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The interplay between a magnetic field and the Coulomb potential from a charged vacancy on the
electron states in graphene is investigated within the tight-binding model. The Coulomb potential
removes locally Landau level degeneracy, while the vacancy introduces a satellite level next to the
normal Landau level. These satellite levels are found throughout the positive energy region, but in
the negative energy region they turn into atomic collapse resonances. Crossings between Landau
levels with different angular quantum number m are found. Unlike the point impurity system in
which an anticrossing occurs between Landau levels of the same m, in this work anticrossing is found
between the normal Landau level and the vacancy induced level. The atomic collapse resonance
hybridize with the Landau levels. The charge at which the lowest Landau level m = −1, N = 1
crosses E = 0 increases with enhancing magnetic field. Landau level scaling anomaly occurs when
the charge is larger than the critical charge β ≈ 0.6 and this critical charge is independent of the
magnetic field.

I. INTRODUCTION

Ever since the discovery of graphene, it has provided
an effective medium to probe analogs and similarities of
quantum electrodynamics (QED) phenomena [1]. The
charge carriers in graphene are massless Dirac fermions
with an effective “speed of light” c∼ 106 m/s [2]. For
energies less than about 1 eV the electron spectrum is
conical with particular chirality of the electrons and holes
around the high-symmetry K and K’ points. Its unique
electric properties allow the detection of the Klein para-
dox which is a counterintuitive relativistic process [3].
Other QED phenomena, such as anomalous integer quan-
tum Hall effect [4, 5] and atomic collapse in artifical nuclei
was observed on graphene [6].

Atomic collapse is a fundamental quantum relativis-
tic phenomenon [7]. It was predicted about eighty years
ago but turned out to be impossible to realize in real
atoms. By assuming the nucleus to be a point charge,
the collapse occurs whenever the charge exceeds the su-
percritical value Z > Zc = 137 [8, 9]. Taking into account
the finite size of the nucleus, the condition becomes even
more stringent, i.e. Zc = 170. However, because of its
large effective fine structure constant, the critical charge
in graphene is expected to be as low as Zc ∼ 1 − 2.
By introducing charge impurities with Z > 1, atomic
collapse has been realized experimentally in several dif-
ferent graphene systems [6, 10, 11]. Theoretically, simi-
lar phenomena have been intensively studied in both the
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subcritical and supercritical regimes. Refs. [12–19] stud-
ied the atomic collapse in graphene in a single charged
impurity field. The extension to the case of two identical
impurity charges was considered in Refs. [20–26]. The
interaction between the two impurities splits the atomic
collapse state into a pair of bonding and anti-bonding
molecular collapse states. Furthermore a new physi-
cal regime termed “frustrated supercritical collapse” was
demonstrated [25]. When the “artificial nucleus” was
realized with a charged vacancy in the graphene lattice
weak satellite states appears beside the atomic (molecu-
lar) collapse resonances [10, 26] which are a consequence
of the discrete sublattice structure of graphene and the
removal of the equivalence of the two sublattices.

It has been argued that a strong magnetic field can
effectively reduce the value of the critical charge Zc [27–
31]. However, the situation in 2D is different and the ef-
fect of a magnetic field on a charged impurity in graphene
leads to different conclusions. A theoretical study pre-
dicted that the magnetic field drives the critical charge
to zero [32]. However, more recent investigations (some
focused on an ”exact” numerical solution) found that
the magnetic field does not affect the value of the crit-
ical charge [19, 33–36]. Recently, Eren and Güçlü in-
vestigated finite size and external magnetic field effects
on atomic collapse in a graphene quantum dot and con-
cluded that the size of the quantum dot affects the value
of the critical charge [37].

In previous works, a charged impurity was put on top
of the graphene layer and it was concluded that: 1) levels
with the same orbital number m never cross each other,
and 2) an anticrossing occurs between atomic collapse
resonance energy levels [19, 38]. Here we model the ”ar-
tificial nuclei” by a charged vacancy as in the experiment
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of Ref. [10] and investigate the effect of a perpendicular
magnetic field on the atomic collapse resonance states.
In contrast to Refs. [19, 38] the discrete nature of the
graphene sublattice is retained in our approach and we
will use the tight-binding model to calculate the elec-
tron states. How these new emerging states influence the
crossing between Landau levels and collapse resonances is
not clear and therefore triggers our interest and are inves-
tigated in this work. Whether the lifting of the sublattice
symmetry due to the vacancy will induce any magnetic
field dependence of the critical charge for atomic collapse
will be critically examined.
The paper is organized as follows. In section II, we

present the model and the method used to obtain the rel-
evant quantities. How do the Landau levels cross atomic
collapse resonant states in charged vacancy graphene are
studied in section III. The magnetic field dependence of
the critical charge for atomic collapse is studied in Sec-
tion IV. In section V, we summarize our study.

II. MODEL

In order to model charged vacancies and to preserve
effects due to the discrete lattice (i. e. to go beyond the
continuum approach), we use the following tight-binding
Hamiltonian

Ĥ =
∑

〈i,j〉

(tij â
†
i b̂j +H.c.) +

∑

i

Viâ
†
i âi +

∑

j

Vj b̂
†
j b̂j , (1)

where âi(b̂j) represents the electron creation operator

and â†i (b̂
†
j) is the annihilation operator of an electron at

the sublattice A(B) at site i(j), tij = −2.8 eV is the hop-
ping strength between the nearest neighbors. The last
two terms take into account the electrostatic potential
Vi(j) felt by the electron from the charged vacancy at
site i(j). The electric potential of the vacancy with ef-
fective charge β = Zα is V (r) = −~vfβ/r, where Z is
the value of the charge, α is the fine structure constant
of graphene, taking into account of its environment, ~ is
Planck constant divided by 2π and vf is the Fermi ve-
locity. In order to simulate the finite size of the vacancy,
a cutoff of the electron potential is introduced by replac-
ing r with r∗ = 0.5 nm when r < 0.5 nm. The value
of r∗ was determined in Ref. [10]. The charge on the va-
cancy can be tuned by firing voltage pulsed from an STM
tip on the vacancy [10]. To model a uniform magnetic
field, we make use of Peierls’ substitution and replace tij

with tije
i2π/φ0

∫
j

i
~Aijd~l where Φ0 = h/e is the magnetic

quantum, h is the Planck constant and ~Aij is the mag-
netic vector potential along the path between sites i and
j. The magnetic field is perpendicular to the graphene

plane and the gauge is taken as ~A(x, y, z) = B(y, 0, 0).
Electron-electron interaction is ignored because Ref. [37]
indicates that Hubbard parameter does not qualitatively
change the results of atomic collapse, and the quantita-
tive difference is small.
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FIG. 1. Colormap of the LDOS (in logscale) as a function of
position and energy. The results of a charged impurity above
graphene (a1-c1) is compared with the results of a charged
vacancy (a2-c2). Magnetic field strength is B = 12 T and the
vacancy (charged impurity) is located at r = 0.

The eigenvalue problem with the Hamiltonian (1) is
solved ”numerically exact” on a hexagonal flake with
armchair edges to avoid zigzag edges with zero energy
states. The charged impurity or vacancy are placed in
the center of the flake. We take the hexagonal flake edge
width of 200 nm which is sufficiently large such that finite
size effects are negligible. Such a flake contains more than
four million carbon atoms and we use the open source
tight-binding Pybinding program to solve the problem
numerically [39]. The package employs the kernel poly-
nomial expansion to compute the local density of states
(LDOS). An energy broadening of 1 meV is used to sim-
ulate effects due to disorder.

III. SINGLE VACANCY: EFFECT OF

MAGNETIC FIELD

Firstly, the space-energy map of the electronic states in
the subcritical (0 < β < 0.5) and supercritical (β > 0.5)
regimes are plotted in Fig. 1. Figs. 1(a1-c1) are for a
point charged impurity which is put 5 nm above graphene
and Figs. 1(a2-c2) are for a charged vacancy system.
Fig. 1(a1) is for pristine graphene and Fig. 1(a2) for a
neutral vacancy in graphene. In the absence of an impu-
rity, Landau levels are independent of the position. No-
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FIG. 2. The LDOS as a function of the radial distance r for
the vacancy induced level of Landau level N = 0, 1, and 2 in
Fig. 1(a2). (a) The LDOS on B sublattice and (b) the LDOS
on A sublattice. The results are for β = 0

tice that a vacancy introduces a satellite level beside each
Landau level. These satellite levels are highly localized
around the vacancy and their LDOS intensity rapidly
decreases within one nanometer. In order to show the
influence of the sublattice, the LDOS of the vacancy in-
duced satellite levels of Landau level N =0, 1 and 2 are
plotted on different sublattice as a function of the radial
distance r in Fig. 2 for β = 0. The vacancy is formed
by removing an A sublattice atom, and we see that these
vacancy induced levels are localized on the B sublattice.

Adding charge, the Landau levels start to bend and
split into sublevels for different orbital number m. Fur-
ther increasing the charge, many more sublevels appear.
In order to show this process clearly, the LDOS as a func-
tion of energy for several values of the distance from the
impurity is shown in Fig. 3. The energy region was chosen
to include only N = 0 and 1 Landau levels. At β = 0.4
in Fig. 3(b1), the peak labeled m = 0 belong to N = 0;
at β = 0.8 in Fig. 3(c1), the two peaks labeled m = 0
and -1 belong to N = 1. It is clear that the sublevels
move down significantly in energy near the charge center.
At the position slight away from the charge center, new
sublevels are observed but their downward movement is
small. When the Landau levels are detected far away
from the charge center, they tend not to split and their
position is little effected by the charge. By replacing the
point charge impurity with a charged vacancy, all of the
above properties remain the same except that each level
has a satellite level as shown in Figs. 3(a2-c2). Due to
the electron-hole symmetry, the N = 0 Landau level has
two vacancy induced satellite levels. In addition, these
electron states have a high intensity close to the vacancy
and disappear quickly away from it. In the following we
show only the results of a charged vacancy system and
the LDOS will be computed at the vacancy.

The LDOS in Fig. 4 is plotted at the vacancy as a
function of energy and charge. Without magnetic field,
the atomic collapse states and vacancy induced states are
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FIG. 3. The LDOS as a function of energy for different
values of the distance from the charge. (a1-c1) A charged
impurity 5 nm above the graphene plane and (a2-c2) for a
charged vacancy.
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FIG. 4. Colormap of the LDOS at the vacancy as a function
of energy and charge β for (a) B = 0 and (b) B = 8 T. The
vacancy is formed by removing an A sublattice atom.

recognized from the high LDOS intensity in the negative
energy region. The naming of these LDOS resonances are
the same as in Refs. [10, 19] and are based on the spa-
tial symmetry of their LDOS. VP represents the vacancy
peak. R1 is the 1s atomic collapse state in atoms, R2 is
the 2s state and P1 is the 1p state. R1

′

, R2
′

and P1
′

are their corresponding vacancy induced satellite states.
VP, R1

′

, R2
′

and P1
′

are the consequence of the removal
of a carbon atom resulting in the breaking of the sublat-
tice symmetry and are absent in the case of a charged
impurity system as investigated in Ref. [19] within the
continuum approach.
When a magnetic field is applied, Landau levels are
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FIG. 5. Colormap of LDOS taken at the vacancy as a function
of energy and

√
B for several charges. (a) β = 0; (b) β = 0.4;

(c) β = 0.8; (d) β = 1.2 and (e) β = 2. The horizontal black
dotted line is at E = 0.

clearly formed at low β. As the charge increases, Landau
levels near the vacancy behave differently in the posi-
tive and negative energy region. Landau levels split into
individual orbital states with different angular quantum
number m in the positive energy region. The Landau
level N = 1 splits into orbital states m = −1, m = −1′,
m = 0 and m = 0′, followed by the splitting of higher
Landau levels. The sublevels with accent(′) are vacancy
induced satellite levels. The annotation method of split-
ting Landau level is consistent with Ref. [19] and is based
on the spatial symmetry of the LDOS. Crossing and an-
ticrossing are found between Landau levels of different
quantum number as Landau levels drop into the negative
energy region. Refs. [19, 38] summarized the crossing law
as level N = 1,m = −1 crosses level N = 0,m = 0 and
is then repelled by level N = −1,m = −1 with the for-
mation of an anticrossing following the atomic collapse
resonance. This partially remains the same by replacing
the point charge impurity with a charged vacancy in this
work. Here in addition, the level N = 1,m = −1 crosses
level N = 0,m = 0 but is then repelled by the vacancy

0 2 4 6 8 10
B (T)

0.60

0.65

0.70

0.75

0.80

=0.103*B1/3+0.6

FIG. 6. The charge at which the Landau level N = 1, m =
-1 crosses zero energy versus magnetic field. The numerical
results are fitted to β = 0.103 ∗B1/3 + 0.6.

induced satellite level N = −1′.

In addition to above phenomenon, Fig. 4(b) shows
some new features due to the broken sublattice symme-
try. At small charge, the value of the LDOS of the va-
cancy induced electronic state is an order of magnitude
larger than the value of the LDOS of normal Landau
Levels. It helps us to differentiate vacancy induced lev-
els from normal Landau levels by the color in Fig. 4(b).
The vacancy induced satellite levels (marked with su-
perscript ′) shift down one energy level through the VP
resonance (which is independent of magnetic field) in the

negative energy region, e. g., level N = 0
′

moves down
to level N = −1. As the charge increases, but still less
than the critical charge, those parallel levels are normal
Landau levels. The inter level spacing of these Landau
levels is preserved until Landau levels cross the atomic
collapse resonance. And the Landau levels shift down
one energy level through the atomic collapse resonance.
Meanwhile the vacancy induced levels reappear (e. g.,
level N = −1′) after Landau levels cross R1 resonance
and they merge into the lower Landau level through R1’
resonance. This process repeats and higher orbital states
become involved with increase of charge and |E|.
Another interesting feature in Fig. 4(b) need to be

discussed. The vacancy induced satellite levels exist
throughout the positive energy region, but in the negative
energy region these levels merge into the normal Landau
levels in the region where the vacancy induced resonances
do not exist. Thus, the separation distance between the
normal Landau level and its satellite level first increases,
then decreases with increasing charge β. In the supple-
mentary information (SI) we show the LDOS calculated
on both sublattices separately. They exhibit an out-of-
phase oscillation which is similar to what was found in
Ref. [10].
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IV. CRITICAL CHARGE FOR ATOMIC

COLLAPSE

Next, the LDOS of electronic states are investigated as
a function of magnetic field and energy. The results are
plotted in Fig. 5 for β = 0, 0.4, 0.8, 1.2 and 2. Landau
levels show

√
B behaviour when the charge is smaller

than some critical charge as shown in Figs. 5(a) and (b).
As the charge increases beyond some critical charge, the
lowest Landau level m = −1, N = 1 crosses E = 0 and
no longer shows the

√
B scaling as shown in Fig. 5(c).

At small
√
B, an apparent feature is the atomic collapse

state that is formed. The m = −1, N = 1 LL crosses E =
0 and is included in the atomic collapse resonance. Thus
the atomic collapse resonance hybridize with the Landau
level. But for larger

√
B in Fig. 5(c), the m = −1, N = 1

LL and the atomic collapse resonance locate at different
energies. Further increasing the charge, the R1 atomic
collapse resonance moves downward and hybridize again
with m = −1, N = 1 LL at larger

√
B in Fig. 5(d).

Thus as the magnetic field increases, the charge at which
the m = −1, N = 1 LL crosses E = 0 increases. In
Refs. [32, 37] the crossing of this LL with E = 0 was
used to determine the value of the critical charge. In
Fig. 6, this charge is plotted as a function of magnetic
field and fitted to β = 103∗B1/3+0.6. According to this
criterion the critical charge increases with B.
According to the discussion of Fig. 4, we know that

the crossing and anticrossing between Landau levels only
occur in the atomic collapse resonance region. This is
reconfirmed by Figs. 5(d and e). The crossing between
Landau level N = 1, m = -1 and Landau level N = 0,
m = 0 is highlighted by the circle in Fig. 5(d). As the
charge increases, the R1 atomic collapse resonance falls
to a lower energy meanwhile R2 and P1 atomic collapse
appears as shown in Fig. 5(e). Crossing and anticrossing
between higher order Landau levels are pointed out by
the circle in Fig. 5(e). These crossing and anticrossing
points are located at the same energies as the atomic
collapse resonances.
Previously, the absence of

√
B scaling of the LL was

used to determine the critical charge for atomic col-
lapse [19]. The energy of the Landau level N can be
written as,

EN (B) = ±νF
√

2|N |~
√
B = ±νN

√
B (2)

where ±νN is the level scaling prefactor. When β is 0,
∂νN/∂B = 0 and Eq.(2) is satisfied. On the other hand,
∂νN/∂B 6= 0 means the level has a scaling anomaly. We
use the LDOS data to calculate the derivative ∂ν1/∂B
for Landau level N = 1, m = -1 and present the results
in Fig. 7. The derivative is almost a constant and close to
0 for β 6 0.6, independent of the magnetic field. A con-
stant derivative implies EN (B) = ±(νN

√
B + γNB3/2)

with γ small and the
√
B scaling of the LLs is to a

large extend satisfied. For β > 0.6, there is a signifi-
cant nonlinear enlargement at small values of the mag-
netic field. The scaling anomaly is mainly a function of
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FIG. 7. (a) The derivative of the scaling ν1 for different
values of the charge β for Landau level N = 1, m = -1. (b)
Same derivative, but presented as a function of energy instead
of the magnetic field.

energy and therefore we plot ∂ν1/∂B as a function of
energy in Fig. 7(b). Note that for E < 0, ∂ν1/∂B = 0

when β ≤ 0.6 and we have perfect
√
B scaling. Once β

increases beyond 0.6, the derivative is non-zero also for
E < 0. Without magnetic field, the critical charge in a
single impurity system was previously determined in the
continuum limit to be ≈ 0.5. We found here a slightly
larger values of ≈ 0.6 but the most important conclusion
is that magnetic field does not affect the value of the
critical charge.

V. CONCLUSION

In this work, we studied how the electronic states of
graphene are modified in the presence of a charged va-
cancy and a perpendicular magnetic field. A charged
vacancy causes Landau levels to split into sublevels with
different quantum number m and introduces a satellite
level next to each normal Landau level. Crossings and
anticrossings are formed between Landau levels of differ-
ent quantum number and the Landau level repulsion oc-
curs between normal Landau level and vacancy induced
level. The atomic collapse resonance hybridize with Lan-
dau levels and the magnetic field increases the charge at
which the lowest Landau level m = −1, N = 1 crosses
E = 0. This E = 0 crossing criterium will results in
different critical charge for different energy levels. This
is different for the scaling anomaly criterium which re-
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sults in a critical charge independent of the chosen energy
level and independent of the magnetic field. Therefore,
the scaling anomaly argument is more fundamental and
is therefore considered to be the correct criterium. As
compared to previous results for the continuum Dirac-
Kepler problem we find a slightly larger value of βc ≈ 0.6
for the critical charge for atomic collapse.
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[22] D. Klöpfer, A. D. Martino, D. U. Matrasulov, and R. Eg-

ger, Eur. Phys. J. B 87, 187 (2014).
[23] E. V. Gorbar, V. P. Gusynin, and O. O. Sobol, Phys.

Rev. B 92, 235417 (2015).
[24] R. Van Pottelberge, B. Van Duppen, and F. M. Peeters,

Phys. Rev. B 98, 165420 (2018).
[25] J. Lu, H.-Z. Tsai, A. N. Tatan, S. Wickenburg, A. A.

Omrani, D. Wong, A. Riss, E. Piatti, K. Watanabe,
T. Taniguchi, A. Zettl, V. M. Pereira, and M. F. Crom-
mie, Nat. Commun. 10, 477 (2019).
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