝♦✐♥❝✐❞❡♥t ✇✐t❤ s♦♠❡ ❣r✐❞ ❝♦r♥❡r✳ ❚❤✐s ❜♦❛r❞ ❝❛♥ ❜❡ ♣❧❛❝❡❞ ❛♥②✇❤❡r❡ ✐♥ ✸❉
s♣❛❝❡✱ ❜✉t ❢♦r ♦✉r ♣✉r♣♦s❡s✱ ✐t ✐s ❜❡st t♦ ♣♦s✐t✐♦♥ ✐t ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t ✜❧❧s ✉♣ t❤❡ ❡♥t✐r❡ ✐♠❛❣❡✳
❖♥❝❡ t❤✐s ✐s ❞♦♥❡✱ ✇❡ ❞❡✜♥❡ ❛ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ✇❤❡r❡ t❤❡ ❣r✐❞ sq✉❛r❡s ❛r❡ t❤❡ ✈✐rt✉❛❧ ♣✐①❡❧s✳ ❲❡
❞❡t❡❝t t❤❡ ❣r✐❞ ❝♦r♥❡rs ✐♥ t❤❡ ✐♠❛❣❡ ✉s✐♥❣ ❛♥② ❝♦r♥❡r ❞❡t❡❝t✐♦♥ s②st❡♠✱ ❡✳❣✳✱ t❤❡ ▼❆❚▲❆❇ ❈❛♠❡r❛
❈❛❧✐❜r❛t✐♦♥ ❚♦♦❧❜♦①✳ ❲❡ ❛ss✐❣♥ t♦ ❡✈❡r② ❞❡t❡❝t❡❞ ❝♦r♥❡r ✐ts ❧♦❝❛❧ xy✲❝♦♦r❞✐♥❛t❡s ♦♥ ❛ ✈✐rt✉❛❧ ✐♠❛❣❡
♣❧❛♥❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♦r✐❣✐♥❛❧ ❜♦❛r❞ ✐♠❛❣❡ ✐s ♠❛♣♣❡❞ t♦ ❛ ♣❡r❢❡❝t sq✉❛r❡ ❧❛tt✐❝❡ ♦❢ ♣♦✐♥ts
✐♥ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡✳

❚❤❡s❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡ts ♦❢ ❞❛t❛ ❛r❡ ✉s❡❞ t♦ tr❛✐♥ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ♠♦❞❡❧ ❢♦r ❛ ♠❛♣ ❜❡t✇❡❡♥
t❤❡ uv✲❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ❛♥❞ t❤❡ xy✲❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡✱
❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✐♠♣❧❡♠❡♥t t✇♦ ✐♥❞❡♣❡♥❞❡♥t s❝❛❧❛r ♦✉t♣✉t ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✿
♦♥❡ ❢♦r t❤❡ r❡s✉❧t✐♥❣ x✲❝♦♦r❞✐♥❛t❡ ❛♥❞ ♦♥❡ ❢♦r t❤❡ y✲❝♦♦r❞✐♥❛t❡✳



✻ ❉❡ ❇♦✐ ❡t ❛❧✳

■♥ s✉♠♠❛r②✱ ❢♦r ❛ ❣✐✈❡♥ ✷❉✲❝❛♠❡r❛ ❛♥❞ t❤❡ ✐♠❛❣❡ ♦❢ s♦♠❡ s♣❛t✐❛❧❧② ♣♦s✐t✐♦♥❡❞ sq✉❛r❡ ❣r✐❞
♣❛tt❡r♥s✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛ ✈✐rt✉❛❧ ●P✲❝❛♠❡r❛ t❤❛t ♦❜t❛✐♥s ✐ts ✐♠❛❣❡s ❜② ♠❛♣♣✐♥❣ t❤❡ r❡❛❧
✐♠❛❣❡s t♦ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ❜② ♠❡❛♥s ♦❢ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✳

❆❧t❤♦✉❣❤ t❤❡ ●❛✉ss✐❛♥ ♠❛♣ ♦❢ t❤✐s ●P✲❝❛♠❡r❛ ✇❛s tr❛✐♥❡❞ ♦♥ ❛ s✐♥❣❧❡ ❝❤❡❝❦❡r❜♦❛r❞ ✐♠❛❣❡✱ ✐t
❛♣♣❛r❡♥t❧② r❡♠♦✈❡s t❤❡ ❞✐st♦rt✐♦♥ ❢♦r ❛♥② ✐♠❛❣❡ ♦❢ ❛♥② s♣❛t✐❛❧ ♦❜❥❡❝t✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ✐♥✈❡st✐❣❛t❡
t❤❡ ✐♠❛❣❡s ❢♦r ♠❛♥② ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❜♦❛r❞ ❛♥❞ ♦❜s❡r✈❡ t❤❡ str❛✐❣❤t♥❡ss ♦❢ ❛❧❧ t❤❡
●P✲✐♠❛❣❡s ♦❢ t❤❡ ❣r✐❞ ❧✐♥❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ●P✲❝❛♠❡r❛ ♠❛♣s ❡✈❡r② ♣❧❛♥❡ ✭❜♦❛r❞ ♣♦s✐t✐♦♥✮ ❛s
❛ ❝♦❧❧✐♥❡❛t✐♦♥✱ ✇❤✐❝❤ ♠✉st ❜❡ ❛ ❤♦♠♦❣r❛♣❤② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ♣r♦❥❡❝t✐✈❡
❣❡♦♠❡tr② ❬✷✷❪✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ●P✲❝❛♠❡r❛ ✐♠❛❣❡s t❤❡ ✇♦r❧❞ ❛s ❛ ♣r♦❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥✳

❋✉rt❤❡r♠♦r❡✱ t❤✐s ♣r♦❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❛ ♣❡rs♣❡❝t✐✈✐t② ✭❝❡♥tr❛❧ ♣r♦❥❡❝t✐♦♥✮ s✐♥❝❡ ✐t ❝❛♥
❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① P t❤❛t ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s✿

x = PX = K[R | t]X, ✭✽✮

✇❤❡r❡ ✇❡ ✇♦r❦ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s x = (x, y, 1)T ❢♦r ♣♦✐♥ts ✐♥ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡
❛♥❞ X = (X,Y, Z, 1)T s♣❛t✐❛❧ ♣♦✐♥ts✳

■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♠❛tr✐① K ❜② ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❩❤❛♥❣✬s ♠❡t❤♦❞✱
❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ✇❡ ♥❡❡❞ ♦♥❧② t❤r❡❡ ♣❛r❛♠❡t❡rs ❢♦r t❤✐s✳ ❙✐♥❝❡
✇❡ ❛r❡ ✇♦r❦✐♥❣ ♦♥ sq✉❛r❡ ♣✐①❡❧s✱ t❤❡r❡ ✐s ♥♦ ❧♦♥❣❡r ❛♥② s❦❡✇♥❡ss ❛♥❞ t❤❡ s❝❛❧❡ ✐s t❤❡ s❛♠❡ ✐♥ t❤❡
x− ❛♥❞ y✲❞✐r❡❝t✐♦♥✿

K =





f 0 uc

0 f vc
0 0 1



 . ✭✾✮

❚❤❡ ❡①tr✐♥s✐❝ ❝♦♠♣♦♥❡♥t [R | t] ✐♥ ❊q✉❛t✐♦♥ ✽ tr❛♥s❢♦r♠s t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ✇♦r❧❞ r❡❢❡r❡♥❝❡
❢r❛♠❡ t♦ t❤♦s❡ ✐♥ t❤❡ ●P✲❝❛♠❡r❛ r❡❢❡r❡♥❝❡ ❢r❛♠❡✳ ❚❤❡ ●P✲♦r✐❣✐♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♣r✐♥❝✐♣❛❧
♣♦✐♥t (uc, vc) ❛♥❞ t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ f ✱ ✇❤✐❝❤ ✐s ♠❡❛s✉r❡❞ ✐♥ ✈✐rt✉❛❧ ♣✐①❡❧ ✉♥✐ts✳ ❚❤❡ X ❛♥❞ Y ❛①❡s
♦❢ t❤❡ ❧❛tt❡r ❛r❡ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛①❡s ♦❢ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ❛s t❤❡② ❛♣♣❡❛r ♦♥ t❤❡
❝❤❡❝❦❡r❜♦❛r❞ ✐♥ ✐ts ✜rst ♣♦s✐t✐♦♥✳ ❚❤❡ Z ❛①✐s ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤✐s✱ ②✐❡❧❞✐♥❣ t❤❡ ❡q✉❛t✐♦♥ Z = f

❢♦r t❤❡ ●P ✐♠❛❣❡ ♣❧❛♥❡✳

❲❡ ✈❛❧✐❞❛t❡ t❤✐s ♣✐♥❤♦❧❡ ♠♦❞❡❧ ❢♦r t❤❡ ●P✲❝❛♠❡r❛ ❜② s❤♦✇✐♥❣ t❤❡ ❛❧♠♦st ♣❡r❢❡❝t ♠❛t❝❤ ♦❢
K ✐♥ ❊q✉❛t✐♦♥ ✾ ❛s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s ♦❢ ❩❤❛♥❣✬s ♠❡t❤♦❞ ❢♦r ♠❛♥② ❜♦❛r❞ ♣♦s✐t✐♦♥s ♦r
❤♦♠♦❣r❛♣❤✐❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ♦❜s❡r✈❡ ✈❡r② s♠❛❧❧ r❡♣r♦❥❡❝t✐♦♥ ❡rr♦rs ✐♥ t❤❡ ♣✐♥❤♦❧❡ ♠♦❞❡❧ ♦❢ t❤❡
●P✲❝❛♠❡r❛✱ ✉s✐♥❣ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡s❡ ❜♦❛r❞s ❛s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❝♦♠♣✉t❡❞ ❤♦♠♦❣r❛♣❤✐❡s
✭❙❡❝t✐♦♥ ✸✮✳ ❊✈❡r②t❤✐♥❣ t❤❛t ♠❛❦❡s ♦✉r r❡❛❧ ✇♦r❧❞ ❝❛♠❡r❛ ❞❡✈✐❛t❡ ❢r♦♠ ❛♥ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ ✐s
❝❛♣t✉r❡❞ ❜② t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ♠♦❞❡❧✳ ❚❤✐s ❡♥t❛✐❧s ❧❡♥s ❞✐st♦rt✐♦♥s✱ ✐♠♣❡r❢❡❝t✐♦♥s ✐♥ t❤❡ ❧❡♥s✱
❝❛♠❡r❛✱ ❝❤❡❝❦❡r❜♦❛r❞ ❛♥❞ ❡✈❡♥ ♥♦✐s❡ ✐♥ t❤❡ ✐♠❛❣❡✳

❆❧t❤♦✉❣❤ t❤❡ ●P✲❝❛♠❡r❛ ✐s ❛ ✈✐rt✉❛❧ ❝❛♠❡r❛✱ ✇❡ ❤❛✈❡ ❛ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✐ts ♣✐♥❤♦❧❡
♠♦❞❡❧✳ ❚❤❡ ❝❡♥tr❡ ♦❢ t❤✐s ✈✐rt✉❛❧ ❝❛♠❡r❛ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ♦♣t✐❝❛❧ ❝❡♥tr❡ ♦❢ t❤❡ ♣❤②s✐❝❛❧
❝❛♠❡r❛✱ ❜✉t t❤❡ ❢♦❝❛❧ ❛①✐s ♦❢ t❤❡ ✈✐rt✉❛❧ ❝❛♠❡r❛ ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ sq✉❛r❡ ❧❛tt✐❝❡ ❜♦❛r❞ ✐♥ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ✜rst r❡❢❡r❡♥❝❡ ✐♠❛❣❡✳ ❚❤✐s ❧❛tt✐❝❡ ❜♦❛r❞ ✐s t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡✱ ❤❛✈✐♥❣ ✇♦r❧❞ ♣✐①❡❧s
❡q✉❛❧ t♦ t❤❡ sq✉❛r❡ ❝❡❧❧s✳ ❚❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ✐s ♠❡❛s✉r❡❞ ❢r♦♠ t❤❡ ●P✲❝❡♥tr❡ t♦ t❤✐s ✈✐rt✉❛❧ ✐♠❛❣❡
♣❧❛♥❡ ✐♥ t❤❡ s❛♠❡ ❣r✐❞ ✉♥✐ts✳ ❚❤❡ ✐♠❛❣❡s ♦❢ t❤❡ ●P✲❝❛♠❡r❛ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛ ❝❡♥tr❛❧ ♣r♦❥❡❝t✐♦♥
❢r♦♠ t❤✐s ❝❡♥tr❡ ♦♥t♦ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ✭❋✐❣✉r❡ ✶✮✳ ❚❤❡s❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✈✐rt✉❛❧ ❝❛♠❡r❛
❛r❡ ✜①❡❞ ♦♥❝❡ ❛♥❞ ❢♦r ❛❧❧ ❢r♦♠ t❤❡ ♠♦♠❡♥t t❤❡ ✜rst ♣✐❝t✉r❡ ✐s t❛❦❡♥✳ ❍♦✇❡✈❡r✱ t❤❡② ❛r❡ ❧✐♥❦❡❞ t♦
t❤❡ ♣❤②s✐❝❛❧ ❝❛♠❡r❛✱ ❡✈❡♥ ✐❢ ✐t ✐s ❧❛t❡r ♦♥ ♠♦✈❡❞ t♦ ❛ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥ ❛♥❞ r♦t❛t✐♦♥✳



❍♦✇ t♦ t✉r♥ ②♦✉r ❝❛♠❡r❛ ✐♥t♦ ❛ ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✼

❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ t❤❡ ●P✲❝❛♠❡r❛ ❜② t❤❡ s✐♠♣❧✐✜❡❞ ❩❤❛♥❣✬s ♠❡t❤♦❞ ♥♦t ♦♥❧② ✈❛❧✐❞❛t❡s t❤❡
♣✐♥❤♦❧❡ ♠♦❞❡❧ ✇✐t❤ sq✉❛r❡ ♣✐①❡❧s✱ ✐t ❛❧s♦ ♣r♦✈✐❞❡s ❛♥ ✐♥t❡r❡st✐♥❣ ❛❧t❡r♥❛t✐✈❡ t♦ ❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥✱
❝❧❡❛r❧② ♦✉t♣❡r❢♦r♠✐♥❣ st❛t❡✲♦❢✲t❤❡✲❛rt ♠❡t❤♦❞s ✇✐t❤ r❡s♣❡❝t t♦ s✐♠♣❧✐❝✐t② ❛♥❞ ❛❝❝✉r❛❝② ✭❙❡❝t✐♦♥ ✸✮✳

✷✳✸ ❚❤❡ ❞❛t❛s❡ts

❚❛❜❧❡ ✶✿ ❚❤❡ ❞❛t❛s❡ts✳
❉❛t❛s❡t ◆r ♦❢ ❝❤❡❝❦❡r❜♦❛r❞s ◆r ♦❢ ❝♦r♥❡rs ■♠❛❣❡ r❡s♦❧✉t✐♦♥

❯♥✐t② ♣✐♥❤♦❧❡ ✸✵ ✶✺①✾ ✸✽✹✵①✷✶✻✵
❯♥✐t② ❜❛rr❡❧ ✸✵ ✶✺①✾ ✸✽✹✵①✷✶✻✵
❯♥✐t② ♣✐♥❝✉s❤✐♦♥ ✸✵ ✶✺①✾ ✸✽✹✵①✷✶✻✵
❲❡❜❝❛♠ ✶✶ ✶✺①✾ ✷✺✻✵①✶✹✹✵
❲❡❜❝❛♠ ✇✐t❤ t❡❧❡❧❡♥s ✶✼ ✶✹①✾ ✷✺✻✵①✶✹✹✵
❘❡❛❧❙❡♥s❡ ✇✐t❤ ♠✐rr♦r ✷✻ ✶✹①✾ ✾✼✶①✽✼✶

❲❡ ✈❛❧✐❞❛t❡ ♦✉r ✜♥❞✐♥❣s ♦♥ s✐① ❞✐✈❡rs❡ ❞❛t❛s❡ts ♦❢ ✐♠❛❣❡s ♦❢ ❝❤❡❝❦❡r❜♦❛r❞s✳ ❆♥ ♦✈❡r✈✐❡✇ ✐s ❣✐✈❡♥
✐♥ ❚❛❜❧❡ ✶✳ ❚❤❡ ✜rst t❤r❡❡ ❞❛t❛s❡ts ❛r❡ ❣❡♥❡r❛t❡❞ ✐♥ ❛ s❝❡♥❡ ♠❛❞❡ ✐♥ t❤❡ ❯♥✐t② ❣❛♠❡ ❡♥❣✐♥❡ s♦❢t✇❛r❡
✈❡rs✐♦♥ ✭✷✵✷✵✳✷✳✺❢✶✮✳ ❚❤❡s❡ s❡ts ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ s❝❡♥❡✱ s♦ t❤❡② ❞❡♣✐❝t ✐❞❡♥t✐❝❛❧ ♣♦s✐t✐♦♥s ❛♥❞
r♦t❛t✐♦♥s ❢♦r t❤❡ ❜♦❛r❞s✳ ❚❤❡ ❜❛rr❡❧ ❞✐st♦rt✐♦♥ ❛♥❞ ♣✐♥❝✉s❤✐♦♥ ❞✐st♦rt✐♦♥ ❡✛❡❝t ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡
❜✉✐❧t✲✐♥ ♣♦st✲♣r♦❝❡ss✐♥❣ ♣❛❝❦❛❣❡✳ ❚❤❡ ❜❛rr❡❧ ❞✐st♦rt✐♦♥ ❝❡♥tr❡ ✇❛s ♣❧❛❝❡❞ ✐♥ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ✐♠❛❣❡✳
❚❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ♣✐♥❝✉s❤✐♦♥ ❞✐st♦rt✐♦♥ ✐s s❤✐❢t❡❞ t♦ t❤❡ ❧❡❢t ❛♥❞ ❜♦tt♦♠ ♦❢ t❤❡ ✐♠❛❣❡✳

❚❤❡ ❧❛st t❤r❡❡ ❞❛t❛s❡ts ❛r❡ ♠❛❞❡ ✇✐t❤ r❡❛❧ ✇♦r❧❞ ❝❛♠❡r❛s✳ ❚❤❡ ❲❡❜❝❛♠ ✐s ❛♥ ❆✈❛❧✉❡ ✷❦ ❲❡❜❝❛♠
❛♥❞ t❤❡ t❡❧❡❧❡♥s ✐s ❛♥ ❆♣❡①❡❧ ❚❡❧❡❧❡♥s ①✷✳ ❚❤❡ ❘❡❛❧❙❡♥s❡ ✐s ♦❢ t❤❡ t②♣❡ ❉✹✶✺✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s
❝❛t❛❞✐♦♣tr✐❝ s②st❡♠✱ ❛s t❤❡ ❝❛♠❡r❛ ✐s ♣♦✐♥t❡❞ ❛t ❛ ♠✐rr♦r ✇✐t❤ ✉♥❦♥♦✇♥ ❝✉r✈❛t✉r❡✳ ❚❤❡ ❝❡♥tr❡ ✐s
r❡❧❛t✐✈❡❧② ✢❛t ✇❤✐❧❡ t❤❡ ❡❞❣❡s s❤♦✇ ♠♦r❡ s♣❤❡r✐❝❛❧ ❜❡♥❞✐♥❣✳ ❚❤❡r❡ ✐s ♥♦ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ t♦
❝❛❧✐❜r❛t❡ t❤✐s s②st❡♠✳ ■♥ ❋✐❣✉r❡ ✷ ✇❡ ❞❡♣✐❝t ❛♥ ❡①❛♠♣❧❡ ♦❢ ♦♥❡ ❜♦❛r❞ ♦✉t ♦❢ ❡✈❡r② ❞❛t❛s❡t ✐♥ t❤❡
✜rst ❝♦❧✉♠♥✳

✸ ❘❡s✉❧ts

❲❡ ✈❛❧✐❞❛t❡ ♦✉r ✜♥❞✐♥❣s ✇✐t❤ t❤r❡❡ ❛ss❡ss♠❡♥ts✳ ❋✐rst✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ✇❡❧❧ t❤❡ ●❛✉ss✐❛♥ ♣r♦✲
❝❡ss❡s ♣r❡❞✐❝t ❝♦❧❧✐♥❡❛t✐♦♥s✱ ♠❡❛♥✐♥❣ ♣r❡❞✐❝t✐♦♥s ❢♦r ❝♦r♥❡rs ♦❢ ❛ ❝❤❡❝❦❡r❜♦❛r❞ r❡s✉❧t ✐♥ r♦✇s ❛♥❞
❝♦❧✉♠♥s t❤❛t ❛r❡ str❛✐❣❤t ❧✐♥❡s✳ ❙❡❝♦♥❞✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ r❡♣r♦❥❡❝t✐♦♥ ❡rr♦r ❢♦r ❢♦✉♥❞ ✸❉ ❝♦♦r❞✐♥❛t❡s
♦❢ ❝♦r♥❡rs ♦❢ t❤❡ ✉s❡❞ ❝❤❡❝❦❡r❜♦❛r❞s✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ r❡♠♦✈❛❧ ♦❢ ❞✐st♦rt✐♦♥✳

✸✳✶ ❈♦❧❧✐♥❡❛t✐♦♥ ❛ss✉♠♣t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✈❛❧✐❞❛t❡ ♦✉r ♠❡t❤♦❞ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ♠❛♣♣✐♥❣ ❞♦♥❡ ❜② ♦✉r ●P✲❜❛s❡❞ ❛❧✲
❣♦r✐t❤♠ ❢r♦♠ uv✲ t♦ xy✲❝♦♦r❞✐♥❛t❡s ✐s ❛ ♣r♦❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ✇❤❡r❡ ❛♥② str❛✐❣❤t ❧✐♥❡ ❢❡❞ ✐♥t♦
t❤❡ s❛✐❞ ♠❛♣♣✐♥❣ r❡♠❛✐♥s str❛✐❣❤t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❝♦❧❧✐♥❡❛r✐t② ♦❢ ♣♦✐♥ts ✐s ♣r❡s❡r✈❡❞✳ ❲❡ ♣r♦✈❡ t❤❡
❛❢♦r❡♠❡♥t✐♦♥❡❞ st❛t❡♠❡♥t ❜♦t❤ ✈✐s✉❛❧❧② ✭❋✐❣✉r❡ ✷✮ ❛♥❞ q✉❛♥t✐t❛t✐✈❡❧② ✭❚❛❜❧❡ ✷✮✳

▲❡t t❤❡ ❣r✐❞ ❢♦r♠❡❞ ❜② t❤❡ ❝♦r♥❡r ♣♦✐♥ts ♦❢ ❛ ❝❤❡❝❦❡r❜♦❛r❞ ❤❛✈❡ s❡✈❡r❛❧ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢
♠✉❧t✐♣❧❡ ♣♦✐♥ts ❡❛❝❤✳ ❲❡ ✜♥❞ t❤❡ ❜❡st ✜t ❧✐♥❡s t❤r♦✉❣❤ ❛❧❧ ♦❢ t❤❡s❡ ✐♥❞✐✈✐❞✉❛❧ r♦✇s ❛♥❞ ❝♦❧✉♠♥s✳



✽ ❉❡ ❇♦✐ ❡t ❛❧✳

❋✐❣✳ ✷✿ ❈♦❧✉♠♥ ✶✿ ❛♥ ❡①❛♠♣❧❡ ♦❢ ♦♥❡ ❜♦❛r❞ ♦❢ t❤❡ ❞❛t❛s❡ts ♦❢ ❚❛❜❧❡ ✷✳ ❈♦❧✉♠♥ ✷✿ t❤❡ ❝♦❧❧✐♥❡❛r✐t②
❝❤❡❝❦ ♦♥ t❤❡ r❡s✉❧t ♦❢ t❤❡ ●P ❢♦r t❤❛t ❜♦❛r❞✳ ❈♦❧✉♠♥ ✸✿ ✉♥❞✐st♦rt❡❞ ✐♠❛❣❡ ❜② ▼❆❚▲❆❇✳ ❈♦❧✉♠♥
✹✿ ✉♥❞✐st♦rt❡❞ ✐♠❛❣❡ ❜② ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✭♦✉r ♠❡t❤♦❞✮✳



❍♦✇ t♦ t✉r♥ ②♦✉r ❝❛♠❡r❛ ✐♥t♦ ❛ ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✾

❙✉❜s❡q✉❡♥t❧②✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❞✐st❛♥❝❡ ♦❢ ❡❛❝❤ ♣♦✐♥t ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❡st ✜t
❧✐♥❡✳ ❚❤❡ ❘♦♦t ▼❡❛♥ ❙q✉❛r❡ ✭❘▼❙✮ ♦❢ t❤❡s❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❞✐st❛♥❝❡s ❢♦r ❡❛❝❤ r♦✇✴❝♦❧✉♠♥ ✐s ❞✐✈✐❞❡❞
❜② t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡♥❞ ♣♦✐♥ts ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ r♦✇✴❝♦❧✉♠♥ t♦ ♦❜t❛✐♥ t❤❡ ✉♥✐t❧❡ss ✈❡rs✐♦♥
♦❢ t❤✐s ❘▼❙ ✈❛❧✉❡✳ ❋✐♥❛❧❧②✱ t❤❡s❡ s❝❛❧❡❞ ✉♥✐t❧❡ss ❘▼❙ ✈❛❧✉❡s ❛r❡ ❛✈❡r❛❣❡❞ ❛❝r♦ss ❛❧❧ t❤❡ ❜♦❛r❞s ✐♥
❡❛❝❤ ❞❛t❛s❡t t♦ ❣❡t t❤❡ ❆✈❡r❛❣❡ ❘♦♦t ▼❡❛♥ ❙q✉❛r❡ ❈♦❧❧✐♥❡❛r✐t② ❊rr♦r✱ ✇❤✐❝❤ ✐s ❛❜❜r❡✈✐❛t❡❞ ❛s ●P
❈❊ ✐♥ t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✷✳ ❋♦r ✈✐s✉❛❧ ❝♦♥✜r♠❛t✐♦♥✱ ✇❡ s❤♦✇ ♦♥❡ s✉❝❤ ❜❡st ✜t ❧✐♥❡ ❢♦r ❛
❣✐✈❡♥ ❜♦❛r❞ ✐♥ ❡✈❡r② ❞❛t❛s❡t ✐♥ t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ♦❢ ❋✐❣✉r❡ ✷✳

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❝♦r♥❡rs ♦♥ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ s❤♦✉❧❞ ❜❡
✐♥t❡r♣r❡t❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✈✐rt✉❛❧ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❝❛♠❡r❛✱ ✇❤♦s❡ ❧♦❝❛t✐♦♥ ❛♥❞ r♦t❛t✐♦♥
❞✐✛❡rs ❢r♦♠ t❤❡ r❡❛❧ ✭♦r ❯♥✐t②✮ ❝❛♠❡r❛✳ ❚❤✐s ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ✜rst ❝❤❡❝❦❡r❜♦❛r❞ ✭s❡❡
❛❧s♦ ❙❡❝t✐♦♥ ✷✳✷✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡② ❛r❡ ♥♦t ❥✉st ✉♥✇❛r♣✐♥❣s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✐♠❛❣❡✳

✸✳✷ ❘❡♣r♦❥❡❝t✐♦♥ ❡rr♦r

■♥ ♦✉r ♠❡t❤♦❞✱ ✇❡ ❝❛❧❝✉❧❛t❡ ❛ ❝❛♠❡r❛ ♠❛tr✐① K ❢♦r ♦✉r ●P✲❝❛♠❡r❛ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ❜♦❛r❞✱ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦❣r❛♣❤② H ❤❛s t❤❡ ❢♦r♠ H ∼ K[r1 | r2 | t]✳ ❋✉rt❤❡r♠♦r❡✱ K ❤❛s t❤❡ ❢♦r♠

K =





f 0 uc

0 f vc
0 0 1



 . ✭✶✵✮

❲❤❡♥ s♦❧✈✐♥❣ t❤❡ ♦✈❡r❞❡t❡r♠✐♥❡❞ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✇❡
✜♥❞ ❛ s♠❛❧❧ ✈❛❧✉❡ ❢♦r t❤❡ s♠❛❧❧❡st s✐♥❣✉❧❛r ✈❛❧✉❡s✱ ♠❡❛♥✐♥❣ ♦✉r ♠❡t❤♦❞ ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❛♥
❛❧❣❡❜r❛✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✳

❚♦ ✐♥t❡r♣r❡t t❤✐s ❢r♦♠ ❛ ❣❡♦♠❡tr✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ r❡♣r♦❥❡❝t t❤❡ ✸❉ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡
❝♦r♥❡rs t♦ t❤❡ ✐♠❛❣❡ ♣❧❛♥❡ ✉s✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ❢♦✉♥❞ ✐♥ t❤❡ ❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡ss✳ ◆❡①t✱ ✇❡
❝♦♠♣❛r❡ t❤♦s❡ t♦ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ♣r❡❞✐❝t✐♦♥s ❛♥❞ t❤❡ ❢♦✉♥❞ uv✲❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝♦r♥❡rs ❢♦r
♦✉r ♠❡t❤♦❞ ❛♥❞ t❤❡ ▼❆❚▲❆❇ ❈❛♠❡r❛ ❈❛❧✐❜r❛t✐♦♥ ❚♦♦❧❜♦① ✭✈❡rs✐♦♥ ❘✷✵✷✸❛✮ r❡s♣❡❝t✐✈❡❧②✳ ❆s ❞♦♥❡
♣r❡✈✐♦✉s❧②✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❘▼❙ ❡rr♦r ❢♦r t❤❡s❡ ✈❛❧✉❡s ❛♥❞ s❝❛❧❡ t❤❡♠ ❜② ❞✐✈✐❞✐♥❣ ❜② t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t✇♦ ❝♦r♥❡rs✱ ♠❛❦✐♥❣ t❤❡♠ ✉♥✐t❧❡ss✳ ❚❤❡s❡ ❡rr♦rs ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳ ❋r♦♠ t❤✐s t❛❜❧❡✱
✇❡ ❝❛♥ s❡❡ t❤❛t ♦✉r ♠❡t❤♦❞ ♦✉t♣❡r❢♦r♠s t❤❡ ▼❆❚▲❆❇ ❈❛♠❡r❛ ❈❛❧✐❜r❛t✐♦♥ ❚♦♦❧❜♦①✱ ❡s♣❡❝✐❛❧❧② ❢♦r
❞❛t❛s❡ts ✇✐t❤ s❡✈❡r❡❧② ✇❛r♣❡❞ ✐♠❛❣❡s s✉❝❤ ❛s t❤❡ ❯♥✐t② ✇✐t❤ s❡✈❡r❡ ❜❛rr❡❧ ❞✐st♦rt✐♦♥✱ t❤❡ ❯♥✐t② ✇✐t❤
❡❝❝❡♥tr✐❝ ♣✐♥❝✉s❤✐♦♥ ❞✐st♦rt✐♦♥ ❛♥❞ t❤❡ ❘❡❛❧❙❡♥s❡ ✇✐t❤ ❝✉r✈❡❞ ♠✐rr♦r✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t
t❤❡ ▼❆❚▲❆❇ ❈❛♠❡r❛ ❈❛❧✐❜r❛t✐♦♥ ❚♦♦❧❜♦① ✐s ❜❛s❡❞ ♦♥ ❛ ♠♦❞❡❧ t❤❛t ♦✈❡rs✐♠♣❧✐✜❡s t❤❡s❡ ✉♥❞❡r❧②✐♥❣
r❡❛❧✐t✐❡s✳

❚❛❜❧❡ ✷✿ ❈♦❧❧✐♥❡❛r✐t② ❊rr♦rs ✭❈❊✮ ❛♥❞ ❘❡♣r♦❥❡❝t✐♦♥ ❊rr♦rs ✭❘❊✮
❉❛t❛s❡t ●P ❈❊ (×10−4) ●P ❘❊ ▼❆❚▲❆❇ ❘❊

❯♥✐t② ♣✐♥❤♦❧❡ ✵✳✾✺✹ ✵✳✶✶✾✼ ✵✳✶✷✷✾
❯♥✐t② ❜❛rr❡❧ ✶✳✸✸✹ ✵✳✶✹✶✵ ✶✳✵✸✶✺
❯♥✐t② ♣✐♥❝✉s❤✐♦♥ ✶✳✵✻✷ ✵✳✶✷✹✸ ✵✳✸✽✼✾
❲❡❜❝❛♠ ✸✳✵✼✼ ✵✳✷✹✼✽ ✵✳✷✻✻✻
❲❡❜❝❛♠ ✇✐t❤ t❡❧❡❧❡♥s ✸✳✾✵✸ ✵✳✷✺✼✻ ✵✳✷✻✻✼
❘❡❛❧❙❡♥s❡ ✇✐t❤ ♠✐rr♦r ✾✳✹✺✺ ✵✳✹✹✵✹ ✵✳✺✸✼✻



✶✵ ❉❡ ❇♦✐ ❡t ❛❧✳

❲❡ ❞❡♠♦♥str❛t❡ t❤❡ ♣✐♥❤♦❧❡♥❡ss ♦❢ ♦✉r ●P✲❝❛♠❡r❛ ❢✉rt❤❡r ❜② ✈✐s✉❛❧✐s✐♥❣ ❛ ❣r✐❞ ♦❢ ✶✵①✶✵ ❧✐♥❡s
t❤❛t ❛❝❝♦♠♣❛♥② ❛ ❣✐✈❡♥ s❡t ♦❢ ♣✐①❡❧s✳ ❋♦r ❛ ♣✐♥❤♦❧❡ ❝❛♠❡r❛✱ ❛❧❧ ❧✐♥❡s ✐♥t❡rs❡❝t t❤❡ ♦♣t✐❝❛❧ ❝❡♥tr❡✱
✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❢r❛♠❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛❧❧ ♦✉r ♣✐①❡❧s s❤♦✉❧❞ ❝♦rr❡s♣♦♥❞
t♦ str❛✐❣❤t ❧✐♥❡s ❣♦✐♥❣ t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡ ❛ ✶✵①✶✵ s✉❜s❡t ♦❢
♣✐①❡❧s✳ ❲❡ ❦♥♦✇ Rn ❛♥❞ tn ❢♦r ❡❛❝❤ ♦❢ t❤❡ n ❝❤❡❝❦❡r❜♦❛r❞s ❢r♦♠ t❤❡ ❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥✳ ❋♦r ❡❛❝❤
xy✲❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ 10 × 10 ♣✐①❡❧s✱ ✇❡ ❝❛❧❝✉❧❛t❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✸❉ ♣♦✐♥t ♦♥ ❡❛❝❤ ❝❤❡❝❦❡r❜♦❛r❞✳
◆❡①t✱ ✇❡ ❣r♦✉♣ t♦❣❡t❤❡r ❝♦♦r❞✐♥❛t❡s ♦❢ ✸❉ ♣♦✐♥ts t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♣✐①❡❧✳ ❖♥ t❤❡s❡ ❣r♦✉♣❡❞
♣♦✐♥ts✱ ✇❡ ♣❡r❢♦r♠ ❛ ❧❡❛st sq✉❛r❡s ❜❡st ✜t ❧✐♥❡ ❬✾❪✱ ✐♥❝❧✉❞✐♥❣ ❘❆◆❙❆❈✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ♠❡❝❤❛♥✐❝❛❧✲
✐♥s♣✐r❡❞ ❛♣♣r♦❛❝❤ ✐s ❣✐✈❡♥ ✐♥ ❬✶✹❪✳ ❲❡ ✈✐s✉❛❧✐s❡ t❤❡s❡ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✸✳ ◆♦t✐❝❡ ❤♦✇✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡
❜❛rr❡❧ ❞✐st♦rt✐♦♥ ♠❛♥✐❢❡sts ✐ts❡❧❢ ❛s ❛ ✇❛r♣✐♥❣ ♦❢ t❤❡ ❣r✐❞ ♦❢ ❧✐♥❡s✱ ✇❤✐❧❡ r❡t❛✐♥✐♥❣ t❤❡ ♣✐♥❤♦❧❡ ♠♦❞❡❧✳

✸✳✸ ❉✐st♦rt✐♦♥ r❡♠♦✈❛❧

❚❤❡ tr❛✐♥❡❞ ●P ♣r❡❞✐❝ts ❛ ♥❡✇ ❧♦❝❛t✐♦♥ ✐♥ ✈✐rt✉❛❧ xy✲❝♦♦r❞✐♥❛t❡ ❢r❛♠❡ ❢♦r ❡✈❡r② ♣✐①❡❧ uv✲❝♦♦r❞✐♥❛t❡
❢r❛♠❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞✐st♦rt❡❞ ✐♠❛❣❡✳ ❇❛s❡❞ ♦♥ t❤♦s❡ ✈✐rt✉❛❧ ♣✐①❡❧ ✈❛❧✉❡s✱ ✇❡ ❞✐st✐❧ ❛ ♥❡✇ ✐♠❛❣❡✳ ❚❤❡
♣r❡❞✐❝t❡❞ ❝♦♦r❞✐♥❛t❡s ❛r❡ ♥♦♥✲✐♥t❡❣❡r ♥✉♠❜❡rs✱ ✇❤✐❝❤ ✇❡ r♦✉♥❞ t♦ ❛♥ ✐♥t❡❣❡r ✈❛❧✉❡✳ ❚❤✐s r♦✉♥❞✐♥❣
❝♦✉❧❞ ✐♠♣❧② t❤❛t s♦♠❡ ♣✐①❡❧s ❛r❡ ❧❡❢t ❡♠♣t② ✭❜❧❛❝❦✮✳ ❚❤✐s ♠❡❛♥s ♥♦ ♦r✐❣✐♥❛❧ ♣✐①❡❧ ✐s ♠❛♣♣❡❞ t♦ t❤❛t
s♣❡❝✐✜❝ ✈✐rt✉❛❧ ♣✐①❡❧✳ ❲❡ s♦❧✈❡ t❤✐s ✐ss✉❡ ❜② ✐♠♣❧❡♠❡♥t✐♥❣ ❛ ♠❡❞✐❛♥ ✜❧t❡r ♦♥ t❤❡ s✉rr♦✉♥❞✐♥❣ ♣✐①❡❧s✳
❆❧t❡r♥❛t✐✈❡s t♦ t❤✐s ❡①✐st✱ ❜✉t ❛r❡ ♦✉ts✐❞❡ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❡ r❡s✉❧t✐♥❣ ✉♥❞✐st♦rt❡❞ ✐♠❛❣❡s
❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ ❋✐❣✉r❡ ✷✳ ◆♦t✐❝❡ ❤♦✇ ♦✉r ♠❡t❤♦❞ ✐s ❜❡tt❡r ❡q✉✐♣♣❡❞ t♦ ❤❛♥❞❧❡
❞✐st♦rt✐♦♥s✱ ❛s ✐t ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ❛♥ ✉♥❞❡r❧②✐♥❣ ♦✈❡rs✐♠♣❧✐❢②✐♥❣ ❞✐st♦rt✐♦♥ ♠♦❞❡❧✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s
♠♦st ♥♦t❛❜❧❡ ❢♦r s❡✈❡r❡❧② ✇❛r♣❡❞ ❝❤❡❝❦❡r❜♦❛r❞s✳

✹ ❉✐s❝✉ss✐♦♥

❚❤❡ ❢❛❝t t❤❛t ❝♦❧❧✐♥❡❛r✐t② ✐s ♣r❡s❡r✈❡❞ ✇❤❡♥ t❤❡ ●Ps ♠❛♣ uv✲❝♦♦r❞✐♥❛t❡s ♦❢ ❢♦✉♥❞ ❝♦r♥❡rs t♦ t❤❡
✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ♣r♦✈❡s t❤❡ ♣r♦❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❛❧ ✇♦r❧❞ ✭✐♥❝❧✉❞✐♥❣ ❯♥✐t②✮
❝❤❡❝❦❡r❜♦❛r❞s ❛♥❞ t❤❡✐r ✈✐rt✉❛❧ ✐♠❛❣❡s✳ ❚❤✐s ♠❡❛♥s t❤❡r❡ ✐s ❛ ❤♦♠♦❣r❛♣❤② ❜❡t✇❡❡♥ t✇♦ ✈✐rt✉❛❧
✐♠❛❣❡s ♦❢ t✇♦ ❝❤❡❝❦❡r❜♦❛r❞s✱ ✈❛❧✐❞❛t✐♥❣ ♦✉r ❛♣♣r♦❛❝❤✳ ❆❧❧ ♥♦♥✲❧✐♥❡❛r✐t✐❡s ❛r❡ ❝❛♣t✉r❡❞ ❜② t❤❡ ●Ps✳
❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ❡✈❡r② ❜♦❛r❞ ❝♦♥t❛✐♥s t❤❡ s❛♠❡ K✳ ❲❡
♠❛❦❡ ✉s❡ ♦❢ t❤✐s t♦ ❝❛❧❝✉❧❛t❡ ❛ ❧✐♥❡ ✐♥ ✸❉ s♣❛❝❡ ❢♦r ❛ ❣✐✈❡♥ ♣✐①❡❧✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❡✈❡r② ❧✐♥❡ t❤❛t
❝♦rr❡s♣♦♥❞s t♦ ❛ ♣✐①❡❧ ❣♦❡s t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ●P✲❝❛♠❡r❛✳ ❚❤✐s
❞❡♠♦♥str❛t❡s t❤❡ ♣✐♥❤♦❧❡ ❜❡❤❛✈✐♦✉r ♦❢ ♦✉r ●P✲❝❛♠❡r❛✳

❆♥ ❛❝❝✉r❛t❡ ❝♦r♥❡r ❞❡t❡❝t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❛ ❝r✉❝✐❛❧ ✜rst st❡♣ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✳ ❊s♣❡❝✐❛❧❧② ❢♦r
t❤❡ ❝♦r♥❡rs ♦❢ t❤❡ ✜rst ❝❤❡❝❦❡r❜♦❛r❞✱ ♦♥ ✇❤✐❝❤ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❛r❡ tr❛✐♥❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡
❝❤❡❝❦❡r❜♦❛r❞ s❤♦✉❧❞ ❝♦♥s✐st ♦❢ ❛ s✉✣❝✐❡♥t ❛♠♦✉♥t ♦❢ ❝♦r♥❡rs s♦ t❤❛t t❤❡ ❞✐st♦rt✐♦♥ ❝❛♥ ❜❡ ❢✉❧❧②
❝❛♣t✉r❡❞✳

❚❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ●P✲❝❛♠❡r❛ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ r❡❛❧ ✭♦r ❯♥✐t②✮ ❝❛♠❡r❛✳ ❚❤✐s ✐s t❤❡
r❡s✉❧t ♦❢ ❤♦✇ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✐s tr❛✐♥❡❞✳ ❆❧❧ uv✲❝♦♦r❞✐♥❛t❡s ♦❢ ❝♦r♥❡rs ❛r❡ ♠❛♣♣❡❞ t♦ ❛ r❡❣✉❧❛r
sq✉❛r❡ ❣r✐❞✳ ❚❤✐s ♠❡❛♥s t❤❡ ✜rst ❜♦❛r❞ ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♦♣t✐❝❛❧ ❛①✐s ❛♥❞ ❛❧❧ r♦✇s ♦❢ ♣♦✐♥ts
❛r❡ ❤♦r✐③♦♥t❛❧✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ ❋✐❣✉r❡ ✷✳

❋r♦♠ t❤❡s❡ ✐♠❛❣❡s ✇❡ ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ❢♦r t❤❡ s❡✈❡r❡ ❜❛rr❡❧ ❞✐st♦rt✐♦♥ ❛♥❞ t❤❡ ❡❝❝❡♥tr✐❝
♣✐♥❝✉s❤✐♦♥ ❞✐st♦rt✐♦♥ ✭r♦✇ t✇♦ ❛♥❞ t❤r❡❡✮✱ t❤❡ ▼❆❚▲❆❇ ♠❡t❤♦❞ ❢❛✐❧s✳ ❖✉r ♠❡t❤♦❞ ✐s ♠♦r❡ ✢❡①✐❜❧❡
❛♥❞ ❝❛♥ ❝❛♣t✉r❡ t❤❡s❡✳ ◆♦t✐❝❡ ❤♦✇ t❤❡ ✉♥❞✐st♦rt✐♦♥ ✐♥ t❤❡ ❧♦✇❡r ❧❡❢t r❡❣✐♦♥ ✐s ❜❡tt❡r ✐♥ t❤❡ ❧❛st
✐♠❛❣❡ ♦❢ r♦✇ t❤r❡❡✳



❍♦✇ t♦ t✉r♥ ②♦✉r ❝❛♠❡r❛ ✐♥t♦ ❛ ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✶✶

✭❛✮ ✭❜✮ ✭❝✮

✭❞✮ ✭❡✮ ✭❢✮

❋✐❣✳ ✸✿ ❱✐s✉❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ♣✐♥❤♦❧❡ r❡s✉❧ts ❢♦r ❡❛❝❤ ♦❢ t❤❡ s✐① ❞❛t❛s❡ts✳ ❖♥❧② ✭❛✮ ❛♥❞ ✭❞✮ ❛r❡ ❛❝t✉❛❧
♣✐♥❤♦❧❡ ❝❛♠❡r❛s✱ ✐♥ ❯♥✐t② ❛♥❞ t❤❡ r❡❛❧ ✇♦r❧❞ r❡s♣❡❝t✐✈❡❧②✳

❖✉r ●❛✉ss✐❛♥ ♣r♦❝❡ss ♣r❡❞✐❝t✐♦♥s ❞❡❝r❡❛s❡ ✐♥ r❡❧✐❛❜✐❧✐t② ❛s ✇❡ ♠♦✈❡ ❛✇❛② ❢r♦♠ t❤❡ r❡❣✐♦♥ ♦❢ t❤❡
❝♦r♥❡rs ✐♥ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ✜rst ❜♦❛r❞✳ ❋♦r t❤♦s❡ ♣♦✐♥ts✱ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❢❛❧❧ ❜❛❝❦ ♦♥ t❤❡✐r
♣r✐♦r✱ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❧❛r❣❡ ✉♥❝❡rt❛✐♥t✐❡s✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❲❡ r❡t❛✐♥❡❞ t❤❡
♣✐①❡❧ ♣r❡❞✐❝t✐♦♥s ✇✐t❤ ❛ ❧❛r❣❡ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❧❛st ✐♠❛❣❡ ♦❢ t❤❡ ❧❛st r♦✇ ♦❢ ❋✐❣✉r❡ ✷ ❢♦r ❞❡♠♦♥✲
str❛t✐♦♥ ♣✉r♣♦s❡s✳ ◆♦t✐❝❡ t❤❛t t❤❡ r❡s✉❧ts ❜❡❝♦♠❡ ♠❡❛♥✐♥❣❧❡ss ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ✜rst ❝❤❡❝❦❡r❜♦❛r❞
✇❤❡r❡ t❤❡ ●P ✇❛s tr❛✐♥❡❞ ♦♥✳

❆ ❢❛❧❧❛❝② ♦❢ ✇♦r❦✐♥❣ ✇✐t❤ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✐s t❤❛t t❤❡② s♦♠❡t✐♠❡s s♠♦♦t❤ t❤✐♥❣s ♦✉t t♦♦
♠✉❝❤✳ ❊s♣❡❝✐❛❧❧② ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❛ sq✉❛r❡❞ ❡①♣♦♥❡♥t✐❛❧ ❦❡r♥❡❧✳ ❚❤✐s ✐s ❛♥ ✐ss✉❡ ❢♦r ❡①❛♠♣❧❡✱
✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ✜s❤❡②❡ ✐♠❛❣❡s✱ ✇❤❡r❡ ❛ ❧♦t ♦❢ ❝♦r♥❡rs ❛r❡ s✐t✉❛t❡❞ ❛t t❤❡ ❡❞❣❡ ♦❢ t❤❡ ✐♠❛❣❡ ❛♥❞
♦♥❧② ❛ ❢❡✇ ❛r❡ ❛t t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ✐♠❛❣❡✳ ❚❤✐s ❞❛t❛ ✐s ✐♥ ❡ss❡♥❝❡ ♥♦♥✲st❛t✐♦♥❛r②✳ ■t ✈❛r✐❡s ♠♦r❡
✐♥ s♦♠❡ r❡❣✐♦♥s ✭t❤❡ ❡❞❣❡s✮ t❤❛♥ ✐♥ ♦t❤❡rs ✭t❤❡ ❝❡♥tr❡✮✳ ❆ s♦❧✉t✐♦♥ ❢♦r t❤✐s ✐s t♦ ✇♦r❦ ✇✐t❤ ♠♦r❡
❝♦r♥❡rs✱ ❛ ❞✐✛❡r❡♥t ❦❡r♥❡❧ ♦r ❡✈❡♥ ❛❝t✐✈❡ t❛r❣❡ts ✇✐t❤ ●r❛② ❝♦❞❡ ✐♥st❡❛❞ ♦❢ ❝♦r♥❡rs ❬✷✸❪✳



✶✷ ❉❡ ❇♦✐ ❡t ❛❧✳

✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣r❡s❡♥t r❡s❡❛r❝❤ ✇❛s t♦ ❝♦♥str✉❝t ❛ ✈✐rt✉❛❧ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ ♦✉t ♦❢ ❛ ❣✐✈❡♥
❝❛♠❡r❛ ✭✐♥❝❧✉❞✐♥❣ ❝❛t❛❞✐♦♣tr✐❝ s②st❡♠s ✇✐t❤ ♠✐rr♦rs✮✳ ❲❡ s❤♦✇❡❞ ❤♦✇ t❤✐s ✐s ♣♦ss✐❜❧❡ ❜② ♠❡❛♥s ♦❢
●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✱ ✇❤✐❝❤ ❝❛♣t✉r❡ ❡✈❡r②t❤✐♥❣ t❤❛t ♠❛❦❡s t❤❡ ❝❛♠❡r❛ ❞❡✈✐❛t❡ ❢r♦♠ ❛♥ ✐❞❡❛❧ ♣✐♥❤♦❧❡
♠♦❞❡❧✳ ❚❤✐s ✐♥❝❧✉❞❡s ❧❡♥s ❞✐st♦rt✐♦♥s ❛♥❞ ✐♠♣❡r❢❡❝t✐♦♥s✳ ❊①♣❡r✐♠❡♥ts ❝♦♥✜r♠❡❞ t❤❛t ♦✉r ❛♣♣r♦❛❝❤
r❡s✉❧ts ✐♥ ❛ ♣✐♥❤♦❧❡ ❝❛♠❡r❛✳

❋✉rt❤❡r ✇♦r❦ ✐s r❡q✉✐r❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡ ❜❡♥❡✜t ♦❢ ♦✉r ❛♣♣r♦❛❝❤ ✐♥ r❡❛❧ ✇♦r❧❞ ❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥
❛♥❞ ❝♦♠♣❛r❡ t❤❡♠ t♦ ♦t❤❡r st❛t❡ ♦❢ t❤❡ ❛rt ♠❡t❤♦❞s✳ ❲❡ ✇✐❧❧ ❛❞❞r❡ss t❤✐s ✐♥ ✉♣❝♦♠✐♥❣ ♣✉❜❧✐❝❛t✐♦♥s✱
❛s t❤❡r❡ ❡①✐sts ❛ ♠②r✐❛❞ ♦❢ ❝❛♠❡r❛ s②st❡♠s ❛♥❞ ❧✐❦❡✇✐s❡ ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡s✳

❖✉r ♠♦❞❡❧ ❛❧❧♦✇s ❢♦r ❛ s❡r✐♦✉s ✉♣❣r❛❞❡ ♦❢ ♠❛♥② ❛❧❣♦r✐t❤♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ❞❡s✐❣♥❡❞
✐♥ ❛ ♣✉r❡ ♣r♦❥❡❝t✐✈❡ ❣❡♦♠❡tr② s❡tt✐♥❣ ❜✉t ✇✐t❤ ❛ ♣❡r❢♦r♠❛♥❝❡ t❤❛t ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ ♥♦♥✲❧✐♥❡❛r
❧❡♥s ❞✐st♦rt✐♦♥s✳

❋✉♥❞✐♥❣ ❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡ ❢✉♥❞✐♥❣ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ P❤❉ s❝❤♦❧❛rs❤✐♣s✿
❇❖❋ ❋❋❇✷✵✵✷✺✾✱ ❆♥t✐❣♦♦♥ ■❉ ✹✷✸✸✾❀ ❯❆♥t✇❡r♣✲❋❛❝✉❧t② ♦❢ ❆♣♣❧✐❡❞ ❊♥❣✐♥❡❡r✐♥❣❀ ✷✵✷✵✳✵✻✺✾✷✳❇❉
❢✉♥❞❡❞ ❜② ❋❈❚✱ P♦rt✉❣❛❧ ❛♥❞ t❤❡ ■♥st✐t✉t❡ ♦❢ ❙②st❡♠s ❛♥❞ ❘♦❜♦t✐❝s ✲ ❯♥✐✈❡rs✐t② ♦❢ ❈♦✐♠❜r❛✱ ✉♥❞❡r
♣r♦❥❡❝t ❯■❉❇✴✵✵✹✽✴✷✵✷✵✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ❈♦♥❝❡♣t✉❛❧✐③❛t✐♦♥✱ ■✳❉✳❇✳ ❛♥❞ ❘✳P✳❀ ♠❡t❤♦❞♦❧♦❣②✱ ■✳❉✳❇✳✱ ❙✳P✳ ❛♥❞ ❘✳P❀ s♦❢t✲
✇❛r❡ ■✳❉✳❇✳❀ ✈❛❧✐❞❛t✐♦♥✱ ❙✳P✳❀ ❢♦r♠❛❧ ❛♥❛❧②s✐s✱ ■✳❉✳❇✳✱ ❙✳P✳ ❛♥❞ ❘✳P❀ ❞❛t❛ ❝✉r❛t✐♦♥✱ ■✳❉✳❇✳ ❛♥❞ ▼✳❖✳❀
✇r✐t✐♥❣ ♦r✐❣✐♥❛❧ ❞r❛❢t ♣r❡♣❛r❛t✐♦♥✱ ■✳❉✳❇✳ ❛♥❞ ❙✳P✳❀ ✇r✐t✐♥❣ r❡✈✐❡✇ ❛♥❞ ❡❞✐t✐♥❣✱ ■✳❉✳❇✳✱ ❙✳P✳✱ ▼✳❖✳
❛♥❞ ❘✳P❀ s✉♣❡r✈✐s✐♦♥✱ ❘✳P✳❀ ♣r♦❥❡❝t ❛❞♠✐♥✐str❛t✐♦♥✱ ❘✳P✳❀ ❢✉♥❞✐♥❣ ❛❝q✉✐s✐t✐♦♥✱ ❘✳P✳

❘❡❢❡r❡♥❝❡s

✶✳ ❇❡❛r❞s❧❡②✱ P✳✱ ▼✉rr❛②✱ ❉✳✱ ❩✐ss❡r♠❛♥✱ ❆✳✿ ❈❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ ✉s✐♥❣ ♠✉❧t✐♣❧❡ ✐♠❛❣❡s✳ ■♥✿ ❈♦♠♣✉t❡r
❱✐s✐♦♥✖❊❈❈❱✬✾✷✿ ❙❡❝♦♥❞ ❊✉r♦♣❡❛♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥ ❙❛♥t❛ ▼❛r❣❤❡r✐t❛ ▲✐❣✉r❡✱ ■t❛❧②✱
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■♥✿ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ❛♥❞ ❘♦❜♦t✐❝s✿ ✼t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠✱ ■❙❆■❘ ✷✵✷✷✱ ❙❤❛♥❣❤❛✐✱ ❈❤✐♥❛✱
❖❝t♦❜❡r ✷✶✲✷✸✱ ✷✵✷✷✱ Pr♦❝❡❡❞✐♥❣s✱ P❛rt ■■✳ ♣♣✳ ✹✵✕✺✺✳ ❙♣r✐♥❣❡r ✭✷✵✷✷✮



✶✹ ❉❡ ❇♦✐ ❡t ❛❧✳

❆♣♣❡♥❞✐①

❆ ❩❤❛♥❣✬s ♠❡t❤♦❞

❚❤❡ ✐♥tr✐♥s✐❝ ❝❛♠❡r❛ ♠❛tr✐① ❢♦r ❛ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ K ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

K =





fsx fsθ uc

0 fsy vc
0 0 1



 , ✭✶✶✮

✐♥ ✇❤✐❝❤ f ✐s t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤✱ sx ❛♥❞ sy ❛r❡ s❡♥s♦r s❝❛❧❡ ❢❛❝t♦rs✱ sθ ✐s ❛ s❦❡✇ ❢❛❝t♦r ❛♥❞ (uc, vc) ✐s
t❤❡ ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ✐♠❛❣❡ ❝❡♥tr❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♠❛❣❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❍♦✇❡✈❡r✱ r❡❛❧ ✇♦r❧❞
❝❛♠❡r❛s ❛♥❞ t❤❡✐r ❧❡♥s❡s s✉✛❡r ❢r♦♠ ✐♠♣❡r❢❡❝t✐♦♥s✳ ❚❤✐s ✐♥tr♦❞✉❝❡s ❛❧❧ s♦rts ♦❢ ❞✐st♦rt✐♦♥s✱ ♦❢ ✇❤✐❝❤
r❛❞✐❛❧ ❞✐st♦rt✐♦♥ ✐s t❤❡ ♠♦st ❝♦♠♠♦♥❧② ✐♠♣❧❡♠❡♥t❡❞✳ ❈❛❧✐❜r❛t✐♥❣ t❤✐s ♥♦♥✲✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛✱
♠❡❛♥s ✜♥❞✐♥❣ ✈❛❧✉❡s ❢♦r ❜♦t❤ K ❛♥❞ [R | t]✱ ❛♥❞ ✇❤✐❝❤❡✈❡r ❞✐st♦rt✐♦♥ ♠♦❞❡❧ ✐s ✐♠♣❧❡♠❡♥t❡❞✳

❩❤❛♥❣✬s ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♠❛❣❡s ♦❢ ❝❤❡❝❦❡r❜♦❛r❞s ✇✐t❤ ❦♥♦✇♥ s✐③❡ ❛♥❞ str✉❝t✉r❡✳ ❋♦r
❡❛❝❤ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜♦❛r❞✱ ✇❡ ❝♦♥str✉❝t ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✇❤❡r❡ t❤❡ X− ❛♥❞ Y ✲❛①✐s ❛r❡ ♦♥ t❤❡
❜♦❛r❞ ❛♥❞ t❤❡ Z✲❛①✐s ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ✐t✳ ❲❡ ❛ss✐❣♥ ❛❧❧ ❝❤❡❝❦❡r❜♦❛r❞ ❝♦r♥❡rs ❛ ✸❉ ❝♦♦r❞✐♥❛t❡ ✐♥
t❤✐s s②st❡♠ ✇✐t❤ ❛ Z✲❝♦♠♣♦♥❡♥t ③❡r♦✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡✇r✐t❡ ❊q✉❛t✐♦♥ ✽





x

y

1



 = K[R | t]









X

Y

0
1









= K[r1 | r2 | t]





X

Y

1



 , ✭✶✷✮

✐♥ ✇❤✐❝❤ r1 ❛♥❞ r2 ❛r❡ t❤❡ ✜rst t✇♦ ❝♦❧✉♠♥s ♦❢ R✳ ❚❤✐s ❡q✉❛t✐♦♥ s❤♦✇s ❛ ✷❉ t♦ ✷❉ ❝♦rr❡s♣♦♥❞❡♥❝❡
❦♥♦✇♥ ❛s ❛ ❤♦♠♦❣r❛♣❤②✳ ❚❤✐s ♠❡❛♥s ✇❡ ❝❛♥ ✇r✐t❡





x

y

1



 = H





X

Y

1



 , ✭✶✸✮

✇✐t❤ H t❤❡ ✸①✸ ♠❛tr✐① t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❤♦♠♦❣r❛♣❤②✳ ❚❤✐s ♠❛tr✐① ✐s ♦♥❧② ❞❡t❡r♠✐♥❡❞ ✉♣ t♦ ❛
s❝❛❧❛r ❢❛❝t♦r✱ s♦ ✐t ❤❛s ❡✐❣❤t ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❊❛❝❤ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡ ②✐❡❧❞s t✇♦ ❡q✉❛t✐♦♥s✳
❚❤❡r❡❢♦r❡✱ ❢♦✉r ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡s ❛r❡ ♥❡❡❞❡❞ t♦ s♦❧✈❡ ❢♦r H✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✇♦r❦ ✇✐t❤ s❡✈❡r❛❧
♠♦r❡ ♣♦✐♥ts ✐♥ ❛♥ ♦✈❡r❞❡t❡r♠✐♥❡❞ s②st❡♠ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ♥♦✐s❡ ✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts✳

❋r♦♠ t❤❡s❡ ❤♦♠♦❣r❛♣❤✐❡s✱ ♦♥❡ ❢♦r ❡✈❡r② ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❤❡❝❦❡r❜♦❛r❞✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ❝❛♠❡r❛
✐♥tr✐♥s✐❝s ❛♥❞ ❡①tr✐♥s✐❝ ♣❛r❛♠❡t❡rs✳ ❋r♦♠ ❊q✉❛t✐♦♥ ✶✷ ❛♥❞ ✶✸✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r H✱
✉♣ t♦ ❛ ♠✉❧t✐♣❧❡✱ ❛s

λH = λ[h1 | h2 | h3] = K[r1 | r2 | t], ✭✶✹✮

✇❤❡r❡ λ ✐s ❛ s❝❛❧✐♥❣ ❢❛❝t♦r ❛♥❞ h1✱ h2 ❛♥❞ h3 ❛r❡ t❤❡ ❝♦❧✉♠♥s ♦❢ H✳ ❲❡ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t✐♦♥s❤✐♣s✿

λK−1h1 = r1, ✭✶✺✮

λK−1h2 = r2. ✭✶✻✮

▼♦r❡♦✈❡r✱ s✐♥❝❡ R ✐s ❛ r♦t❛t✐♦♥ ♠❛tr✐①✱ ✐t ✐s ♦rt❤♦♥♦r♠❛❧✳ ❚❤✐s ♠❡❛♥s r1
T r2 = 0 ❛♥❞ ‖r1‖ = ‖r2‖✳

❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ②✐❡❧❞s
h1

TK−TK−1h2 = 0, ✭✶✼✮



❍♦✇ t♦ t✉r♥ ②♦✉r ❝❛♠❡r❛ ✐♥t♦ ❛ ♣❡r❢❡❝t ♣✐♥❤♦❧❡ ♠♦❞❡❧ ✶✺

h1
TK−TK−1h1 = h2

TK−TK−1h2. ✭✶✽✮

❚❤❡s❡ ❛r❡ ♥♦✇ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❛♠❡r❛ ❡①tr✐♥s✐❝s✳
❲❡ ❝❛♥ ✇r✐t❡ K−TK−1 ❛s ❛ ♥❡✇ s②♠♠❡tr✐❝ ✸①✸ ♠❛tr✐① B✱ ❛❧t❡r♥❛t✐✈❡❧② ❜② ❛ ✻✲t✉♣❧❡ b✳ ❋r♦♠

❊q✉❛t✐♦♥s ✶✼ ❛♥❞ ✶✽ ✇❡ ❝❛♥ ✇r✐t❡ Ab = 0✱ ✐♥ ✇❤✐❝❤ A ✐s ❝♦♠♣♦s❡❞ ♦✉t ♦❢ ❛❧❧ ❦♥♦✇♥ ❤♦♠♦❣r❛♣❤②
✈❛❧✉❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s st❡♣ ❛♥❞ b ✐s t❤❡ ✈❡❝t♦r ♦❢ s✐① ✉♥❦♥♦✇♥s t♦ s♦❧✈❡ ❢♦r✳ ❋♦r n ❝❤❡❝❦❡r❜♦❛r❞s✱ ❛♥❞
t❤✉s n ❤♦♠♦❣r❛♣❤✐❡s✱ ✇❡ ♥♦✇ ❤❛✈❡ 2n ❡q✉❛t✐♦♥s✳ ❚❤✐s ♠❡❛♥s ✇❡ ♥❡❡❞ ❛t ❧❡❛st t❤r❡❡ ❝❤❡❝❦❡r❜♦❛r❞
♣♦s✐t✐♦♥s✳ ❖♥❝❡ b ❛♥❞ t❤✉s B ✐s ❢♦✉♥❞✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ K ✈✐❛ ❛ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ B✳
❋r♦♠ K✱ ✇❡ ❦♥♦✇ ❛❧❧ ❝❛♠❡r❛ ✐♥tr✐♥s✐❝s s✉❝❤ ❛s s❦❡✇♥❡ss✱ s❝❛❧❡ ❢❛❝t♦r✱ ❢♦❝❛❧ ❧❡♥❣t❤ ❛♥❞ ♣r✐♥❝✐♣❛❧
♣♦✐♥t✳

❋r♦♠ ❊q✉❛t✐♦♥s ✶✺ ❛♥❞ ✶✻ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ r1 ❛♥❞ r2✳ ❚❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r λ ❝❛♥ ❜❡ ❢♦✉♥❞ ❜②
♥♦r♠❛❧✐s✐♥❣ r1 ❛♥❞ r2 t♦ ✉♥✐t ❧❡♥❣t❤✳ ❇✉✐❧❞✐♥❣ ♦♥ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ r♦t❛t✐♦♥ ♠❛tr✐① R✱ ✇❡
❝❛♥ ✇r✐t❡

r3 = r1 × r2. ✭✶✾✮

▲❛st❧②✱ ✇❡ ✜♥❞
t = λK−1h3. ✭✷✵✮

❯♣ ✉♥t✐❧ t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ ❛♥ ✐❞❡❛❧ ♣✐♥❤♦❧❡ ❝❛♠❡r❛ ♠♦❞❡❧✳ ▼❆❚▲❆❇ ❛♥❞ ❖♣❡♥❈❱ ✉s❡
t❤✐s ❛s ❛ ✜rst st❡♣ ✐♥ ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ✐♥ ✇❤✐❝❤ t❤❡② ✐♥tr♦❞✉❝❡ ❡①tr❛ ✐♥tr✐♥s✐❝ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs
t♦ ❛❝❝♦✉♥t ❢♦r ✐♠❛❣❡ ❞✐st♦rt✐♦♥✳ ❆❢t❡r ❝♦♥✈❡r❣❡♥❝❡✱ ❛ ❝♦♠♣r♦♠✐s❡ ✐s ❢♦✉♥❞ ❢♦r ❛❧❧ ❝❛♠❡r❛ ♣❛r❛♠❡t❡rs✳

❇ ❙✐♠♣❧✐✜❡❞ ❩❤❛♥❣✬s ♠❡t❤♦❞

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥str✉❝t ❛♥ ✐❞❡❛❧ ✈✐rt✉❛❧ ●P✲❝❛♠❡r❛✳ ❚❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ❝❛♣t✉r❡ ❛❧❧ ❞✐st♦r✲
t✐♦♥s ❛♥❞ ♦t❤❡r ✐♠♣❡r❢❡❝t✐♦♥s ✐♥ ❛ ♣r❡✲♣r♦❝❡ss✐♥❣ st❡♣✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✐♠❛❣❡s ♦❢ t❤❡ ❝❤❡❝❦❡r✲
❜♦❛r❞s ♦♥ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ❛r❡ ♣r♦❥❡❝t✐♦♥s ♦❢ ❛ ♣❡r❢❡❝t ❝❤❡❝❦❡r❜♦❛r❞✱ ✉♣ t♦ ♥♦✐s❡✳ ❚❤✐s ❛❧❧♦✇s
✉s t♦ s✐♠♣❧✐❢② ❩❤❛♥❣✬s ♠❡t❤♦❞ ❛s ❢♦❧❧♦✇s✳

❋✐rst✱ s✐♥❝❡ t❤❡r❡ ✐s ♥♦ s❦❡✇♥❡ss ✐♥ t❤❡ ✈✐rt✉❛❧ ✐♠❛❣❡ ♣❧❛♥❡ ❛♥❞ ❛❧❧ ✈✐rt✉❛❧ ♣✐①❡❧s ❛r❡ sq✉❛r❡s✱ ✇❡
❝❛♥ r❡✇r✐t❡ t❤❡ ✐♥tr✐♥s✐❝ ❝❛♠❡r❛ ♠❛tr✐① K ❛s

K =





f 0 uc

0 f vc
0 0 1



 . ✭✷✶✮

❚❤✐s r❡s✉❧ts ✐♥

B = K−TK−1 =





1
f2 0 −uc

f2

0 1
f2

−vc
f2

0 0 uc

f2 + vc

f2 + 1



 . ✭✷✷✮

❚❤❡ r❡st ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ✐s s✐♠✐❧❛r t♦ ❩❤❛♥❣✬s ♠❡t❤♦❞✳ ❲❡ ❝♦♠❜✐♥❡ ❊q✉❛t✐♦♥s ✶✼✱ ✶✽ ❛♥❞ ✷✷
✐♥t♦ t❤❡ s②st❡♠ Ab = 0✳ ❚❤❡ ✈❡❝t♦r b ✐s ♥♦✇ t❤❡ ✈❡❝t♦r ♦❢ ❢♦✉r ✉♥❦♥♦✇♥s t♦ s♦❧✈❡ ❢♦r✱ ✐♥st❡❛❞ ♦❢ s✐①✳
❋♦r n ❝❤❡❝❦❡r❜♦❛r❞s✱ ❛♥❞ t❤✉s n ❤♦♠♦❣r❛♣❤✐❡s✱ ✇❡ st✐❧❧ ❤❛✈❡ 2n ❡q✉❛t✐♦♥s✳ ❚❤✐s ♠❡❛♥s ✇❡ ♥❡❡❞ ❛t
❧❡❛st t✇♦ ❝❤❡❝❦❡r❜♦❛r❞ ♣♦s✐t✐♦♥s t♦ ❜❡ ❛❜❧❡ t♦ s♦❧✈❡ t❤✐s✱ ✐♥st❡❛❞ ♦❢ t❤r❡❡✳ ❆s ❜❡❢♦r❡✱ ♠♦r❡ ♣♦s✐t✐♦♥s
♣r♦✈✐❞❡ ♠♦r❡ ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ s♦❧✈❡❞ ✈✐❛ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭❙❱❉✮✳ ◆♦t✐❝❡ t❤❛t t❤❡
❢♦r♠ ♦❢ ❊q✉❛t✐♦♥ ✷✷ ✐s s✉❝❤ t❤❛t ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ♣❡r❢♦r♠ t❤❡ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥②♠♦r❡✳

❙❡❝♦♥❞✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r ❛ ❞✐st♦rt✐♦♥ ♠♦❞❡❧✱ ♥♦r ❢♦r ❛ ❝♦♥✈❡r❣✐♥❣ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss✳ ❚❤❡
❝❛♠❡r❛ ❝❛❧✐❜r❛t✐♦♥ ✐s r❡❞✉❝❡❞ t♦ ❛ ♦♥❡✲st❡♣ ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥✳
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