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Abstract

Let F(n, k) be a hypergeometric function that may be expressed so that n appears
within initial arguments of inverted Pochhammer symbols, as in factors of the form ﬁ
Only in exceptional cases is F'(n, k) such that Zeilberger’s algorithm produces a two-
term recursion for Y77, F'(n, k) obtained via the telescoping of the right-hand side of a
difference equation of the form p;(n)F(n+r, k) +pa(n)F(n, k) = G(n,k+1) — G(n, k)
for fixed 7 € N and polynomials p; and po. Building on the work of Wilf, we apply a
series acceleration technique based on two-term hypergeometric recursions derived via
Zeilberger’s algorithm. Fast converging series previously given by Ramanujan, Guillera,
Chu and Zhang, Chu, Lupas, and Amdeberhan are special cases of hypergeometric
transforms introduced in our article.

Keywords. Difference equation; series acceleration; Zeilberger’s algorithm; hypergeometric series;
closed form

1 Introduction

Zeilberger’s algorithm [29, §6] is of great importance in terms of the use of telescoping in the
study of and application of hypergeometric functions. Recent applications of Zeilberger’s
algorithm have concerned computational problems in the reduction of radicals [14], the
study of families of orthogonal polynomials that generalize the Askey scheme [21], and the
covering of graphs with affine hyperplanes [32]. The importance of Zeilberger’s algorithm
inside and outside of the field of symbolic computation is evidenced by the influence of Paule
and Schorn’s Mathematica implementation of Zeilberger’s algorithm [28], the influence of
Koornwinder’s work concerning the Maple implementation of Zeilberger’s algorithm and the
g-analogue of Zeilberger’s algorithm [20], and the applications of variants and extensions of
Zeilberger’s algorithm, as in with the extended version of Zeilberger’s algorithm due to Chen,
Hou, and Mu [7]. The uses of Zeilberger’s algorithm in the symbolic computation discipline
motivate the development of Zeilberger-based techniques for determining closed forms that
are of interdisciplinary significance in terms of how such closed forms may be applied within
numerical analysis, and in terms of the evaluation of number-theoretic constants. The main
purpose of this article is to apply a method based on Zeilberger’s algorithm, building on



the work of Wilf [33], Mohammed [27], and Hessami Pilehrood and Hessami Pilehrood [17],
for determining recursions for infinite families of infinite hypergeometric series that may be
applied so as to obtain accelerated series for universal constants such as 7= and %

Our recursive approach toward the acceleration of hypergeometric series, as described
in Section 3 below, also builds on the previous work by Chu and Zhang in [11], Levrie and
Nimbran in [23], and Campbell and Levrie in [6, 22], in which accelerated hypergeometric
series were also obtained via hypergeometric recursions. A main advantage as to how our
accelerations build on past references as in [11, 17, 22, 23, 27, 33] is given by how broadly our
Zeilberger-based technique may be applied to hypergeometric functions involving multiple
free parameters apart from n and k, such as

_ (a)r(b)k
e (@)l®)
F(n, ]{) = m (2)

and the many variants of (1) and (2) given in Section 4 below; in this regard, by systemat-
ically searching through combinations of rational values for the entries in the tuple (a,b,n)
such that the hypergeometric sum .~ ) F(n, k) reduces to a universal constant such as 7+,
this is indicative of an advantage of our using F-functions with multiple free parameters as
in (1) and (2), since extending or mimicking the methods of Wilf in [33] using F-functions
with multiple free parameters allows for a greater range of possibilities for closed-form values
of Y72, F(n, k), with reference to the constants and convergence rates shown in Table 1, to-
gether with the motivating examples under consideration in Section 2 below. Our techniques
and applications inspired by Wilf’s acceleration method from [33] have not been considered

in past research influenced by [33], including [2, 9, 11, 19, 24, 26].

2 Motivating results and background

Our method is such that fast converging series evaluations given by Ramanujan [31], Guillera
[16], Chu and Zhang [11], Chu [8], Chu [9], Lupag [24], and Amdeberhan [1] are special cases
of our method. In addition to our new, recursive proofs of these past results, we highlight
a number of our new results, as below. To begin with, we briefly review some necessary
preliminaries.

For R(x) > 0, the I-function is such that I'(z) = [~ u" e du [30, §8]. Our applications
of our techniques to obtain the symbolic evaluations in Section 4 often require the use of the

reflection formula -

Fx)'(1—2) =

sin(mx)

and the Gauss multiplication formula

[(mz) = (27) 2 m™ 2 nﬁr <x + ﬁ) .




F(n, k) Convergence rate Constant(s) Section
% i - \/?57 \/737 In2, G, V2, V3, n° 4.1
SRe > L2583, V2, V8, & 42
ORED %56 12 43
PR 5 V2 V3 g 4.4
% i T T V2, 4.5
Q= 7 T T 4.6
Tkt % V2,72, & 47
e —3 G, V2, V2,3 4.8
o —% ¢(3) 4.9

Table 1: Organization of Section 4, based on the acceleration method described in Section
3. We are letting Catalan’s constant be denoted as G =1 — 3% + 5% — .-+, and we let Apéry’s
constant be denoted as ((3) =1+ 55 + 35 + - - -.

The Pochhammer symbol (z), or rising factorial function is such that (z), = F(Fm(:)" ) with
() =2(x+1)---(xr+n—1) for n € N, and it is not uncommon to write

|:Q,B,---,71 _ (a>n(6)n(’7>n
AB,....C] T (B (C)

As indicated above, our article is devoted to providing and applying new techniques con-

cerning recursions for hypergeometric series. In this regard, we recall that generalized hy-
pergeometric series may be defined so that [3]

> a1,02,...,0, "
= 3
x] Z|:b17b2a"'7bq:| ( )

nl’
n=0 n

a1,0a2,...,0p

F
PR by by, b,

and we let the argument = in (3) be referred to as the rate of convergence for the series in
(3).

We are now in a position to present new formulas introduced in this article as in the
following motivating examples:

768 © / 4\ 3355
(§4.2) — = (—) {2’3";’4’4} (3685° + 95257 + 8105 + 225), (4)
T =0 27 1,575,2,2 j
1215 A ANA
(§4.8) T{“/5: > (_Z) {3’1123’ E ’96} (3605° + 6785 + 299) (5)
=0 127404 1y
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551 ~= 1\’ [ 2,31 , ,
(§4.5) 1_8_Z<Z) [161_3 2} (1852 + 235 +6), (6)
=0 67127 124 ;
4.2 — — ) 37276761 (62157 4 150352 + 11645 + 280 7
(§4.2) —~ ;(27) [1’%7272}]_( 3% + 1503 + 11645 + 280), (7)
- 1 J 1727§7§ . .
(§4.8) 5\@:2(_1) [ﬁ i 363} (605 + 515 + 10) , (8)
j=0 127 77127 244
4 1211
sa5) J03=an |1, g
6
480 o=/ 4\ [2,1,31
(§4.2) —= = (-) [j 2 67} (695° + 24752 + 2845 4 104), (10)
T3 ;o 21/ 13533,
(54.3) 33554432\/§_i 2T\ [1:3 13 150 130 15
1057 5 \256 1,3,22,2,1
(1758725* 4 6845445 4 97936052 4 6093125 + 138567), (11)

> 4 ! §7§>laz>z
(§4.7) 45\/5:2(§> [38 81278 8} (14725% 4 18405% + 6185 + 45),  (12)
=0 4 j

J

> 1\ 441 11,1,1,1
(§4.9) 567¢(3) =Z(—2—7 {3 55 4577 7}

j=0 1044733441

J

(716855 + 231685 + 2958452 + 1862057 4 57615 + 698). (13)

The above series of convergence rates j:}l and 2% have not previously appeared in relevant
literature on accelerated series of such convergence rates, as in [8, 9, 10, 11]. Many of the
above results are heavily inspired by the accelerated series from references due to Chu et
al. as in [8, 9, 10, 11], in which Zeilberger’s algorithm is not involved and WZ theory is not
involved. For example, the motivating example in (4) recalls Example 106 from [11]:

- 4 J l7l’l7§’§ . . .
—~= <_) [2 4 gg} ‘(368‘73+4OO‘72+118‘7+9),
J

but our acceleration method allows us to evaluate series of convergence rates not involved in
references as in [8, 9, 10, 11}, and our acceleration method allows us to determine new proofs
of and generalizations of results from references as in [8, 9, 10, 11]. The 2022 version of the
Maple Computer Algebra System (CAS) cannot evaluate any of the new series given in this
article or the partial sums for such series, as is the case with respect to the 2022 version of
the Mathematica CAS.

In addition to the work of Chu et al. as in [8, 9, 10, 11], our above formulas for % and
algebraic multiples of % are directly inspired by the famous formulas for expressions of such
forms due to Ramanujan [31]. As in each of the articles by Chu et al. among [8, 9, 10, 11],
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each of which has heavily motivated our explorations based on new results as in (4)-(13),
we highlight the following formulas due to Ramanujan [31] as being sources of inspiration
underlying our research. Observe that the convergence rates of j:}1 in the below formulas
due to Ramanujan agree with (5), (6), (8), and (9):

_ i:% G)n E % ﬂ (6n+1), (14)

Our acceleration method described in Section 3 and inspired by Wilf’s work in [33] is such
that we may apply this method to formulate a new proof of Ramanujan’s formula in (14).
This recalls Zeilberger’s proof via the WZ method, as opposed to Zeilberger’s algorithm, for
Ramanujan’s 4F3(—1)-series for L [13], along with Guillera’s WZ proof of (14) [15].

The 5 F} (i)—evaluation shown in (9) is especially notable, in terms of how it stands out
against the neighbouring formulas among (4)—(8) and (10), since a (nontrivial) polynomial
in n is not involved in the summand of (9). What is even more striking about the formula
for /2 in (9) is due to how it relates to the below listed o F}-formulas from Zucker and Joyce
[18, 34] that are highlighted in the Wolfram MathWorld entry on hypergeometric functions.
In this encyclopedia entry, it is suggested how curious it is how 5 Fj-functions can assume
integer root values for very specific rational arguments and rational parameters, as below,
again noting the resemblance to our new formula in (9):

2 (12| 2400
ST = |8 | 22Y
3VT=2h ! 2401] ’
3 1.1 25
V3 =,F|%3| =
1V3=2h ! 27] ’
Ao _ p[hb] 125

— 241 9 )
3 3 | 128
3 5015 | 1323
Z111/4 F 12112 1331]

2
The above series for ‘/75 of convergence rate % shown in (11) is also of especial interest.

To the best of our knowledge, the only series of convergence rate % that have previously
appeared are the following series given by Chu [8] via Dougall’s bilateral 5 Ho-sum. These
past series motivate the new Zeilberger-based techniques we have introduced for generating
and proving evaluations for series of convergence rate 2=:

256"
1287V3 & (27 )j [%%%?W]

™

j=0



(1669415 + 2602535% + 13046452 + 232025 + 1120),

7276767676
105W:Z(%) [4 5 9 11 13 g}

37378787 87 84y

(16488;° + 421925* + 40606;5° + 1824752 + 38425 + 317) /7,
o0 j 1 115 5
27V [Las e
607—149—2(256> 4579 11 13
i 37378787 87 845
(32976;° + 678965* + 528445° + 1915652 + 31675 + 180)/5.

We have adopted a “Chu-style” [5] way of denoting hypergeometric series in the vein of
8, 9, 10, 11], by expressing universal constants in the form

> n a?ﬂ""?’y
;m [A,B,...,CLPW’ (15)

for a fixed argument x and for a polynomial (or rational function) p(n), and where for a
lower Pochhammer symbol (¢),, in (15), it is not the case that there is an upper Pochhammer
symbol (u), in (15) such that ¢ — u is a member of Z.

Our interest in the series for ‘/Ti shown in (11) is also motivated by Ramanujan’s famous

series for the same value of ‘/75, as below [31]:

2 A1\ [543
_ - 10n + 1
>(3) 3] aonen

) ?

Nej

4 S/ 1\l
_ 4 <_) hi’ﬂ (26390n + 1103).

A% 1%

9801

n=0

3 A Zeilberger-based series acceleration method

For the sake of brevity, we assume some basic familiarity with Zeilberger’s algorithm [29, §6]
and with bivariate hypergeometric functions and the like. We have systematically performed
computational experiments with Maple using the package given by the input

with(SumTools [Hypergeometric]):

and with the use of bivariate hypergeometric functions F'(n, k) that satisfy the following:

1. The expression F'(n, k) satisfies a first-order recurrence according to Zeilberger’s algo-
rithm, with respect to n;

2. The expression F'(n, k) may be written so as to contain a factor given by the reciprocal
of a Pochhammer symbol involving n as its initial argument;



3. Letting the phrase n-Pochhammer expression refer to a Pochhammer symbol («)g such
that « is a rational linear combination of variables that include n and such that the
coefficient of n is nonzero, the number of lower n-Pochhammer expressions in F'(n, k)
minus the number of upper n-Pochhammer expressions in F(n, k) is at least 2;

4. Letting G(n, k) denote the companion to F(n, k) obtained via Zeilberger’s algorithm,
the limit lim, ., G(n, ¢) vanishes for sufficiently large n; and

5. The expression G(n,0) is non-vanishing,.

Given a function F'(n, k) satisfying the above conditions, we may write

for (nonzero) polynomials p; and ps with integer coefficients and for fixed r € N (typically
with » = 1). Since this construction is closely related to what is meant by a Markov-WZ
pair, it is appropriate to review the definition of this term given in references such as [17, 27],
recalling that a function that satisfies a linear recurrence with polynomial coefficients is said
to be P-recursive.

Definition 1. A pair (F, G) of bivariate hypergeometric functions is said to be a Markov-WZ
pair if there is a polynomial p(n, k) of the form

p(n, k) = ap(n) +ar(n)k + -+ ag(n)k’
for fixed ¢ € Ny and P-recursive functions ag(n), ai(n), ..., a(n) whereby
p(n+ LE)F(n -+ 1K) — p(n, K)F(n, k) = Gln, b+ 1) — G(n, k). (17)

So, for the r = 1 case of (16), a pair (F,G) satisfying (16) is closely related to what
is meant by a Markov—-WZ pair, but we do not insist that p;(n) = p2(n + 1), noting the
distinction between the difference equation in (16) and the difference equation in (17).

By writing f(n) = Y-, F(n, k), a telescoping phenomenon applied to (16) gives us that

pi(n)f(n+7) +pa(n)f(n) = =G(n,0), (18)

which we rewrite as

f(’fl) _ —G(TL,O) . pl(n)

p2(n) p2(n)
The repeated application of the f-recursion in (19) typically has the effect of accelerating the
convergence of f (cf. [33]), as explored in this article, again for hypergeometric expressions
F(n, k) satistying the above listed conditions. Wilf, in [33], introduced the idea of acceler-
ating series using recursions as in (19) derived via Zeilberger’s algorithm, and Mohammed
[27] explored related accelerated techniques. In this article, we pursue a full exploration of
the acceleration of series using (19) for functions F'(n, k) satisfying the above conditions and
with free parameters apart from n and k involved. This has led us to obtain many new

fn+r). (19)
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hypergeometric transforms that are not considered in Wilf’s article [33] or in related work
on Markov-WZ pairs as in [17, 27].

Our experimental use of the Maple CAS has led us to discover how our acceleration
technique may be broadly applied to functions F'(n, k) of the forms indicated as follows:

- (@)r(b)x
Fln.k) = (1 + Bin)i(ag + Ban)y, (20)

for free parameters a and b and for fixed parameters oy, £, as, and By that we typically
set so that (1, 82 € N. Our application of our Zeilberger-based acceleration technique using
(20) is such that r = 1 for the recursion indicated in (19) and for most of the hypergeometric
functions F'(n, k) considered in this article. In such cases, by rewriting (19) as

f(n) = g1(n) + g2(n) f(n + 1) (21)

for rational functions ¢;(n) and gs(n), the inductive application of (21) gives us that

fy =Y (Hgm T z’>> g1(n+j) (22)

j=0 \i=0

if -
lim []ga(n+i)f(n+m+1) (23)
m—00 im0

vanishes (cf. [33]), in which case the equation in (22) gives us series accelerations for the
hypergeometric functions F(n, k) considered in this article. It is appropriate to refer to a
recursion as in (21) as a two-term recursion, and this is consistent with combinatorial work
on general two-term recurrences as in [25].

The organization of Section 4 is summarized in Table 1. The organization of our article,
with reference to Table 1 and a similarly organized Table in [22], is inspired by our past work
on hypergeometric recursions and series accelerations [22], which did not involve Zeilberger’s
algorithm, and which relied on “ad hoc” and experimentally discovered recursions, compared
to how systematically we can apply the method given in our current article.

4 Main results

Each of the following subsections is based on a given selection of a hypergeometric function
F satisfying the conditions listed in Section 3.

(a)k(b)k
(n);

We begin by setting F'(n, k) to be as in (1), and by determining that the function in (1)
satisfies the first out of the conditions listed in Section 3. In this regard, we may apply

4.1 An acceleration based on



the Maple implementation of Zeilberger’s algorithm to compute the companion function

G(n) = R(n,k)F(n, k), where
R(n,k) = —n* (—2n(a+b—k +1) +ab— ak + a — bk + b+ 3n?) . (24)

This leads us toward the following recursion that we are to apply via accelerations of series
of the form ) 72  F(n, k).

Theorem 1. Letting f(n) denote the hypergeometric series y -, F(n, k), where F(n, k) is

as in (1), the recursion

a+b+ab—2(1+a+b)n+ 3n? (a —mn)*(b—n)?
(a+b—2n)(1+a+b—2n) (a+b—2n)(1+a+b—2n)n?

f(n) = fln+1)

holds if the above series converge.

Proof. Using Zeilberger’s algorithm, we may determine that

—(a—n)*(b—n)*F(n+1,k)+n*(—1—a—b+2n)(—a—b+2n)F(n,k)
=G(n,k+1)—G(n,k),
again writing G(n, k) = F(n,k)R(n, k) for the rational function R(n, k) indicated in (24).

Applying the partial sum operator > ;" , - to both sides of the above equality, the right-hand
side telescopes, so that

—(a—n)? (b—n2ZFn+1 k) +n*(=1—a—0b+2n)(—a—b+2n) ZF
k=0 k=0
=G(n,m+1) —G(n,0),

we let m — oo, with lim,, ., G(n, m+ 1) vanishing for n such that > ;- , F((n, k) converges.
This gives us an equivalent formulation of the desired result, since it is easily seen that (23)

vanishes. O
Setting
(n) = a+b+ab—2(1+a+bn+ 3n?
TN = T b —2n) (1 +a+ b—2n)
. (a—n)(b — n)?
a—n —n
g2(n) =

(a+b—2n)(1+a+b—2n)n?
repeated applications of the hypergeometric recursion in Theorem 1 give us that a recursion

of the form indicated in (22) holds. This gives us a series acceleration identity that we are
to apply as below.

Example 1. Setting (a,b,n) = (%, %,2), we obtain a new, Zeilberger-based proof of Ra-

b
manujan’s formula in (14).



introduced in [16].

Example 3. Setting (a,b,n) = (

and Zhang’s article [11]:

1
2

ORI

1, %), we obtain a new proof of Example 84 from Chu

. /1\" 1,17 6j+5
6G — (Z) [57} 57+1.
=0 ol et

Example 4. Setting (a,b,n) = (

™

Example 5. Setting (a,b,n) = (

3
2

2v2 (N [ i
—_— = - T 1 — 485%).
Z@[%U,J( 7)

, 1, 2), we obtain that
/1N 13,37 35 +2
sme) =3 (3) [72] 22
=0 4 11 j J —+ 1
12

Example 6. Setting (a,b,n) = (

= 2), we obtain a new proof of Example 9 from Chu’s

373

article [8], which is reproduced below:

V3

2

Example 8. Setting (a, b, n)
Chu'’s article [8]:



By setting
(@) (b)x
F(n, k)= , 26
0= T mm 20
we may obtain many variants of the above series, and many similar generalizations by gen-
eralizing (26).

Example 10. Setting (a,b,n) = (=3, —1,1) in the acceleration derived from (26), we may

4
obtain that e e L
16384v2 = /1\’ 2, £ 9 1
_\/_: <_> [4 4 4} (1652 + 485 + 33).
2915

1057 4) [1,2,23

j=0 J

4.2 An acceleration based on Y0k
(n)k(2n)k

We refer to Chu and Zhang’s article [11] on hypergeometric series accelerations derived via
the modified Abel lemma and Dougall’s 5Fy-sum, together with references therein, such as
the seminal work by the Chudnovsky brothers [12] and the excellent survey by Baruah et al.
on Ramanujan’s series for £ [4], for background material on the historical importance of the
computational problems concerning the fundamental constant 7. Since we have applied our
acceleration method to obtain a new proof of Ramanujan’s series for % in (14), a new proof of

Guillera’s series for 7% in (25), as well as new proofs of series for + and \/75 given by Chu and
Zhang [11], with Theorem 1 and the corresponding acceleration formula in (22) providing
infinite generalizations for all of these past formulas, this inspires further applications of the
method from Section 3, to obtain faster converging series relative to Section 4.1. In this
regard, by setting F'(n, k) to be as in (2), and by again applying the acceleration technique
indicated in Section 3, this leads us to a hypergeometric transform that may be used to
generate series of convergence rate % ~ (0.148148.

Theorem 2. Letting f(n) = > -, F(n, k) for the hypergeometric function F(n,k) in (2),

the recursion f(n) = g1(n) + g2(n) f(n + 1) holds, for

~(@=2n-1)(a—2n)(a—n)(b—2n—1)(b—2n)(b—n)
2n22n+1)(a+b—3n—1)(a+b—3n)(a+b—3n+1)

g2(n) =

and for gi(n) equals to the expression given by the following Mathematica output.

-(an(@2-bDp(2+5b) +6n+27bn-38n"2) +

a2 "2 -5bn+2n (-1 +4mn)) +

2n (b +b (3-19n) n+b2 (-1 +4n) +

n (-3 +mn (-2 +23n))))/(

2(-1+a+b-3n) (a+b-3n) 1 +a+b-3n)n))

Proof. We again set F'(n, k) to be as indicated in (2). Applying Zeilberger’s algorithm, we
obtain a companion function G(n, k) = R(n, k)F(n, k), for a rational function R(n, k) given
by the following Mathematica output.

11



(1/(k +2n))2n"2 (1 +

2n) (-1 +b) b (-1 +k) k+ (3 (-1+k)k+b2(-2+5k)+
b(2+k-6k"2)n+ (-6+8b°2+Db (6 -28k) +

k (4+9%k)) nn2+ (-4 -383b+39%k) n3+ 46 n"4 +

a(k (-1 +b+Db2+k-2bk)+(2-b((2+5b)+k+13Dbk-
6 kk2) n+ (6+27b -28k) n2 -38n"3) +

a2 2+ (-1+k)k+(-2+5k)n+8n2-b(k+5mn)))

Moreover, Zeilberger’s algorithm gives us that a difference equation of the form indicated in
(16) holds for = 1. In this case, the polynomial p;(n) is given by the following Mathematica
output.

(a"3%b~3 - 5*a"3*b"2*n + 8*a~3*b*n"2 - 4%a"3*n"3 - 5*a"2*b~3*n +
25%a”2xb"2*n"2 - 40*%a"2xb*n”~3 + 20*%a”2*n"4 + 8*a*b~3*n"2 -
40*axb~2*n"3 + 64*a*xb*n"4 - 32%a*n"5 - 4*xb"3*n"3 + 20%xb"2*n"4 -
32%b*n"5 + 16*n"6 - a"3%b"2 + 3%a"3*xb*n - 2%a"3*n"2 - a"2*xb"3 +
10*a~2%b"2%n - 23*a"2%b*n"2 + 14*%a”2*n"3 + 3*a*xb”~3%n -
23*%a*b"2*n"2 + 48*a*b*n~3 - 28%a*n”"4 - 2xb~3*n"2 + 14%b"2*n"3 -
28*%b*n"4 + 16*n"5 + a"2xb"2 - 3%a"2%b*n + 2%a"2*n"2 - 3%axb~2*n +
9%axb*n”2 - 6*a*n”~3 + 2%b"2*n"2 - 6%b*n~3 + 4*n"4)

The corresponding polynomial p(n) is given by the following Mathematica output.

(-108*n"6 + 4*a"3*n"3 - 36*a"2*n"4 + 108*a*n"5 + 2*a~3*n"2 -
18%a~"2*%n"3 - 54*n”5 + 6%a”2*%b*n"2 + 6xaxb”2*n"2 - 36%axb*n”3 -
2xb*n~2 — 4xb*n”~3 + 12*%a*b"2*n”"3 + 12*%a”2%b*n~3 - 72*xa*xb*n"4 -
2%a*n"2 + 12*%n"4 + 6*n"3 + 4*xb"3*n"3 - 36*xb"2*n"4 + 108*b*n"5 +
2%b~3%n"2 - 18*b"2%n"3 + 54*b*n~4 + 54%a*n”~4 - 4*xaxn~3)

Manipulating the difference equation in (16) so as to obtain (18) for r = 1, the equivalent
expression in (19) is equivalent to the desired result, as it is easily seen that (23) vanishes. [

Example 11. Setting (a,b,n) = (}l, %, 1), we may obtain that

8192v2
—= =
© s4N\ITL 53T oL
oz ) (VLR (117765 + 363525 + 4097657 + 19856 + 3465).
=0 27 17375737272 j

Example 12. Setting (a,b,n) = (%, %, 1), we may obtain the motivating example highlighted
in (4).

W

Example 13. Setting (a,b,n) = (%, , 1), we may obtain the motivating example highlighted

in (7).
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Example 14. Setting (a,b,n) = (%, %, 1), we may obtain that

oo jrl 7 5 11 13 17
279936 _ (iy {gﬁgﬁﬁﬁ}

4 3 5
5 27 1,435 99

J

(59616;5* + 18403252 + 20674852 + 993245 + 17017).
Example 15. Setting (a,b,n) = (—%, —}1 %) we may obtain that

§§12§£]

3360/2 = Z( ) { L85
2011212762 645

(117765* + 322567 + 3022452 + 112325 + 1365).

Example 16. Setting (a,b,n) = (—%, %, %), we may obtain the motivating example high-
lighted in (10).

Example 17. Setting (a,b,n) = (—%, —%, %), we may obtain that

25515V3 o= (4 1—2%%%%%
8 - 27 1 1 3 11 13

2”2’2’6’6 j

(14904;* + 408245 + 3807952 + 13932 + 1624).

Example 18. Setting (a,b,n) = (—

Wi

; —%, %), we may obtain that

- 4 J Y ) Y Y )
3360V/2 = Z (2_7) [ 213136 312166 1?;)
=0

7 25 137 4:|
274179127919 j
(149045* + 3877273 + 3443452 + 120395 + 1330).

4.3 Series of convergence rate ﬁ

We now are to set

F(n, k) = (a)k(b) (27)

()& (3n)k

and to again apply our Zeilberger-based acceleration method. In this case, the evaluation
of the rational certificate corresponding to (27) via Zeilberger’s algorithm is more unwieldy
compared to the R(n, k)-expression in Section 4.2, as is the case with the polynomials p;(n)
and po(n) involved in (16) for the pair (F,G) corresponding to (27). So, for the sake of
brevity, we leave it to the reader to generate such expressions from (27) using Maple, so as
to verify how we may obtain a recursion of the form displayed in (21). Accelerating f(n)
according to (21), and assigning special values for the entires in the tuple (a,b,n), we may
obtain the following.

13



Example 19. Setting (a,b,n) = (i, %, 1), we may obtain that the motivating example in
(11) holds.

Example 20. Setting (a,b,n) = (% % 1), we may obtain that

327680 ( 27 )j
T L= \256
7=0

(1319045 4 77721655 + 18864485 4 24135045 4 1716268;5% + 6431205 4 99225).

6
1,2 7929

1125111
130 4241440 3

Example 21. Setting (a,b,n) = (1 5 1), we may obtain that

676
jrl 13 5 17 19 23 25 29
17414258688 _ (27) {— 3 i5 T80 15 180 18
3 56 7 9
7771— =0 256 1727374a2 274a3 j

(9615801655 + 5665904645 + 13733388005 + 1751461056;°
4123851530852 + 4599779045 + 70018325).

] 108
4.4 Series of convergence rate 3105
We set ( ) (b)
o a)g k
F(n,k) = —<2n)k(3n)k (28)

to again obtain a two-term recursion of the form indicated in (21), allowing us to apply
an acceleration of the form indicated in (22). Again, the R(n,k)- and p;(n)- and ps(n)-
expressions are unwieldy in this case, relative to Section 4.2, so we again leave it to the
reader to verify with Maple how these expressions may be computed so as to obtain a
hypergeometric recurrence of the form indicated in (21), for a pair (F,G) corresponding to
(28). Specializing values for the entries of the tuple (a,b,n) yields new results as in the
following.

Example 22. Setting (a,b,n) = (% % %) we may obtain that

4747323737374 4
1 7 13 3 3 3 17 11 19

10767 107272727107 6 10

llll22§§1}

s 3125

=

141757 & (108 )j
0

j
(17377925% + 75615367 + 140175605° + 144325125°+
9006976;* + 3479240;% + 80936652 + 1031315 + 5472).

Example 23. Setting (a,b,n) = (%, %, 1), we may obtain that
162v3 & (@)9 {—é,—é 5156800
B 1,

T 3125 53 41,1,1,8 1

j
(—197945375% — 69524735° + 11024915+
2581475 — 1724452 + 3965 + 80).
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4

o0 1 1 1 1 113 5 7
768v2 -y 108 TR e T e e
s 2 1

Example 24. Setting (a,b,n) % ) we may obtain that
3
X

3125

(1186332672;% + 416677888;7 — 203526144¢ — 650403845°+
8069888;* + 17899525% — 11057652 + 15845 + 315).

4.5 An acceleration based on 2tk
(n)k(atn)k

By setting

 (a)g(D)s
F(n,k) = ORCET (29)

we may obtain a new hypergeometric transform that is of a similar character relative to
Theorem 1 and that we may apply to prove the motivating examples given as (6) and (9).

Theorem 3. Writing f(n) = >~ F(n, k), with F(n,k) as in (29), the recursion
b—2bn+n(—2+a+3n) (a—n)(b—n)(a—b+n)
(b—2n)(1+b—2n) (b—2n)(1+b—2n)(a+n)

holds true if the series corresponding to f(n) and f(n+ 1) converge.

f(n) = fln+1)

Proof. We again set F'(n, k) to be as in (29), and we proceed to apply Zeilberger’s algorithm.
This gives us a companion function G(n, k) = R(n, k)F(n, k), with R(n, k) = —((a+n)(n(a+
2k+3n—2)—b(k+2n—1))). We find that (F, @) satisfies (16), with p;(n) = —a*b+a’*n+ab*—
abn —b*n+2bn* —n3 and py(n) = ab® — 4abn + ab+ 4an® — 2an + b*n — 4bn* + bn + 4n3 — 2n?,
according to the notation in (16) for the » = 1 case. Again, we may obtain, from (16),
a relation of the form indicated in (18), with the desired result being equivalent to (19),
again for the pair corresponding to (29), since it is easily seen that the limit shown in (23)
vanishes. O

Example 25. Setting (a,b,n) = (
Example 19 in [9]:

i’ %1, 1), we may obtain the following formula given as

] (1252 + 155 + 4).

J

Example 26. Setting (a,b,n) = (%, %, 1), we may obtain a new proof of Example 78 from
Chu and Zhang’s article [11]:

== = )L 92+ 115+ 3).
9v/3 4 3,3

7Fj

wirN
IS
—_

Example 27. Setting (a,b,n) = (%, %, 1), we may obtain the motivating example highlighted
in (6).

Example 28. Setting (a,b,n) = (% %) we may obtain the motivating example in (9).

wIH
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4.6 An acceleration based on %

We set (@)
a)k(0)k
(n)x(a+ 2n)g (30)

and again apply our Zeilberger-based acceleration method.

F(n, k) =

Theorem 4. Letting f(n) = > o, F(n, k), for F(n,k) as in (30), the recursion f(n) =
g1(n) + ga(n) f(n+ 1) holds true, where
~2@2n+1)(a—n)(n—Db)(a—b+2n)(a —b+2n+1)
() = e 2n+ (b —8n = 1)(b—3m)(b—3n + 1)

and where g1(n) is given by the following Mathematica output.

(a(-1+bP)b-(Ra2-2(C-1+b)b+a(-3+b @3 +Db))n-
2 (-3+a+2a2-8ab+b((3+4Db))n"2+ (4-31a-+

38 b) n°3 -

46 n"4)/((-1 + b -3 n) (b-3n) 1 +b-3n) (a+ 2mn))

Proof. We set F(n,k) as in (30). Using Zeilberger’s algorithm, we obtain the companion
function G(n, k) = F(n,k)R(n, k), for the rational function R(n, k) given by the following
Mathematica output.

(1/(a + k +

2n)a+2n) (1 +a+

2n) (-1 +b)b (-1 +%k) (a+k)+ (2a2+3((-1+%k)k+
b2 (-2 +5%k)+a(-3+b3+b-8%k)+5Kk)+

b (2+k-6k2)n+(6+4a2+8b2+b(6-28%k) +
k (4+9%k)+a(2-16b+15k)) n"2+ (-4+31a-38b+
39 k) n°3 + 46 n"4)

This gives us a difference equation of the form pi(n)F(n + 1,k) 4+ po(n)F(n, k) = G(n, k +
1) — G(n, k). the polynomial p;(n) is given by the following Mathematica output.

(4xa~3%b*n - 4*a"3*n"2 - 8*a~2*xb"2xn + 20*a"2%b*n"2 - 12*a~2*n"3 +
4%axb~3*%n — 12*%a*b"2*n"2 + 8%axb*n”"3 - 4xb~3*n"2 + 20%b"2*n"3 -
32xb*n"4 + 16*n"5 + 2*xa"3%b - 2*%a”3*n - 4*%a"2xb"2 + 14*%a"2xb*n -
10*%a"2*%n"2 + 2*a*xb”3 - 10*a*xb™2*n + 12*%a*xb*n”2 - 4*a*n"3 - 2*b~3*n +
14xb"2*%n"2 - 28%xb*n"3 + 16*n"4 + 2*%a"2*%b - 2*%a"2xn - 2%a*b”2 +
4xaxbxn — 2*a*n"2 + 2%b"2*n - 6*b*n”~2 + 4*n”~3)

The polynomial py(n) is given by the following Mathematica output.
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—4*axb*n - a”2%b + -27*a"2*%n"3 - 108*%n"5 + 27*a"2*b*n"2 -
36*xaxb”2*xn"2 + 108*a*xb*n”~3 - 4xb*n"2 - 18%xb"2*n"2 + b54*xb*n~3 - a*b +
2xb"3*n + 4xaxb”~3*n - 9%a"2*%b"2%n + 12%a*n”"2 + 3%axn + ax*b"3 -
b4xn~4 + 12*n"3 + 6*%n"2 - 2*n*b + 27*axb*n”"2 - 9xaxb~2*n + 3*xa"2*n +
a"2xb”"3 + 4xb~3*n"2 - 36*%b"2*n"3 + 108*%b*n~4 - 108*a*n”~4 - 27*a*n"3

Summing both sides of the given difference equation with respect to k, we may mimic our
previous proofs to obtain the desired result, with (23) again vanishing. O

Example 29. Setting (a,b,n) = (}l, 1), we may obtain that

1
4

1559257 _ o (i)y[ 2,%.1,3,% } _
128v2 < \27) 5.8 8. 5.1,

(29445* 4 114085° 4 1628852 + 101255 + 2304).

Example 30. Setting (a,b,n) = (3, 3,1), we may obtain that

246407 & < ) 21,3, ] 5 5 .
41453 4 132352 + 13975 + 486).
14717 13 20| (414) J J
81v3 2] 159 % 94,

Example 31. Setting (a,b,n) = (%, %, 1), we may obtain that

1956955 o~ (4\'[ .8 1.5.3
648 -

_____ j
(99365* 4 386285 + 552362 + 343155 + 7776).

j=

4.7 An acceleration based on %

We set

_ (a)k(D)k
POk = Gyt e (31

and again apply our Zeilberger-based acceleration method. This may be used to obtain a
hypergeometric transform much like Theorem 4. For the sake of brevity, we leave it to the
reader to fill in the details in regard to our transform obtained, via Zeilberger’s algorithm,
from (31).

Example 32. Setting (a,b,n) = (%, }L, %), we may obtain the motivating example high-
lighted in (12).

Example 33. Setting (a,b,n) = (3, 3, %), we may obtain that

320 = 3331 _ . .
- Z( ) { 2223 17} (4145° + 70252 4 3595 + 54).

190790945



Example 34. Setting (a,b,n) = (%, %, %), we may obtain that

© /4\/[L 5 211
28V2 =" (2_7) {13 23 1126} (6215° 4 828;% + 3035 + 26).
=0 ) 91 939 j

4.8 Series of convergence rate —i

Setting

(=1 (@) (D) .
(a4+n+1)p(b+n+1)
this leads us, via our acceleration method, to the following hypergeometric transform that

we are to apply to obtain series of convergence rate —;11.

F(n,k) =

Theorem 5. Writing f(n) = -, F(n, k) for F(n, k) as in (32), the recursion

~a(34 20+ 3n) + (14 n)(6 + 3b + 5n)

Jn) = A1+a+n)(1l+b+n)
(—24+a—-b—n)1+n)2+n)2+a—b+n)
A1+a+n)24+a+n)(1+b+n)(2+b+n)

f(n+2)

holds true if the series corresponding to the above f-expressions converge.

Proof. We again set F(n, k) to be as in (32). Let us write G(n, k) = F(n,k)R(n, k), where
R(n, k) is equal to the following rational function:

(a+n+1)(a+n+2)b+n+1)(b+n+2)
(a+k+n+1)b+k+n+1)
(a(2b+ 2k + 3n + 3) + b(2k + 3n + 3) + 6kn + 2k(k + 3) + 5n” + 11n +6) .

In this case, we find that the r = 2 case of (16) holds, with p;(n) = (1 +n)(2 + n)((a —
b)> — (2+n)?) and pe(n) = —4(1 +a+n)2+a+n)(1+b+n)2+0b+mn). From the
difference equation py(n)F(n + 2, k) + pa(n)F(n, k) = G(n,k + 1) — G(n, k), we may obtain
an equivalent formulation of the desired result by summing both sides with respect to k£ and
by making use of a telescoping effect, again with (23) vanishing,. O

Example 35. Setting a = % and b = % and n = 0, we obtain Lupas’ series evaluation for G
[24] given in an equivalent formulation below:

=/ 1\ [3 111 o
18G =) -7) 551 (4052 + 565 + 19) .
j=0 4747 47 4

) Y

J

As indicated in the Wolfram Mathworld entry on Catalan’s constant, the above formula
by Lupas [24] is used to calculate G in the Wolfram Language. This motivates our gener-
alization of Lupas’ formula given by Theorem 5, and our applications of this Theorem, as
below.
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Example 36. Setting a = —i and b = % and n = }1, we obtain

SYEAUEE
A
§=0

)

} (805% + 1145 + 39) .

J

m|; o0l

?
Y

1

Example 37. Setting a = % and b = % and n = —3,

().

Example 38. Setting a = —¢ and b = % and n = %, we obtain the motivating example
highlighted in (5).

we obtain the motivating example in

4.9 Series of convergence rate —%

Setting

Fln, k) = % (33)

and f(n) = > o, F(n, k), we may apply the procedure indicated in Section 3 to obtain a
recurrence of the form

f(n) = g1(n) + g2(n) f(n + 2), (34)

i.e., with r = 2 according to the notation in (19). This leads us to an acceleration identity

of the form -
f(n) = Z (H g2(n + 21)) g1(n +2j).

j=0 \i=0

The R(n, k)-certificate obtained from (33) via Zeilberger’s algorithm is more unwieldy com-
pared to Section 4.8, and similarly for the required polynomial coefficients, so we leave it to
the reader to verify, using Maple, the acceleration formula in (34).

Example 39. Setting a = 1 and n = 2, we may obtain an equivalent version of a series
evaluation found by Amdeberhan [1] in 1996:

> 1\’ [1,1,1] 5652+ 805 + 29
24¢(3) =Y (= .
‘@) jzo( 27) [%,3,2]]- (25 +1)2

Example 40. Setting a = % and n = %, we may obtain the motivating example given in
(13).
5 Conclusion

We conclude by briefly considering some further subjects for exploration.
Although our article is mainly based on the acceleration method described in Section 3,
we have discovered how recurrences as in (34) may be applied in conjunction with recursions
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that are not of the form described in Section 3 to obtain new results and new proofs of past
results. For example, the recurrence
r,x,r,1 B p(z,y)

3By — DBy + D(z +y)°

1Fy

Ty, Ty, T+y

Y3y +1)°

P r,r,r,1
33y — DBy + D +yPla+y+1p3*°

r+y+2,x+y+2,x+y+2

for the polynomial p(z,y) = 28y° + 2(39x + 1)y* + (872% — 3z — 2)y® + 9z(5z* — 1)y? +
32%(32% + 22 — 3)y + 323(x — 1) can be shown to be equivalent to (34), and if we apply this
recurrence together with

x,x,x,1 z3 r+1l,z+1,z+1,1
(w+yp "’

=14
r+1+yrz+1+y,z+1+y

13

r+y,r+y,r+ty

i.e., by applying the above recurrences in a successive fashion, this can be used to prove that

¢@3) =

;L_ﬁ;i(__l)n140885n5-—80079n4-+61626n3-—23366n2-+4374n-324 1
16 1 nd (2n — 1)3 (Bn) 4 (Zn)
n=

2n

This series was found in 2005 by Mohammed [27].

Writing s(x,y) in place of the 4 F3-expressions on the left-hand sides of the above recurrences,
by writing s(z,y) as a function of s(x + 2,y + 2), this leads to the equality of —8((3) and

i (1) 1263920° — 2192520 + 1446661° — 46039n° + T128n — 432 1
5(9n — 1)3 4n\3 (3 2n\

oD e
This series was used by Sebastian Wedeniwski [27] to calculate Apéry’s constant with sev-
eral million correct decimal places. We leave it to a separate project to fully explore the
application of our method in Section 3 in conjunction with recurrences that are not of the
form indicated in Section 3.

Our applications of (16) and generalizations of this difference equation lead us to consider
variants of the recurrences we have derived. Is there a way to use the WZ method to find
such non-homogeneous first order linear recurrence relations? An area of a similar nature to

explore has to do with the use of symmetry in the application of hypergeometric recursions
for series accelerations. For example, we have experimentally discovered that

x,y, 1 T+ 2y
3F2 1 1 1| = -
r+ty+3,r+y+s3 r+vy
y(2y +1)° [ syt
9 9 12 3F2 3 3 )
Qr+2y+1@x+y)” “letytgrty+;
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and we may obtain similar results via our acceleration method, and we are led to consider
the above recurrence together with the corresponding recurrence obtained, via symmetry, by
permuting x and y. Using both recurrences, one after the other, leads us to new results as
in the following:

V2 SN 3+ 1840 — 33602 (3))

2 £~ (4n —1)(4n — 3) 2100

n=0

™ = (14n—3)(3n—1) 16"
L -y e

2n n
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