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On the Maximum Queue Length of the Hyper
Scalable Load Balancing Push Strategy

Benny Van Houdt [0000—0002—5955—8493]

Department of Computer Science, University of Antwerp - imec, Belgium

Abstract. In this paper we derive explicit and structural results for
the steady state probabilities of a structured finite state Markov chain.
The study of these steady state probabilities is motivated by the anal-
ysis of the hyper scalable load balancing push strategy when using the
queue-at-the-cavity approach. More specifically, these probabilities can
be used to determine the largest possible arrival rate that can be sup-
ported by this strategy without exceeding some predefined maximum
queue length. Contrary to prior work, we study the push strategy when
the queue length information updates occur according to a phase-type
renewal process with non-exponential inter-renewal times.

Keywords: load balancing - hyper scalable push strategy - bounded
queue length.

1 Introduction

Hyper scalable load balancing strategies for large-scale systems have received
considerable attention recently [1,2,3]. These strategies further reduce the com-
munication overhead of traditional load balancers such as the power-of-d-choices
or join-idle-queue strategies [4,5,6,7], the overhead of which equals at least one
message per job. One of the most fundamental hyper scalable load balancing
strategies is the push strategy studied in [1,8]. It operates as follows. There
is a single dispatcher that maintains an estimate on the queue length of each
server. Jobs arrive at the dispatcher at rate AN, where N is the number of
servers. Incoming jobs are assigned in a greedy manner, that is, the dispatcher
assigns the job to a server with the smallest estimated queue length among all
servers and increases its estimate by one. However, the dispatcher is not in-
formed about job completions. Instead the queue length estimates are updated
to their actual values at random points in time (meaning the estimates are upper
bounds). Whether these queue length updates are triggered by the dispatcher
or the servers does not matter in such case. The mean number of updates that
occur per incoming job is a control parameter that can be set well below one.
An effective approach to study the performance of large-scale load balanc-
ing strategies is the so-called queue-at-the-cavity approach [9], which reflects the
system behavior as the number of servers tends to infinity assuming asymptotic
independence. For the hyper scalable push strategy described above, the corre-
sponding queue-at-the-cavity has a bounded queue length m, the value of which



can be determined by studying a structured finite state Markov chain in case of
phase-type distributed job sizes [8]. The maximum queue length m grows as a
function of the arrival rate A and explicit results for the largest possible arrival
rate A(m) € (0,1) that can be supported with a given maximum queue length m
were presented in [8] in case of phase-type distributed job sizes with mean one
and random server queue length updates. Random updates imply that the time
between two updates of the queue length information of a tagged server follows
an exponential distribution with some mean 1/4§. In this paper we derive explicit
results for A(m) when the updates of the queue length of a tagged server follow
a renewal process, but the inter-renewal time is not necessarily exponential.

The paper is structured as follows. Section 2 contains the problem statement.
Results for the case with exponential job sizes are presented in Section 3, while
in Section 4 we focus on non-exponential job sizes. Conclusions are found in
Section 5.

2 Problem statement

We assume that the job size distribution Z follows an order kg phase type dis-
tribution characterized by («,S) with mean «(—S)"'e = 1, that is, P[Z >
t] = aexp(St)e, where e is a vector of ones of the appropriate size. The time
between two updates X of a tagged server follows an order kr phase type dis-
tribution characterized by (8,7) with mean 3(—T)"'e = 1/§ > 1, meaning
P[X > t] = Bexp(Tt)e. In other words, whenever the dispatcher updates its
queue length information for the tagged server, a phase-type distributed timer
is started and the dispatcher receives a new update each time this timer expires.
Let t* = (—T)e and s* = (—S)e. All timers and job sizes are assumed to be
independent.

In [8, Section 4] it was shown that using the queue-at-the-cavity approach
in case of random updates, the maximum queue length for the hyper scalable
push strategy is the smallest m value such that the steady-state probability of
being in the first state of the 1 + kgm state Markov chain with the following
rate matrix is less than 1 — A:

(-6 Sax
s* §—46I ol
s*a S —901 ol

. : (1)
s*a S — 61 61
i s*a S

This Markov chain captures the evolution of the queue length of a tagged server
that serves phase-type distributed jobs with representation («, S) and that jumps
up to length m each time an update occurs, where updates occur according to
a Poisson process with rate 4.

It is not hard to see that when phase-type distributed timers are used instead
to trigger updates, the maximum queue length of a server equals the smallest m



value such that the probability of being in a state part of {2y is less than 1 — A
in the Markov chain with state space

2= 00U (UL, £2),

where 20 = {(0,/)|li =1,...,krtand 2, = {(¢,i,)|i=1,... ks, i =1,...,kr}
and rate matrix
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If we set T = —§, meaning t* = 4§, f =1 and kr = 1, Q(m) coincides with (1).

We now formally define A(m) € (0,1) as the largest possible arrival rate
A such that the maximum queue length of the queue-at-the-cavity of the push
strategy is bounded by m given a mean job size equal to one.

Definition 1 Let A(m) = 1 — mo(m), where mo(m) is the steady probability to
be in a state part of the set £y for the CTMC characterized by Q(m).

We use the following notations for some special cases:

1. If (8,T) has an Erlang-kr distribution, we denote this rate as A, (m).

2. Tf the job sizes are exponential, we denote this rate as A(®P)(m).

3. If (8,T) has an Erlang-kr distribution and job sizes are exponential, hyper
exponential, Coxian or Erlang, we denote this rate as /\ngwp)(m), )\ECI;E)(m),

)\(Cow)

hr 7 (m) or /\,(irl)(m), respectively.

It is possible to develop an algorithm that runs in O(k3.(k2 + logm)) time
to numerically compute mo(m), and thus A(m), by exploiting the structure of
Q(m). The main objective of this paper is however to derive closed from results
for A(m) and to establish structural results. A first set of closed form results was
presented in [3, Corollary 4.5] for exponential timers, that is,

M (m) = s(1 yﬂ)) ’ 3)
§(1—y(1)™) +y(1)™=1(1 —y(1))

where y(1) = P[Z < X] is the probability that the job size Z with E[Z] =
1 is less than an exponential timer X with mean 1/§ > 1. Note that A;(1)
simplifies to 0/(1 + 0) which is independent of the job size distribution Z. The
case with m = 1 is of particular interest as it corresponds to the case where the
queue length is bounded by one in the large-scale limit (assuming asymptotic
independence), which corresponds to so-called vanishing waiting times.




3 Exponential job sizes

In this section we study the arrival rate A(¢#P) (m) that can be supported such
that the maximum queue length is bounded by m in case of exponential job sizes
and phase-type distributed timers. We make the following contributions:

1. We prove that A(¢*P)(m) is maximized over all order ks phase-type distri-
butions by the Erlang-kr distribution (due to Theorem 2).

2. We present an explicit formula for /\,(ffp )(m) and prove that )\,(:Twp )(m) in-
creases as a function of kr (see Theorem 3).
3. We derive the limiting expressions as kr tends to infinity (see Theorem 3).

When the job sizes are exponential the state space reduces to
Q) — g 0 — e {055 =1, kr).

and the rate matrix Q(m) simplifies to

T 8
IT-1 8
I T-1 8

Q) (m) = N : : (4)

[T-1 t*'ﬂ
I (T+tp)—1I]

Theorem 1. Let N1(X) denote the number of arrivals of a Poisson process with

rate 1 during an (8,T) phase type distributed time X. Denote W(()ezp) (m) as the
steady state probability that the state of the CTMC with rate matriz Q(¢*P)(m)

is in the set Q(()ewp), then

7P (m) = 1 — §E[min(Ny (X), m)).

This implies that w(()e‘w ) (m) is decreasing in m.

Proof. For the CTMC with rate matrix Q(°®?)(m) we clearly have a renewal
whenever the (8,T) phase-type distributed timer expires. The mean length of
a renewal cycle therefore equals 1/0 and its length has an order (m + 1)kp

phase-type distribution with initial vector (53,0, ...,0) and subgenerator matrix
(T —1T 1 T
T—-1 1T
T—-11
Q) (m) = L ; (5)
T—-11
L T_




where we reordered the states. In order to express the mean time that the CTMC

spends in the set Qéexp ) during a cycle, we can focus on the first block row of
the matrix (—Q(¥“'®)(m))~1. As (—Q(¥“!®)(m))~! equals

I-T)t...0-T)™I-T)"™(-T)"!

([-T)"' (I-T)
(~1)"!

-
—~
|
3
|
=

the mean time spend in the set Qéemp)

as B(I —T)~(m=*+De and therefore

_m _ gy —(m—L+1) m
785 (1) = 1/6 =3y B(ll/d T) e _ 1- 525([ —T) ‘.

{=1

, with £ > 0, per cycle can be expressed

Furthermore 3(I — T) ‘e is also the probability that N;(X) equals £ or more.
Hence,

R ) = 1 63 PV (X) > £~ 1] = 1 — 5Bmin(Ny (X), m)].
(=1

a

Theorem 2. Let Wéexp) (m) be the steady state probability of the CTMC with rate

matriz Q(¢*P)(m) to be in the set .Q(gexp), then wéew)(m) is minimized over all
order kr phase type distributions (8,T) by the Erlang-kr distribution. Moreover

Wéemp)(m) is decreasing in kr when (8,T) is an Erlang-kr distribution.

Proof. Let X follow any order kr phase type distribution characterized by (8, T')
and let Y have an Erlang-k distribution. By Theorem 3 in [10] we have Y <., X
where <., is the usual convex ordering between random variables with the same
mean (see [11]). By Theorem 3.A.40 in [11] we therefore have N1(Y) <., Ni(X).
Using 3.A.5 in [11], we have

E[max(N;(Y),m)] < E[max(N1(X),m)],
for any m. Clearly,
E[N1(X)] = E[max(N;(X),m)] + E[min(Ny(X),m)] —m,

and the same holds for Y, while both E[N;(X)] and E[N;(Y)] equal 1/4. This
allows us to conclude that

E[min(N;(Y),m)] > E[min(Ny(X), m)],
and by the previous theorem ﬂ(()ezp ) (m) is minimized by the Erlang-kr distribu-
tion over all order kr phase-type distributions.



)

Fig. 1: Tllustration of Theorem 3: exponential job sizes and Erlang-kp timers
with k7 = 1,10 and ooc.

The fact that W(()ezp ) (m) is decreasing in kr when (3,T) has an Erlang-kr
distribution follows by noting that the Erlang kr distribution also has an order
kr + 1 phase-type representation and therefore Zi, 11 <co Zk, with Z; an
Erlang-k random variable. Following the same argument as above implies

Emin(Ny(Zy;11),m)] = E[min(Ny(Z,. ), m)],

which concludes the proof. a

Theorem 3. For an Erlang-kr timer and exponential job sizes we have

kr m—1
(exp) () — s — s [ OFT ~m-n_ (kr+n-1
g (m) = 0m =0 <5kT ¥ 1) ; (Okr + 1) < n (©6)

e SO
(5kT + l)m = kr J okt +1



Further,

m—1
lim )\,(:Txp) (m) = ém — se=1/9 Z ngn;“n (8)
n=0 '

kT—)OO

and limy, /\E:Twp)(m) =1.

Proof. We first establish (6). Using Theorem 1 we know that A(m) can be written
as 0 E[min(N; (X)), m)], which is equivalent to stating that

=

m—

A(m)/6 = Emin(N,(X), m)] = Z PIN(X) > j]

j=

=m— i(mfn)P[Nl(X) =n]

n=0

o ok kTwil m-—n kr+n—1
- Skr +1 (Skp 4+ 1) n ’

n=0

=

as P[N;1(X) = n] if there are n arrivals (these occur at rate 1) and kr — 1 phase
changes of the timer (these occur at rate dkr) in the next n + kr — 1 events,
followed by the expiration of the timer.

To obtain (7) we look at the mean time that the order (m+ 1)kr phase-type
distribution characterized by (8,0, ...,0) and Q(¢¥**®) given by (5) spends in the
set of states Qéezp ). The probability that this set is reached during a cycle via

state (0,7 +1) € Q(()exp) is given by

m+j—1 1 \"/( Skr \’
J Ok +1 Okr +1 ’

xp)

and the mean time that we spend in the set Q(()e given that we are in state

(0,7) equals (kv — j)/(dkr). As W((Jemp)(m) equals ¢ times this mean time, we

have
kr—1 . . j
1 j m+j1> < Skt >J
1-A = g 1- = .
(m) (Okr + 1) & ( kT) ( j Sk +1

The expression for the limit in (8) is immediate from (6) as (§kr/(Skr+1))F7
converges to e~ /% and (thl"_l)/((SkT + 1)™ converges to 1/(6"n!) as kr tends
to infinity. The second limit is immediate from (7) as lim,,— o (m_jj N/ (0kr +
)™ = limyy, 0o m? =1 /51 (6kr + 1)™ = 0. O

Remarks:



1. By (6) we have vanishing waits with Erlang-k7 timers and exponential job
sizes if and only if

Skr \*"
A< /\E:Txp)(l) =6-10 <57€T+1> ; ()

which increases to §(1 — e~%) as kr tends to infinity.

2. Using (7) we can compute A(m) in O(kr +logm) time. Indeed, (dkr +1)™
can be computed in logm time and the sum in O(kr) time as (er]?*l) =
(7'L;'j;2) (m+j —1)/j. Similarly (6) allows us to compute A(m) in O(m +

log k1) time. Theorem 3 is illustrated in Figure 1.

4 Vanishing waiting times: m =1

When both the job sizes and timers follow a general phase-type distribution, it
appears hard to find elegant closed form results. As such we limit ourselves to the
case where m = 1. Recall that this case is of particular interest as it corresponds
to vanishing waiting times in the large-scale limit for the hyper scalable push
strategy (assuming asymptotic independence). For exponential timers we know
that A;(1) = /(6 4+ 1), which does not depend on the job size distribution. This
insensitivity is however lost when timers are not exponential. Given the results
in the previous section, we focus on Erlang kr distributed timers, that is, we
focus on Ag,. (1) in this section for various job size distributions.

This section contains the following contributions for hyper exponential (HE),
Coxian (Cox) and Erlang (Erl) job sizes:

1. We present an explicit formula for )\](CI;E)(l) (see Theorem 4).

2. Tight lower and upper bounds for )\,(CI;E)(l) are presented that hold for any
HE job size distribution (see Theorem 5).

3. An explicit formula for )\Egom)(l) is derived (see Theorem 6).

4. An explicit formula for /\,(j”)(l) is presented (see Theorem 7).

We first present a lemma that is based on the following observation. A renewal
occurs for the Markov chain characterized by Q(m) each time the timer expires
and the state is in {29. During such a cycle the timer may expire a number of
times C'y before the set (2 is reached. Once this set is reached, the cycle ends
when the timer expires one more time. Let Y,, denote the service phase of the
job when the timer expires for the n-th time during a cycle in the event that
Cn >n.

Lemma 1 The arrival rate A(1) can be expressed as

ks
/\(1):6/1+ZZP[Yn:s,CN>n].

s=1n>1



Proof. A renewal occurs each time that the set (2 is left. For m = 1 the time
spend in the set (21 clearly equals 1 as the state remains in (2; until the job
completes. The value of A(1) can therefore be expressed as 1 divided by the
mean length of a cycle, which we denote as F[C].

A cycle ends when the timer expires and the state is in the set £2y. As 1/ is
the mean time for the timer to expire, the mean cycle length can be expressed
as

B[C] = §(B[ON] + 1),

where Cp reflects the number of times that the timer expires before the job
completes. This number can be expressed as

ks
E[Cy] =) P[Cx>=n]=Y_ > P[Y,=s5Cy >n],

n>1 s=1n>1

where Y,, is the phase of the job when the timer expires for the n-th time in a
cycle. Note that Y, is well defined when Cy > n. a

4.1 Hyper Exponental job sizes
The next theorem allows us to compute A;I;E)(l) in O(kglogkr) time.

Theorem 4. For Erlang-kr timers and HE job sizes we have

ks
HE Di
/\;(gT )(1): d E I E— (10)
== <6kik$m)

where p; is the probability that a job has an exponential size with mean 1/p;.

Proof. We make use of Lemma 1. With probability p; the service phase equals ¢
and remains the same as long as the job is in service. Hence,

PlY, =i,Cy > n] okr\"

=1 n=p | =——— .

n yUN 2 Di Skt + 104

Summing over n and ¢ and writing 1 = Zfﬁl p; yields the result. O

Lemma 2 The function &(x) given by

1
= 1= (Okp)Fr [(ky + 1/z)F’

§(x)

is convex on (0,00).



Proof. We have

kr(Skr + 1/2)F (Skp)kr n(z) < 1 )3
x2 Sk +x \ (Okr + 1/x)kr — (8kp)kr ) 7

§'(x) =
with

n(x) = (kr + 1)(0kp)*™ + (kp — 1) (0kr + 1/z)k7
—2(0kr)x ((6kr + 1/2)" — (6kr)*") .

It therefore suffices to show that n(z) > 0 on (0, 00). Expanding the kr-th powers
implies that n(z) equals

kr ey kr i
(kr + 1)(Skp)*™ + (kp — 1) (kT> (Okp)rr= 23" (kT> [0

I pi—1
i=o j=1 7

ot (oof) )

which is non-negative on (0, 00) as

orof(5) 45 2

if and only if (j — 1)(kr +1) > 0.

O

Theorem 5. For Erlang-kr timers and HE job sizes we have for A,&I;E)(l) that

o (exp) (HE) (HE) (exp) (5kT)kT
APy = 1) <A DN =61 L
1 +6 1 ( ) 1 ( ) — kp ( ) —= Yk ( ) (5kT_|_ 1)kT

Proof. The result follows by noting that

)\(HE) sz 1/”1

Therefore by the convexity of £(z) on (0,00), we have

ks ks
Mo () =6 ) 3 i€ (/i) < 6/ECpi/m) = 8/€(1) = NS (1),

Remarks:

1. The upper bound is clearly tight, while the lower bound for a fixed k7 is
also tight by using the 2-phase HE distribution with p; = 1 — ¢, p2 = ¢,
11 = (1—¢€)/e and ps = €/(1—¢) as in such case lim._,q )\,(CI;IE)(l) =40/(+1).



4.2 Coxian job sizes

In this section we consider Coxian job sizes, meaning o = (1,0,...,0) and
—H1 H1P1
—H2 H2p2
S = : ,

Hks—1 Mks—1Pks—1
Hks

with p; fori=1,... ks and 0 <p; <1fori=1,..., kg — 1. We note that any
acyclic phase-type distribution, that is, any phase-type distribution where S is
upper triangular, can be represented as a Coxian distribution [12].

Lemma 3 Let 1 # ... # x5 € R, then forn >1

S S S
. _ 1
Y =l = (12)

J1yefs>0 =1 (=1
Jit..tgs=n-1 L

Proof. The equality in (12) is a known identity for complete homogeneous sym-
metric functions [13, Ex 7.4]. O

Remarks:

1. The result also holds for n = 0, that is,

s . s 1
> 2@_1-[1%_3%:0. (13)

i=1 -
04

This is easily checked for s = 2. For s > 2 this follows from Lagrange’s
interpolation formula as the polynomial p(z) = x°~2 interpolates the points
(J;i,mf_2) fori=1,...,s — 1 and therefore

s—1 s—1 s—1

o Ty (zs — T¢)
5— —2 s —2 = s
poea =it = St [ 2ot = - e
=1

‘ :
eV C D

i=1 —
1#i
Theorem 6. For Erlang-kr timers and Coxian job sizes with probabilities p1, ..., Prs—1
and rates 1 # ... # prg we have
ks P
(Cox) _ i
PYAERIGH I 19/ S U S (14)
=1 ( Skr )
Sk s
where p; fori=1,..., ks is given by
ks s—1 s 1
pi=> | [Twwi | T1 " (15)
s=i \j=1 =y He T M

i#i



Proof. We rely on Lemma 1. Clearly, as the initial service phase is one when a

nk
cycle starts, we have P[Y,, =1,Cy > n] = (5ki-kf/n) " which yields

kT
T 1

n>1

For s > 1, we get the more involved expression

P[YN:S,CNZTL]

_ ¥ ﬁ( Okr )J pipi < Sy >J‘s“
B w0 \Okr +pi ) Okr + pi Ok + ps

J1se-59520
Jit...+js=nkr—1

_ Skr s—1 Wi,
Ok + s E Shr + 1, Z Hw

.....

]1+ +J;—nkT 1

s—1

5kT HiPj nkT—i-s 2

= 16

5kT+/Ls 1;‘[15kT+uj ; H:Z?zfx[ ( )
J E;éz

with z; = 0k /(dkr + p;) due to Lemma 3. For s > 1 we therefore have

ZP[YN = S,CN Z TL]

n>1

n>0 i=1

HjPj nk s—
5kT+u H 6kTJ+J'u sz T+ 2H — (17)
2757,

where the sum may start in n = 0 due to (13).
By definition of x;, we have for i < s

S
X 1 okt +
s—1 T ,ué
P | T
=1
05

=1 e~ pi
01

which combined with (17) implies for s > 1

ZP[YN =s,Cny > n]

n>1

__ Okr T nkr—1 T OFr + 1
o Ok + Us E 5kTJ+ i Z Z 21_[1

n>0 i=1
01

S

s—1 s
[Lws | 3 (S | TT =
j=1 i=1 \n>0 = e = Hi




Therefore,

y 1 Skr \™
;P[YN:&CNZTL}:; ljﬂ]pj Zl_[llﬁé lh/(l((SkT—sz) >7

01
and
ks 1
1+ E[CNn] = 1+ZZP[YN:S,CN >n| = B E—
s=1n>1 1— Skt
= Ok +p;

5 () T /(- ()
5D P e — [ 5kT + 1

s=2i=1 \j=1 =1
ks R (SkT kT
3 (i (B
pt Okp +

Remarks:

1. The sum of the p; equals one as

f}pi_z SHW] ST

s=1 \j=1 zlél“e

as the latter sum equals zero for s > 1. However p; is not necessarily between
0 and 1. For instance, when puy = 3/2,p; = 1 and ps = 3, we get p; = 2
and ps = —1. This also indicates that Theorem 6 does not have a simple
probabilistic interpretation.

2. When p; € [0,1] for ¢ = 1,...,ks the Coxian job size distribution corre-
sponds to an HE distribution where the job is exponential with parameter
1; with probability p;. In fact, any HE distribution can be represented as
a Coxian distribution [12,14] and as such Theorem 6 can be regarded as a
generalization of Theorem 4.

3. Using (14) we can compute )\ggo‘r)(l) in O(k% + ks log kr) time, where the
computation of the p; values require O(k%) time.

4. If some of the u; are identical we can still derive an explicit expression by
taking limits. For instance, for an order 2 Coxian distribution with service
rate p in both phases this leads to the following formula:

kr
ok
ox 1 k ok
)\](cg )(1):5/ + Pi1pRT ( T+M)
-

Sk )kT Skt + p son \ET\
Okr+p L- (5167“1#)




4.3 Erlang kg job sizes
While results for Erlang distributed job sizes can in principle be derived from
Theorem 6 by taking limits, this leads to very involved expressions for larger

values of kg. We therefore present an alternate approach in this section.

Lemma 4 For s > 1 and |z| < 1, we have

Z(kns—i—_sl ) kn_kz 17% (18)

n>1
with wi = cos2mj/k +isin2wj/k € C the k-th roots of unity.

Proof. The orthogonal relation for the k-th roots of unity states that

Z’“ in [ 1ifnis a multiple of &
w = .
— 0 otherwise.

This implies

n>1 i=1
k k :
1 -2 1 ]
S (e =
iminzt N T o (L—we)®
as EnZO (njfiz)a:" =z/(1—x)°. O

Theorem 7. For Erlang-ks job sizes and Erlang-kr timers, we have

AED (1) = Z kTZ 11__35 : (19)

wy, )8
with © = Skr /(Skr + ks) and w], = cos 215 /k +isin 27 /k € C.

Proof. The proof makes use of Lemma 1. For Erlang kg job sizes we note that
the expression for P[Y,, = s,Cy > n] for s > 1 becomes

nkp +s—2 ks o okr \"
P[Y, =5,Cy >n] = Sk + ks Skr+ks)
[ s,Cn > n] < s—1 > <6k;T+ks> <5kT+kS)

Lemma 4 now suffices to complete the proof. a
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Fig. 2: Tllustration of Theorem 4 and 7: Erlang, Exponential and Hyper Expo-
nential job sizes (with balanced means) and Erlang-10 timers.

Remarks:

1. By means of (19) we can compute )\grl)(l) in O(krks) time.

2. The result can easily be generalized to mixtures of Erlang distributions
(mErl). Suppose that with probability p; the job size is an order kg; Er-
lang with rate p;, for ¢ = 1,... v, then

(mEe) SR S, SR ()

AN =8 1+ — ) w gy

EE / kTZl ’“TZ;p;u—wi 2:)°
J= 1= S= T

with ©; = 0k /(dkr + p;).
3. Theorem 4 and 7 are illustrated in Figure 2. Less variable job sizes imply
that higher rates can be supported while still having vanishing waiting times.

5 Conclusions

In this paper we studied the steady state probabilities to be in the set {2y of the
structured finite state Markov chain with rate matrix @Q(m). The study of this
Markov chain was motivated by the largest possible arrival rate A(m) that can
be supported by the hyper scalable load balancing push strategy such that the
queue length is bounded by some predefined maximum m.

More specifically, the following contributions were made. For exponential
job sizes we showed that A(m) is maximized among all order kr phase type
distributions by the Erlang k distribution and presented explicit formulas for
this maximum A, (m). For non-exponential job sizes we focussed on the setting
with vanishing waiting times, i.e., m = 1 and derived closed form expressions
for Ap, (1) for various job size distributions such as hyper exponential, Coxian
and FErlang distributions.
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