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Abstract

Building mathematical models in predictive microbiology is a data driven science.
As such, the experimental data (and its uncertainty) has an influence on the final
predictions and even on the calculation of the model prediction uncertainty. Therefore,
the current research studies the influence of both the parameter estimation and
uncertainty propagation method on the calculation of the model prediction uncertainty.
The study is intended as well as a tutorial to uncertainty propagation techniques for
researchers in (predictive) microbiology. To this end, an in silico case study was applied
in which the effect of temperature on the microbial growth rate was modelled and used
to make simulations for a temperature profile that is characterised by variability. The
comparison of the parameter estimation methods demonstrated that the one-step
method yields more accurate and precise calculations of the model prediction
uncertainty than the two-step method. Four uncertainty propagation methods were
assessed. The current work assesses the applicability of these techniques by considering
the effect of experimental uncertainty and model input uncertainty. The linear
approximation was demonstrated not always to provide reliable results. The Monte
Carlo method was computationally very intensive, compared to its competitors.
Polynomial chaos expansion was computationally efficient and accurate but is
relatively complex to implement. Finally, the sigma point method was preferred as it is
(i) computationally efficient, (ii) robust with respect to experimental uncertainty and

(iii) easily implemented.

Keywords: Prediction uncertainty, parameter estimation, sigma point method,

linear approximation, Monte Carlo method.
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1 Introduction

During the last decades, researchers in the field of predictive microbiology have
focused on developing and fine-tuning a wide range of mathematical models that
contribute to the assessment and prediction of microbial food safety and quality.
Currently, there is a wide interest in moving towards mechanistic modelling methods
such as individual based models (e.g., Kreft et al., 1998; Tack et al., 2015) or systems
biology approaches (e.g., Brul et al., 2008; Vercammen et al., 2017). In practice,
however, the state-of-the-art for real life application will remain for a considerable time
the use of grey box models. These grey box models are built to deliver a simplified
representation of the relevant microbial response (e.g., growth rate, inactivation rate,
probability of growth). Grey box models require experimental data to select
mathematical model structures and to estimate the most suitable combination of model
parameters. As such, building mathematical models in the field of predictive
microbiology will remain, for the time being, a data driven science.

The experimental data used to build a mathematical model will influence the
choice of the model structure and the estimated values of the model parameters. As
such, the experimental data also influences the model predictions that will be obtained.
Knowing this, several publications have focused on assessing the quality and validity
of the models that are obtained. For example, Ross (1996) developed indices to evaluate
the accuracy and bias of models based on the predicted generation time. Apart from the
accuracy, also variation plays an important role when modelling microbial responses.
The sources of variation in predictive microbiology were distinguished as follows by
Van Impe et al. (2001): (i) the type and quantity of microorganisms in the initial
microbial load, (ii) the true intrinsic and extrinsic conditions that characterise a food

product, (iii) the lack of observations both in the monitoring points and the number of


https://doi.org/10.1016/j.ijfoodmicro.2018.05.027

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

Post-print version of paper published in https://doi.org/10.1016/].ijfoodmicro.2018.05.027.
The content is identical to the published paper, but without the final typesetting by the publisher.

samples, (iv) random noise which inevitably corrupts measurements. The sources of
variation can be categorised as uncertainty or variability. Uncertainty refers to the
precision with which a state or parameter is known (e.g., error on an experimental
measurement) and variability refers to the natural variation of a variable or process (e.g.,
microbial growth rate).

Due to the inevitable presence of variation in building predictive models, it is
generally deemed important to assess the accuracy of the model predictions. This is
often simplified to finding the confidence intervals of the parameter estimates. The
confidence intervals of the parameter estimates (or simply the variation of the parameter
estimates) can lead to the calculation of the uncertainty on the model prediction. As
such, the user of a predictive model can be provided with an estimate of, e.g., a 95%
confidence interval of the model prediction. The determination of this uncertainty is
indispensable when using predictive models for quantitative microbial risk assessments
(Zwietering, 2015). As (the uncertainty on) the estimated values of the model
parameters are determined by (the uncertainty on) the experimental data, also the
calculated uncertainty on the model parameters and model prediction will be
determined by the experimental data. Consequently, it is worth wondering how to
ensure that the provided uncertainty is actually reliable.

This research studies how a reliable determination of the prediction uncertainty
can be obtained. The focus lies on modelling and predicting the growth of
microorganisms as a function of temperature, but the results should be transferable to
other conditions and to modelling of microbial inactivation as well. However, further
research should be performed to confirm the conclusions of this research for other
applications. It is worth noting that an accurate determination of the model prediction

uncertainty will become more difficult for more complex models (e.g., in case of


https://doi.org/10.1016/j.ijfoodmicro.2018.05.027

76

77

78

79

80

81

82

83

84

Post-print version of paper published in https://doi.org/10.1016/].ijfoodmicro.2018.05.027.
The content is identical to the published paper, but without the final typesetting by the publisher.

multiple influencing variables and interactions). Two steps in the modelling procedure
are investigated with respect to their influence on determining the model prediction
uncertainty: (1) the parameter estimation method and (ii) the uncertainty propagation
method. These are deemed most influential on the calculation of the prediction
uncertainty. For this purpose, a case study was applied in which a mathematical model
was built for the effect of temperature on the microbial growth rate and used to predict
microbial growth for a temperature profile that is characterised by variability. This
research also is meant to serve as a tutorial to uncertainty propagation techniques for

scientists working in the field of (predictive) microbiology.
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2 Materials and methods

For the current research, data is simulated according to the protocol explained in
Section 2.1. The parameters of the predictive model will be estimated according to the
methods explained in Section 2.2. This section also explains the method generally used
to determine the model parameter accuracy. Finally, Section 2.3 elaborates on the
different methods for uncertainty propagation that are tested in this publication to

calculate the model prediction uncertainty.

2.1 Simulation protocol

Experiments are always simulated at the same 8 temperatures (10, 15, 20, 25, 30,
35, 40, 45°C). At each temperature, the maximum specific microbial growth rate
Hmax [n™1], which is reached during the exponential phase of growth, is calculated
according to the Cardinal Temperature Model with Inflection (CTMI) of Rosso et al.
(1993):

M (T) =n . (T_Tmin)z'(T_Tmax)
max opt (Topt_Tmin)'[(Topt_Tmin)'(T_Topt)_(Topt_Tmax)'(Topt+Tmin_2T)

7D
In this equation, Ty, [°C] and Tyax [°C] represent the minimum and maximum

temperature that allow microbial growth. Ty [°C] is the optimum temperature at which

the optimum growth rate pop; [h~1] is reached, as such Hopt = Hmax (Topt). The value

of Wmax [h™] (at any temperature) is then used to simulate a growth curve using the

model of Baranyi and Roberts (1994):

dn(t) 1

dt ~ 1+exp(-q(v) “Mmax(T) - [1 = exp(n(t) — nmax)] (2)
% = Pmax(T) (3)

with n(t) [In(CFU/mL)] the natural logarithm of the population density at a time

point t [h], nyax [IN(CFU/mL)] the natural logarithm of the maximum population
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density and q(t)[—] the natural logarithm of the physiological state of the cell. The
initial values of n(t) and q(t) are respectively n, and q,. Nominal values for Tyip,
Topt> Tmax> Hopt> No» qo and Ny, were chosen arbitrarily for a hypothetical

microorganism and are listed in Table 1. Growth curves were simulated until the
population density reached a value approximating the nominal ny,,. In these growth
curves, 8 samples were taken at equidistant time points. Gaussian noise with zero mean
was added to these samples to simulate the variation of the experimental data. The
standard deviation of the Gaussian noise was taken equal to 0.28 In(CFU/mL) based
on the mean squared error of previous (unpublished) parameter estimation results with
secondary models for growth. Discrepancy between the model structure and the
microbial system under study is not considered in this research. Also the effect of the
experimental design was not considered in this research.

The simulations used to compare different methods for assessing the propagation
of uncertainty from experimental data to model predictions (Section 3.2) are based on
a temperature profile that is characterised by variability as well. An arbitrary
temperature profile was selected for these simulations to mimic the food chain of a
product that is kept at refrigeration temperatures. The different steps of the temperature
profile are listed in Table 2. Fig. 1 illustrates the temperature profile with all parameters
at their mean value. The durations of each step was considered to have a uniform
distribution. Both the linear approximation and the sigma point method (described in
Section 2.3) rely on the mean value and variance for their computations. As such, also
the normal distributions that correspond with these uniform distributions are listed.
Based on the lower bound (Ib) and upper bound (ub) of the uniform distribution, the
mean (1/2(ub + 1b)) and variance (1/12(ub — 1b)?) of the normal distribution were

calculated.
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Simulations also took into consideration that the temperature of the food product
will change gradually when placed in an environment with a new temperature. As such,
the model used to make predictions on the microbial growth is made both more complex
and more realistic. The hypothetical food product was given the shape of a cube with
edges of 0.1 m. As such, the total surface area of the product, A, is 0.06 m?2. Itis packed
in low density polyethylene with a thickness, d, of 1 mm and a thermal conductivity, k,
of 0.33 W/mK. The heat capacity of the product, C, is chosen to be equal to that of
water, i.e., 4 181 J/K. Given that the heat transfer through the product is neglected
compared to the heat transfer through the packaging (a single temperature for the entire
food product was assumed), the change of temperature T inside the food product is
given by the following differential equation:

——k-A-=— (4)

with k the thermal conductivity, A the surface area of the product, AT the
difference in temperature between the food product and its environment, d the thickness
of the packaging and C the heat capacity. The temperature at t = 0 h is taken equal to
the temperature of the environment in the first step. The above equation in combination
with the temperature profile in Table 2 leads to the temperature of the food product that

is the input to the secondary model of Eq. 1.

2.2 Parameter estimation

Parameter estimations were performed using the function Isgnonlin of MATLAB
R2016a (The Mathworks). As such, the objective of the parameter estimation was the
minimisation of the Sum of Squared Errors (SSE) between the measurements and model
predictions. Two types of parameter estimations are considered in this publications, i.e.,

the one-step and two-step method (Akkermans et al., 2016). In case of the one-step
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method, all primary and secondary model parameters are estimated in a single step
using all experimental data (at different temperatures). With the two-step methods, the
maximum specific growth rate is first estimated by fitting a primary model to every
growth curve and then, the parameters of the secondary model are estimated using the
growth rates at different temperatures as a dataset. For the remainder of the explanation
of the parameter estimation method, the one-step method is used as an example. The

objective function is then formulated as:

Vm 2
SSE = 2/ (i — () (5)
with np, and n , the measured and predicted cell densities. vy, is the total number

of measurements and p the vector of model parameters. The 95% confidence interval

of every parameter p; is calculated based on the Student’s t-distribution:

P+ 0s75mvy * O] 6)

where v, is the number of parameters and consequently vy, — v, is the number of
degrees of freedom. Gf,i is the variance on the model parameter p; and is found on the
main diagonal of the variance covariance matrix V,, which is approximated as the

inverse of the Fisher Information Matrix F (Walter and Pronzato, 1997):

opi = Vp(i, i) @)
Vp = F7! (8)
1
F=osT) )
MSE = —>& (10)
Vm—Vp

with ] the Jacobian matrix and MSE the mean sum of squared errors.
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2.3 Uncertainty propagation techniques
In this research, four methods are considered to propagate the variability of the
experimental data and the variability of the model inputs to the model predictions. The

theoretical explanation of these uncertainty propagation techniques is found below.

Monte Carlo method

When applying the Monte Carlo method, random samples are drawn from all
known or estimated distributions of the model parameters and inputs. Based on these
random samples, a single sample of the output distribution is calculated (Poschet et al.,
2003). By repeating this procedure, a large set of samples of the model output is
obtained, and as such, the distribution of the model output is characterized. This method
is relatively easy to implement using widely available random number generators (e.g.,
the function random in MATLAB). This method is considered the most accurate
method to approximate the distribution of a model output, as no assumptions are made
about the probability distributions and the model equations are not simplified (e.g., not
limited to normally distributed variables). Consequently, it forms the basis of

commonly used risk analysis software products such as @Risk (Palisade).

Linear approximation

An alternative calculation of the uncertainty on the model output is possible by
making a linear approximation of the model predictions and assuming normally
distributed probabilities (Van Impe et al., 2001). In this case, the variance of the model
output can be calculated directly, without the use of an iterative technique. The

variance-covariance matrix of a set of model predictions (Vy) is calculated as (Omlin

and Reichert, 1999):
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Vyzl'vp'], (11)
The model outputs y for the current case study are equal to the cell densities n.

The variance of each measurement is obtained from the main diagonal of Vy. As such,

the (1 — a)100% confidence bounds on the model output are calculated similarly to

the confidence bounds on the model parameters (Seber and Wild, 2003):

[yi £ (1) /vy(i, i)] (12)

The true uncertainty is expected to be even higher than that calculated by the above
equation because (i) the variance on the parameter estimates that is calculated, is
actually the lower bound of the true variance and (i1) the black or grey box models used
here remain an oversimplification of the complex microbiological systems that are
studied (Omlin and Reichert, 1999). When making predictions with growth or
inactivation models, the true variability also increases in case of lower population
densities due to the variability between individual cells (see, e.g., Pin and Baranyi

(2000)).

Sigma point method

The sigma point method was devised by Julier and Uhlmann (1996) and is aimed
at calculating nonlinear transformations of probability distributions. This method is also
referred to as the unscented transformation. In the sigma point method, the uncertainty
on the model output is calculated based on a specific set of model inputs and parameters,
drawn from their distribution. Different from the Monte Carlo method, model inputs
and parameters are not generated randomly but chosen in a systematic way. The
mathematical notation of this method was based on the work of Telen et al. (2015). In
this notation, x will be the vector of both model inputs and parameters with a known

variance-covariance matrix Vy. A set of model outputs is calculated as follows:
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Yo(X) (13)
yi(® +/3V1) withi=1, ...,V (14)
Vit (X —/3Vki) withi=1,.., vy (15)

In the above equations Vy ; expresses the i row of the variance-covariance matrix
and vy is the total number of variable parameters and inputs. As such, the output of the
mathematical model has to be calculated 2vy + 1 times. The mean value of the model

predictions is then calculated as:
7 =2(G—voyo + 122 wi) (16)
Moreover, the variance-covariance matrix of the model predictions (Vy) is
approximated with the following equation:
vy =1(B=vd0 =N - NT) +3 (I - N -NT)  an
Vy can then be used in combination with Eq. 12 to calculate the confidence bounds

on the model output.

Polynomial chaos expansion

Polynomial chaos expansion (PCE) was first presented by Wiener (1938) and its
use in uncertainty quantification has been illustrated in, e.g., Webster et al., (1996),
Tatang et al., (1997) and Xiu and Karniadakis, (2002). The PCE method exploits
information on the distribution of uncertain variables (assuming that these uncertain
variables are independent) to accurately compute the mean and variance of a model
response. The PCE of the model output y(x) is written as follows:

y(x) = Xi20a;Pi(x) (18)

Due to the infinite number of terms, this expansion is in practice truncated to a

finite number of terms:


https://doi.org/10.1016/j.ijfoodmicro.2018.05.027

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

Post-print version of paper published in https://doi.org/10.1016/].ijfoodmicro.2018.05.027.
The content is identical to the published paper, but without the final typesetting by the publisher.

y(®) ~ Xico ai®i(x) (19)

with L the number of terms in the PCE, i a term based index, a; the PCE
coefficients that have to be determined, ®;(x) the multivariate orthogonal polynomials
and x the vector of both model inputs and parameters which are assumed to be
independent, with a known variance-covariance matrix Vy. Note that L depends on the
order of the PCE m and the total number of variable (i.e., uncertain) parameters vy as

follows:

__ (m+vy)!

L

(20)

mlvy!

The multivariate polynomials ®;(x) are derived from the probability distributions
of the variable parameters. As the variables are considered to be independent, these
multivariate polynomials @®;(x) are constructed by deriving univariate orthogonal
polynomials ¢;(x;) for each variable parameter x; from the probability distribution
functions, see e.g., Nimmegeers et al., (2016).

Hence, only the L PCE coefficients a; are unknown and need to be determined.
Different methods exist to compute these coefficients: intrusive (Ghanem et al., 1991;
Debusschere et al., 2004) and non-intrusive sampling-based methods (Tatang et al.,
1997; Fagiano and Khammash, 2012; Nimmegeers et al., 2016). Intrusive methods use
Galerkin projection to compute the coefficients. Non-intrusive sampling-based methods
on the other hand, repetitively evaluate the model equations in so-called collocation

points x; to calculate the coefficients as a weighted sum of the model responses

evaluated in the different v. collocation points. Assuming that the truncation error of
the PCE is sufficiently low, the following linear system in the PCE coefficients a; has

to be solved:
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y(x1) = 2%.:—01 i Pi(x1)

y(x) = ZiL;_ol a;P; (%)) (21)

Y(ch) = Z{.J:_ol a;d;(x4)

Note that the number of potential collocation points (following from the
combination of these roots) is typically higher than the number of unknown PCE
coefficients. In this article, stochastic collocation (Tatang et al., 1997) is used such that
the number of collocation points equals the number of unknown coefficients (i.e., v, =
L) and the system in Eq. (21) has a unique solution. For the collocation points, sets that
span the high probability regions of their distributions are selected. Since normalized
univariate orthogonal polynomials ¢;(x;) have been used for the PCE, the mean and
variance of the model output can be calculated as follows:

y=aop (22)

V, = yLia? (23)

As the PCE coefficients are a weighted sum of model output evaluations in the
collocation points (i.e., the solution of Eq. (21)), the mean and variance are calculated

as a weighted sum of the model output evaluations in the collocation points.
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3 Results and discussion

Both the choice of the parameter estimation method and the method to
approximate the model prediction uncertainty is studied here. In both cases, the
influence of the experimental uncertainty on the accuracy of the model prediction
uncertainty is taken into account by applying a Monte Carlo method with randomly
generated experimental measurements. Once the parameter estimation method is

selected in Section 3.1, this method is applied for all simulations in Section 3.2.

3.1 Assessing the parameter estimation method

In this section, the influence of the parameter estimation method on the parameter
estimation and model prediction uncertainty (and its accuracy) is assessed. The two
methods compared here are the one-step and two-step parameter estimation method.
For this purpose, Monte Carlo simulations with 5000 iterations were performed. In each
iteration (i) experimental data was generated, (ii) parameter estimations were performed
with both methods on this data, (iii) uncertainty on the model parameters was
calculated, (iv) model predictions were made over a temperature range of 10 to 45°C
and (v) the uncertainty on these model predictions was determined. For this case study,
the quality of the parameter estimation method was only assessed using the Monte Carlo
method (5000 iterations, used as a benchmark) and the linear approximation for both
the model parameter and model prediction uncertainty. Due to the high number of
iterations, the Monte Carlo simulation is expected to present a measure of the true
variability. The determination of the uncertainty on the model parameters and model
prediction according to the linear approximation is also calculated in the Monte Carlo
method, which results in a distribution of these uncertainties. Based on these

distributions, 95% confidence bounds of the uncertainties are determined empirically
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by ordering the data and determining the values that separate the 2.5% lowest and
highest values. As such, no assumption is made on the distribution of these values.
The model predictions used in this section are estimates of the doubling time as a
function of temperature. Doubling time was chosen here instead of the growth rate as it
is considered more relevant for microbial food safety/quality to accurately assess the
time needed for a certain increase of the microbial population than to assess the
microbial increase in a given period of time (because simulation times will be longer in
case of lower growth rates). In essence, the assessment of the model prediction
uncertainty on the doubling time corresponds to the assessment of the model prediction
uncertainty on the time required to reach a threshold on the microbial load. The

doubling time (tq) is calculated as:

ty = In(2)

N Kmax(T) (24)

For both parameter estimation methods, it was found that the average values of
the parameter estimates approximated the nominal (given) values. However, clear
differences were found between the two methods with respect to the uncertainty on the
parameter estimates. The true variation of the parameter estimates is illustrated with the
Monte Carlo methods in Fig. 2 for the (a) one-step and (b) two-step method. The
calculation of the 95% confidence bounds with the linear approximation is provided in
the same figure as well. The Monte Carlo methods demonstrated that the uncertainty
on the parameter estimates was (slightly) higher for the one-step method. This is
probably due to the fact that the growth rates, used as intermediate parameters in the
two-step method, were estimated with relatively good accuracy. By using these
estimates as inputs for the second parameter estimation, the two-step method led to
lower uncertainty on the estimated values of the secondary model parameters. However,

the one-step method performed much better with respect to the linear approximation.
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The variation on the 95% confidence bounds calculated with the linear approximation
was much lower for the one-step than for the two-step method. Moreover, in case of the
two-step method, the average values of the 95% confidence bounds for the linear
approximation were much higher than those calculated with the Monte Carlo method.
This means that the two-step method results in less precise and less accurate
calculations of the 95% confidence bounds than the one-step method when applying
the commonly used linear approximation. This is due to the fact that information on the
variability of the model parameters is lost by making the intermediate step in the two-
step method.

Fig. 3 contains 95% confidence bound on the predicted doubling time according
to the Monte Carlo method for both the (a) one-step and (b) two-step method. This
figure also contains the linear approximation of the 95% confidence bound with a 95%
errors to indicate the variation on this approximation. Comparing the results of the one-
step and two-step parameter estimation method shows that the variation of the
prediction (as calculated with the Monte Carlo method) is almost identical for both
methods. On average, the one-step method leads to a good linear approximation of the
95% confidence bounds on the prediction with only limited variation. On the other
hand, the two-step method results in the prediction of much wider confidence bounds
and has high variation on this prediction. Similar as for the confidence bounds on the
model parameters, the two-step method leads to a less precise and less accurate linear
approximation of the prediction uncertainty.

Based on these results, it can be said that the use of the one-step method was most
suitable with respect to the calculation of model prediction uncertainty. Even though
the experimental data was limited (i.e., only 8 experiments, each containing 8 sampling

points), the one-step method resulted in low variation on the calculated 95% confidence
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bounds on the model prediction through the linear approximation. Taking into account
that the linear approximation is the most commonly used method to calculate the model
prediction uncertainty, this parameter estimation method is preferred. It is worth
nothing that in practice other sources of variation (e.g., strain variability) that lead to
uncertainty on the model predictions have to be taken into account as well (Den Besten

et al., 2017).

3.2 Assessing the uncertainty propagation method

After determining the effect of the parameter estimation method, the different
methods to estimate the model prediction uncertainty are compared, taking into account
the uncertainty on the experimental measurements. For this comparison, Monte Carlo
simulations with 5000 iterations were performed with an assessment of the model
prediction uncertainty in each iteration with all four techniques listed in Section 2.3.
These simulations start again from randomly simulated experimental data. As such, the
variation in the results obtained with these techniques due to the experimental
uncertainty is studied. Unlike the previous section, in these simulations the model
prediction uncertainty was assessed for a specific temperature profile of a hypothetical
food product as explained in Section 2.1. The simulations were performed using an
initial cell density ny of 0 In(CFU/mL) and the lag phase and stationary phase were

omitted.

Linear approximation

The first method discussed here is the linear approximation. This method resulted
in an accurate determination of the model prediction uncertainty when used in

combination with the one-step parameter estimation method in the previous section.
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The main advantage of this method is the relatively low computational burden required.
For the current case study, the Jacobian matrix (]) of the vector of model outputs (n)
was calculated numerically using the symmetric derivative. Numerical differentiation
was chosen as it is easy to implement. As such, a single column of | (J;) is approximated

as follows:

on n(x;+h;)—-n(x;—h;)

Ji = g & T (25)

In the above equation, the model output sensitivity is calculated with respect to
the model parameter or input (X;) by changing it with a finite difference (h;). In the
current case study, h; was 1/1000 times the nominal parameter value. To calculate the
model output, 13 parameters are required, i.e., 4 parameters of the secondary model and
9 parameters of the temperature profile. As such, the numerical differentiation required
that the model output was calculated 26 times. Including the calculation of the model
output at the nominal values of all parameters, the model output was calculated 27 times
for the linear approximation. It should be noted that when using a left or right hand
difference quotient (instead of the symmetric difference quotient) the required number
of calculations of the model output could be reduced to a total of 14. However, the
symmetric difference quotient was preferred as it is more accurate than the left and right
hand difference quotients.

The results of the linear approximation method are presented in Fig. 4a. Overall,
the linear approximation resulted in an accurate calculation of the model prediction
uncertainty. Moreover, the calculation only shows limited variation due to the
experimental uncertainty, as indicated by the narrow 95% error bands around the 95%
confidence bounds. However, the 95% confidence bounds have a peak at about 104
hours during the simulation. Comparing the model prediction uncertainty according to

the linear approximation to that of the other methods (Fig. 4) shows that this peak is an
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anomaly. The high uncertainty at this point in the simulation is caused by the high
sensitivity of the temperature (and consequently of the model output) to the duration of
all steps of the profile and the temperature during transport to the customer’s home.
When using the linear approximation, the uncertainty that is calculated is an
extrapolation of these sensitivities and as such, an overestimation of the true
uncertainty.

Based on the current results, it can be said that the linear approximation can give
good results for a variety of cases but can also lead to large errors in other cases. Even
though the error of the current simulation can be exceptional, the linear approximation

1s not seen as a reliable method.

Sigma point method

For the sigma point method, 27 combinations of model parameters were calculated
and used to calculate the model output. As such, the computational load of the sigma
point method is similar to that of the linear approximation (when using the symmetric
derivative). The results of the sigma point method are illustrated in Fig. 4b. The sigma
point method resulted in low variation in the (mean) predicted values and prediction
uncertainty for the full range of the simulation. The method appears to give a robust
approximation of the prediction uncertainty with respect to the uncertainty on the
experimental measurements. This finding is in agreement with the work of Telen et al.
(2014) who noted that the calculation of a variance-covariance matrix through the sigma
point method was robust. The robustness of this method is considered to be a significant
advantage, definitely when considering that mathematical models will often be much
more complex than the model used here (e.g., multiple influencing environmental

conditions). It is also important to note that this method did not result in an
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overestimation of the uncertainty as seen with the linear approximation (peak in Fig.

4a) and can therefore be considered as more reliable.

Monte Carlo method

A common difficulty when working with Monte Carlo methods is that the user
needs to determine the number of iterations that is required to obtain an accurate
estimate of the model output distribution. Several publications (e.g., Bukaci et al. 2016)
explain methods for calculating the required number of iterations in a Monte Carlo
method. These methods rely on the calculation of the variance of the mean model output
(0%) through a known variance of the model output (032,) for a number of iterations vj:

2
_%

o (26)

<IN

Vi

However, as O'% is generally not known, these calculations are not useful in
practice. Consequently, in the current research the effect of the number of iterations
was taken into account when assessing the Monte Carlo method. Initially, the Monte
Carlo method was carried out with 27 iterations, the same number as required for the
linear approximation and sigma point method. The results of this simulation are
presented in Fig. 4c. It is clear that the results of the Monte Carlo simulation with just
27 iterations are characterised by high variation. This means that the results of the
Monte Carlo method with a limited number of iterations is markedly dependent on the
experimental measurements (or their uncertainty). Comparing Fig. 4b and Fig. 4c
demonstrates that, even though the same number of calculations of the model response
were used, the Sigma Point method is clearly influenced less by the experimental
uncertainty than the Monte Carlo method. Increasing the number of iterations of the
Monte Carlo method will make the results more robust. Consequently, the effect of the

number or iterations on the width of the 95% errors was tested, starting from 50
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iterations and increasing in steps of 50 (results not shown). It was found that over 500
iterations were needed for the Monte Carlo method to reduce the variation to the same

level as that of the sigma point method.

Polynomial chaos expansion

The final method tested here is PCE. The first order PCE required just 14
calculations of the model output. As such, the computational load is about half of that
of the sigma point method. The resulting model prediction uncertainty and its variation
is presented in Fig. 4d. Comparing Fig. 4b with Fig. 4d demonstrates that there is only
minor difference between the model prediction uncertainty calculated by the sigma
point method and the first order PCE. As such, PCE delivered good accuracy
calculations of the model prediction uncertainty at a low computational cost. However,
the main downside experienced when applying this method was that it is by far the most
complex to implement, out of the four techniques compared here. As such, PCE is
regarded as a beneficial technique when implemented in, e.g., a software package. On
the other hand, when the algorithms are implemented manually for specific case studies,

the sigma point method would be preferred in the field of predictive microbiology.
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4 Conclusions

The current research discusses the selection of methods for parameter estimation
and uncertainty propagation for building secondary models in predictive microbiology
to obtain reliable calculations of the model prediction uncertainty. The results
demonstrated that the one-step parameter estimation method was more suitable than the
two-step method to obtain precise and accurate calculations of the model prediction
uncertainty. The linear approximation was found to be susceptible to extrapolations of
the sensitivity equations and will therefore not always lead to reliable results. The sigma
point method gave overall good results with a low computational effort. The Monte
Carlo method is the most basic method and therefore easy to implement. However, it
was found to be very computationally intensive compared to the other methods. It can
be said that the systematic selection of model inputs in the sigma point method gives it
a significant advantage over the basic Monte Carlo random sampling. Finally,
polynomial chaos expansion resulted in a robust calculation of the output uncertainty
with respect to the experimental uncertainty at even lower computational effort than the
sigma point method. The main disadvantage of this method was that is more complex
to implement, mostly with respect to the calculation of the collocation points. As such,
polynomial chaos expansion is not seen as an appropriate technique for the application
and target audience considered for research. To conclude, the sigma point method is the
most attractive method for the application studied in this publication because (i) it is
computationally efficient, (ii) is robust with respect to experimental uncertainty and

(iii) is easily implemented.
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Tables
Parameters Values

Tmin [°C] 2.3
Topt [°C] 40.6
Tmax [°C] 45.5
Mopt [h1] 0.623
no [In(CFU/mL)] 7.00
qo [-] -1.00
Nmax [IN(CFU/mL)] 22.55

Table 1: Nominal parameter values of the CTMI and the model of Baranyi and

Roberts (1994).

Description Temperature Time [h], Time [h],

[°cl uniform distribution approximate normal

distribution

Storage after N(6.0,1.5) U(10.00,22.00) N(16.00,3.462)
production
Transportatio N(10.0,1.0) U(0.50,4.00) N(2.25,1.01%)
n to shops
Storage in N(6.0,1.0) U(1.00,168.00) N(84.50,48.212%)
shops
Transport to N(20.0,2.0) U(0.08,1.00) N(0.54,0.262%)
customer’s
home
Storage at N(7.0,1.0) Remaining time
home of total 240 h

Table 2: Five different steps of the temperature profile used to simulate microbial

growth as a function of time with prediction uncertainty. Normal distributions are

marked with their mean and variance and uniform distributions with their lower and

upper bound.
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